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{Ait. 1. Representations of a compound matrix. 

Art. 2. Simple reversants ; symbolic com mutant* ; cominiitantal pro* 
ducts ol airoplifc matrices. 
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matrices. 
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1. Representations of a compound matrix. 

1. Standard notations for a compound matrix. 

If a, and fh .& A™ any two seta of positive inte^r*. 


Olid M n o . . B - 

(Lj . + Or - TO, 0 , + - ■ ■ + A 

a matrix X=[x]* express! in one of the equivalent forms 

a. 


(1) 



^||T -^101 ' 1 

^U* T ’ 

■ X u | 

x» 1 

Ah - Sr 

n, 

*a 

*1 *i 


^*11, -A-rli + * 

y«J 

1 

*P|i ^ 

% 

' . Xrif Arjt 


m 


where the ith horizontal minor contains a. horizontal rows and the j th 
vertical minor contains ft vertical rows, will be called a compound 
matrix of tha doss 

—A) (3) 

\ □1 1 «d, . - , «r / 


in which the horizontal and vortical index number* are *„ ■*, * - * ^d 
/?, 0 ...8,. The first representation of X in (2) b the ordinary stand¬ 

ard notation for a compound matrix; the alternative standard nota- 
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tion on the right will be convenient on account of its conciseness when a 
large number of constituents are shown. Any matrix A T = [*]' whose 

horizontal and vertical orders are in and n can be expressed as a com¬ 
pound matrix of the class ( 3 ) where *„ . . .a, fln d 0 „/? 5 , .. .ft am 

any positive integers satisfying the relations ( 2 ). When the class 
of X is taken to bo M (.), A' is not regarded as compound, and will be 
failed a simple mntme. 


2 , Representation* of a rompound wain? by u skeleton, class- 
symbol or ich emt. 

When a compound matrix A'=[< of the class (3) is expressed in 
the forms ( 3 ), wo will define the skeleton of X to be the matrix 



*.i 

.. ,, 

A'n | 


x ss 

. t * 

Xu 

Ll st, ... 





x rl 

X* ... 

x„J 


l*) 


(ft) 


-M 

V "i, «J, ■ . . *r? 

te he the class-symbol of X, the class-symbol being formed with the 
successive horizontal and vertical index numbers of X. The compound 
ina nx , is ormed from ita skeleton by replacing the element Z,, of the 

Skeleton by the constituent [X^, which is a matrix with * horizontal 

and ft vertical rows, this being true for all the values 1, 8, ... r of / and 

f ° Va “^ S 1, S ’ - of ?’■ Thc c °niplete representations of X in 
the forms (3) are known when the skeleton (4) and tha.dass-aymbol f5) 
arc nnwn he skeleton gives the notations used for the constituent 

n dl ^ u show “ ^ the horizontal and vertical 

oT*lZ “ 2 . W ° Ca ° r<tpreMnt X b * jt * **** 

on^v when he class-symbol is known ; and we can represent X by its 
class-symbol only when thc notations for its constituents are known 

or are left undefined. 11 

the J" ° ur lan y*jg® y* skal1 muaU y identify the constituents of X with 
l inoe Qf t° °^ h6 * kehiot >> «P^k of the lines of the skeleton M 
.kit s r° 0tJnS£ClltiTO constituents X in (2) which in thc 

skeleton form hues sloping diagonally from above downwards and 
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n 


towards the right (dp towards the left) will lie regarded as forming 
the diagonal Hues (or the counter-diagonal tints) of J. The diagonals 
of X are the diagonal tinea draws \ through the corner constituents 
X\\ and X rt ; Use counUr-tliagonats of X are the counter-diagonal lines 
drawn through the comer constituents X u and X r] . The leading 
diagonal of X in the diagonal through the top left-hand constituent Xu* 
By the diagonal constituent* of X wc usually mean the constituents 
forming the leading diagonal. When the number of horizontal index 
numbers is equal to the number of vertical index numbers, i,e. 
when r=j r there is only one diagonal and only one counter-diagonal; 
and in this case the term "diagonal constituent' is entirely free from 
ambiguity* 

A super-minor of X is si minor formed with complete constituents, 
and will often he regarded as a minor of the skeleton (3} r The super- 
minor 


^irP 

^ I'J^K 1 f * J l|t 


" * ■ IK 


- ^ * 1 - X, 


W*r fj 

“li* 


* » * H li' 


will usually be denoted by the most suitable of the expressions 


^,1 ■ 


X 

[*>**■■*•'*] 


. * fl 1? y 

Lll, n . i . irj 

L«P r. ■ ■. wj 


which are respectively its class-symbol ¥ its skeleton, and its &lele±on- 
symboL An unbroken super-minor b a corranged super-minor formed by 
the intersections of consecutive horizontal and consecutive vertical 
minors. Thus the super-minor shown above is unbroken when 
u f k* * *, w and fc, * r are two series of consecutive positive integers 
arranged in ascending orders of magnitude. 

When a compound matrix X«= is expressed in the forms (3} l 

we define its sdieme to be formed by replacing each symbol X*, by 0 
or by a cross according as the corresponding constituent of X i* or is 
tint known to be a aero matrix. The skeleton-scheme of X is formed 
in the same way from the skeleton (3). We u&c such schemes to show 
concisely the general character of a compound matrix. When a 
constituent X M is known to be a zero matrix, we shall often replace 
X l f by 0 both in the expressions (2) mid in the skeleton (3j> 
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Clif? notations for the elements of the skeleton of a compound 
matrix A t i,e. for the constituents of A. may be any ire please. Thus 
tho complete representation* of a compound matrix X whose class, 
symbol and skeleton are 


are 

(°a?; y ) 

ffl 

_ Xm r ^\ 

L^*/t Xi|, 


X_pV ^ mr 


3 j 

.- ^ | X X ¥ q r A Br 


L-Y Sr , A r-Jj 

1 

A r M 

x nt x„ 


3. Zero index numbers. 


The index numbers of a compound matrix X are usually considered 
to bo all different from 0 ; but this js mot necessary. When any 
horizontal (or vertical) index number is 0 ( the corresponding horizontal 
(or vertical) minor of A' is absent, or can be struck out. Consequently 
we can always add to or remove from the index numbers ns many 
0 * ftH w * P 1 ®*^ occupying any positions amongst them. When we 
do this, the matrix X and its class remain unaltered, but we alter the 
skeleton and the class.symbol, and we therefore alter the dtaipmtions 
Of the actually occurring constituents' for the number of horizontal or 
vert,cal rows in the skeleton is always equal to the total number of 
horizontal or vortical index numbers, U’s included. 

When the number of vertical minors is equal to the number of 
horizontal minors, or has been made equal to it by the addition or 
r.mov.1 of ooro index number., the elM.-ymbol ( 5 ) a.„ m e. the form 


(&H fti * ■ * fir V 

VSjt &l, ... a e/ 1 16') 

and then the diagonal constituents {some or all of which may he 

absent), are those of orders /M „„ „„ . .. 

\ a i/’ K^r *** V 0 -A varying the 

zero index numbers and their positions we can vary the constituents 
which arc to he regarded as diagonal constituents. When we use the 
cWsymbo 1 (5) in which **r, we usually imagine * - r final 0 ’e to he 
rnlded to the horizontal index numbers or r - s final O’s to be added to 
he vertical index number* according assuror r-s |* positive This 
enables 11 “ to regard the constituents of the leading diagonal as the 
diagonal constituents. Tim following are different representations of 
a given compound matrix of the class 
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m 

CUiAssymtxA 

Skeleton, 

m 

H 

Heprt&ntation of X. 

pA'n, Y||, A'u"! 

|_Ai» Xjii s 

m 


ca 

A--| 

rA'n, Y [( , Y| ( n 

|_Yn, Yu, 

0) 

it. 4. 3c 

lo,3, Si 

oh 

*-| 

r x «- 5* vT 1 

Lx«, Yji, 

(*> 

j O.S. 4,3,01 
\0,l>*S,2.£lJ 

ri, i,: u + r tn 
x 

X — 

pYjn Y Uj A'^1 

La*. a*. aJ^ 


Here only the actually occurring constituent a have been shown ; and 
these Are the same in all cases, though their designations are different. 
In (2) there are 3 diagonal constituents A' M , A iT .Y.. of which the last 
is absent; in (3) there arc 3 diagonal constituents Y, ]p A' tll Y , of 
which the first is absent; in (4J there are 5 diagonal constituents 
Y,,. X n> Y Mi Y h , A'n of which the first two and the last are absent. 
We usually regard (1) and (2) as the same. 


2. Simple reversants; symbolic commutants; com- 
mutantal products of simple matrices. 

1 , Simple revrrgant*. 


For the ini degenerate symmetric matrix formed by reversing the 
order of arrangement of the horizontal or vertical row's of the unit matrix 


[ I]' wo shall use the notation 

,~0.,.0 In 

0 


Ht- I a - A 
L i. '. '.o 


which includes [jj| =[1], 


(A) 


and we will call \jf the simple rovers tint of order r or the revets ant of 
the class M(')> When this matrix is applied, os a prefactor to a 
matrix A with r horizontal rows, it reverses the order of arrangement 
of the horizontal rows of .4; and when it is applied as a postfaotor to 
n matrix .-1 with r vertical rows, it reverses the order of arrangement 
of the vertical rows of A , The equations 
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shnw that |j ]" is its own inverse, (ad that its reciprocal and con 
jugate reciprocal are the undegvnerate symmetric matrix 


t#r. 


2, Symbolic com/nntunt*. 

Taking r and *' to he t wo different symbolic dementis, we will 
impose on the four ex press inns 

f», vj, (r' ( b-% tS, {r,w'l (B| 

the laiv of composition of the symbols for com mutants, and call them 
symbolic commulatU*. A product 

in which each of the factors is one of the Four symbolic com mutants (B) 
is cammutaniat (in the symbolic sense) when in every pair of consecutive 
factors the second element of the factor on the loft is the same as the 
first element of tho factor on the right. Whenever the product (l) is 
commntanta), it is to be regarded as equivalent to that one f of the 
four symbolic com mutants (B) which is such that the first element 
of i is the first element of the first factor symbol and the second 
element of f is the second element of the last factor symbol V We 
then call f the prod net symbol of tho symbolic commutanta! product (I) 
and put 

( 2 } 

Consistently with the above definitions we can define ; to be a 
symbolic rovereant subject to the relation 

»-1. (B.) 

which when applied as a prefactor to any one of the symbolic corn- 
mutants (B) changes its lira! dement from v to or from to r, and 
which when applied as a post factor to any one of them changes its 
second clement from - to r' or from to -. Then the four symbolic 
comm u Lents (B) arc subject to tile relations 


Iv'. v')=>(v, =■ }j. 

v r'J j, 

)r. vj =;(*■’, v J j, 

(*'. ■" J =;lv, r'i j t 


Itt', *■ jsi j{w. s- ), 
{b- p w'l (it' i r I, 
iv t 1 = /(**, V j. 


*•'*=: {V, * Ij. 

i, 

W, w'\ w(i*', r [ j, 

JV f jt J = f*r . ir'j j. 


j v. *f [v, w), . . (v, vj = ltr f IT 1 p 


(Bj 

(Bi) 
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the remaining 3 lines in (BJ being dcdueible from any one of the 
4 lines bj' use of the relation (B,j; anti the value of any oommutantal 
product of the symbolic commutants (Bj can bo deduced from that of 
the product (B ) by using the relations (RJ and (B,). If *it (tt 
the 4 symbolia enmmutants (B) taken in any order, the 12 rotations 
(B,) ore all included in the 16 relations given by the formula 

where n is ] or ; according aa the first elements of and f* are like or 
unlike, and 6 is l or j according as the second dements of ( h and f* are 
like or unlike. When a or b is l, we will regard it as being absent. 

Et, i. Ttio product [*. * |, ]|* > * »l! w . *! = !*■* ) 

U wniimitartto], If we dnnDlo tho product lytnlwl by i , ntttl *v*lnflte it by u»in^ lllu 
PBUtiona (Bp. |Bj). tBd- we have 

|= fw, ifH./f*. df If*. *) . I*. d>=l*. *Jt*-*)l*» *11*--M 

= t»* *'J- 

E*, ii, If £ it any utis cii the symbolic copinulinl i (0). tbwi tine fsmr »yinbolic 
CfHBinuinnU nfn 

f.to’.rt.tf* 

Simple. }Hotricw correlat'd by simple rcwTaardB, 

Let X"=[*]* bo any simple matrix of the class Af('). Then 

if X', ¥ t V art- the matrices derived from X by reversing the orders 
of arrangement of both its. horizontal and vertical rows, the order of 
arrangement of its horizontal rows only, the order of arrangement of 
its vertical rows only, we have 



and if J,-* If ]“ and = [ J j* am the simple ne versa nts of orders »l and 
n, so that 

tB ‘ A) 

these four matrices are connected by the relations 

* rwjr, ¥ = xj ., 

Y'~>J m YJ u , X =J m r , X'= Y /«, 

y = /.fv., a"= j m r\ x = r/„ ( b,') 

where each of the remaining 3 lines can be deduced from any one of 
the 1 lines bv using the relations [ B L '}, The four matrices {B') will ho 
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from it are replaceable in pairs by unit matrices placed between 
adjacent factors?, we have 

X' = PXQ, 

where P is the prefaotor applied to d T which in either [1 j“ or [ j ]", and 

Q is the postfactor applied to L f which is either [ 1 |* or [j ]* s and where 
p ig either l or j ¥ and q is either 1 or 7 . Moreover by the definitions 
of the product symbols ( and £' wc have p=f when and only when 
P=±[ j] ta a and when and only when Q=[j ]*; and we conclude 

that: 

// tew fintrt&i to the fjroduci matrix X in {3 ) the type i w then the 
product matrix X r in [.?') 1 # the matrix of type £' correlated with X , 

Thm when the product matrix in the cammutontAl product (3) is 
known, the product matrices in all the correlated eommutantal products 
derived from ( 3 ) by simple reversals are known by simply observing 
the types of the corresponding products of symbolic commutantH, arui 
there in no need to evaluate them directly* 

We will call (3) a conunhtunlal equation of the type (4) when the 
product on the left in is commutsntab and the types ascribed to 
B t G t *■* K t L and X are * F ,». «, A and £. A comimdantal 
equation of the form 

EXZ~ X 

will be called a compiufriTiftfi frati#formation converting A" into 1\ 

Ex.v. Let [nf [bf [of [d] [if=[®] B or A BODE-X (fl) 

'* p i * * * 

he a given onmriiutnjitnl pffodlIdt F the produot of the fjralrtliC florernintfcnU representing 
the types ftsmlHid to A „ H „ (J, D* E being 

[** Tt'llw^p »}(»+ *){*■ whxsm £={«., #']* 

Ut [a’f t&') T [a*f l*Y [«’)"=E*']' or <L t B'C'D'E’=X r (S ) 

m P t r * * 

m cortoliiled nmtml Until (Hod Hot obtained by Applying simple revcreud’i to Iho lion/tidUml 
and vertical rows oJ tome ef Hie feelers in { 0 ) P iho product of the symbolic ooitumitruita 
representing the types at A\ B\ C, IY< E' being 

In Oldfir to eywIuftUr the new prodnot metric X' directly, wo (thtiuld dU»H tua 
Jm, Jff t *T f . Jt * Jr. J* to be the stimpta revurannta of orders «i F p , q, T t t. ft, so that 
A=J^A f tr=B t O f =CJ tw D =JrDJ ¥t E -JJ2. 

X'tMjuA . B . OJt . JtBJr p J t E =J« * ABODE ; (6) 


Thin 
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II 


i j?„ X' ia thi matrix olMnin-oil by nsvening tbo arcl^r of einvini'nm&nt of tho hariioaUl 
rowti of X. 

Now the equation (0} comupoiidd to ftiui (mu be ropfennt^d by ibe ^uAtjon 

(** ") * (*1 ■ N- f - f ( w i *) / * f t** *] =/1: (S') 

nod tbo eqiloUoti A’ r =J^ # V run bo dfctneod from the* iK]Untion ft* Thectfor* tlm 
oqii4ti<VQ f'—/1 |a niiffloicnt to «huw the MitsOn lw t rarai n X J mi X ■ and i;f WO fluwsribr 
to A tbfl type (s|*. *')* We know tJml X'ia the inntrix of typo ^^{»\ V) rom4Ea<l 

with X, 


3, Compound revers&nts; commutantal products of 
compound matrices* 

L Part-reonrsante. 


Let a,, c^p -p. u r and ft* ft t ***ft be two sets of positive integers 
such that 

ii, + 4L + , *. + a, = w, ft ■+- ft + ... + ft = n; {l) 

let the standard flotations of Art. 3 be need for simple re versatile, and 
Jet JC=[^£ be any compound matrix of the class 


1/ ffti Pr* **- 
V'iji * h > - - “r / 


W) 


expressed in the forton ( 2 ) of Art. 
matrices 



“I "4 

>r 


ji ft ■ * 

.0 


0 t h * * 

.0 


0 . o,.. 

■ i • 


which are such that 


I, Then the compound 

fl| 0* 0 j 

ft 

ft o, f x . * . 0 

J, = * p 

ft -ft 




ftquare 


(A) 

(A,) 


will be called the wnwani?, or with greater definiteness tho parf- 
re:vwants of the respective doss 


x{ 


"IP n i» 




(3) 


When J m is applied m a prefactor to X, it reverse* the order of 
arrangement of the horizontal rows in every constituent of X, leaving 
the class of X unaltered; and when J m is applied a* a post factor to X, 
it reverses the order of arrangement of the vertical rows in every 
constituent of X t leaving the class of X unaltered. Thus we have 

J m XJ m =X', J m X - r ft XJ m - Y\ (A*) 

where X\ F h Y f are the compound matrices of the same class as X 
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which arc obtained by reversing the orders of arrangement of both the 
horizontal and vertical rows, the order of arrangement of the horizontal 
rows only, the order of arrangement of the vertical rows only in every 
one of the constituents of X . We will call X f X r r F, Y* four matrices 
of the cla&H {21 torrelal&l by part-reversantis. If we denote these four 
matrices taken in any order hy we have 

where A Is II]* or J m according as the horizontal tows of correspond¬ 
ing constituents of X and X k have the same or reversed orders of 
arrangement, and where B is fl | B or J m according as the vert ical rows 
of corresponding constituents of X t and X k have the same or reversed 
orders of arrangement. We can choice such an arrangement ( ir £:r fji £* 
of the symbolic com mutant* i,Bj nf Art r 2 that the equations (A 5 ,l 
become the equations (C) of Art. 2 when X ir X , X, X 4t are replaced 
respectively by £ Jk f a . f v and each of the parfc-revesp&BTits J „ and J w is 
replaced by the symbolic reverse nt j j and wa can then distinguish 
between the four correlated matrices X lP X if A'., A 4 by ascribing to 
them the types £ (l 4 £t_, 4 We can escribe to any one of the four 
correlated mat rices the type represented by any one of the four 
symbolic com mutants; and the types of the other three correlated 
matrices are then uniquely determinate. The argument ia exactly 
the Janie as in Art. 2.3, the part-re versa nta ,/„ and J, taking the place 
of the simple re vers ante ,/, H and J. . 


S. Ctast-revermUg. 

The compound square matrices 




“r 

•i *t 
0.0, 

•r 

... 1 

ft 

a. 

0. 

*<»i 

... 0, In 

“S 

0, 1, 

* p ■ ® 

... 0 ' ! 

J,=p* 

0, 

... 1, (l 

ES t 

-1.0, 

... 0 J 

ft 

-1. 



(B) 


will he called the cfrM^retJer-wtnfs of the re spec live classes 

*(&&£*)• 1,1 
Their conjugate JJ and J* are the cius»-roversanti of the 
respective conjugate classes 

M / ffl r t ■ * * “fj tt Jt\ / Pit Ai * * - ft* \ 






TrEM[r”rfiRro matrices. 


13 

and are also the inverses of J m and J m ; for we have 

jJ m *=J m 'J m =l l£, (Bj) 

V\ hen J „ irt applied ns a prefaetor to the compound matrix 
A™[*] p ef the class (2), it reverses the order of arrangement of the 
horizontal minors of X without altering those minors themselves; and 
when is applied as a postfactor to X, it reverses tlie order of 
arrangement of the vortical minors of X without altering those minors 
themselves. Thus wa have 

jjtj.-r, J„x=r t xj m =r, (B,) 

where X', V, )' are the compound matrices of the respective classes 

M /P* * - ■ - jhj f&i* Ai * - ■ ft V if &f t p 

which are obtained when we reverse the orders uf arrangement of the 
horizontal and vortical minors nf X, the order of arrangement of the 
horizontal minors of X only, the order of arrangement of the vertical 
minors of X only, leaving the constituents nf A' unaltered in every 
case. We will aall X, X' t 1\ ) four matrices of the classes (2) and (2') 
farrrlnttd by cJass-rtverwnU. If we denote these four matrices taken 
in any order by X (J A',, A',, X 4 , it follow# from the relations (B,) that 
we have 

X k =AX k B, (B b ) 

where A is either [ l ]“ or one of the class-rovers ants J „ and JJ accord¬ 
ing as tlie horizontal minors of A\ and X k have the same or reversed 
orders of arrangement, and where B is either [1J‘ or one of the class- 
rev ersaats J m and ' according as the vertical minora of X r and A T * 
have the same or reversed order# of arrangement, A and B being 
uniquely determinate when X h and X* are given. When j-f is [lj“ t we 
will regard it as being absent; and when B ia [ 1]*, wb will regard it 

a# being absent. We can choose such an a rrangetnent I,, f ; , 4 t of the 

symbolic commutants (B> of Art. 2 tliat thu equations (A,) become the 
equations (C) of Art. 2 when X,, **> J* A'j arc replaced respectively 
by t\, f*. fj, £*, end the alftas reversante J m ' t J.,J m are replaced by 
the symbolic reversant j ; and we can then distinguish between the four 
correlated matrices X l( X |r X lP A' + by ascribing to them tbo types 
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( i P 4* fep We can ascribe to any one of the four correlated matrices 
the typo represented by any one of tho four symbolic commutants* 
and the types of the other three correlated matrices are then uniquely 
determinate. The argument is the same as in Art. 2 + 3 g the class-rover- 
!*antft J m and J m * taking the place of the simple reversant J m t and the 
ela^-revorsants J m and ./*' taking the place of the simple reversant J am 

Ex. L If wo 1 fc'nuta thn parUtrVerm&ttta (A) by J m <md J*H mill i he vcru nut* f B ) 

by Km and it*,* nrg hflve 

KmJm = [/]“, AIC.sE/j*. 

CtaLBiMjiiimtJy the »iico«uiivr- npplicALiiimt or the prcfnetom J« nnd Km to the compound 
fpirix 1=1 * ]" of the rlrtJti <2) simply fttvtirm (In-* order of urran^^itiut of Uie IidwriUl 

row* of X ; and the siiccraaivo nppl ir-aticm of tho poslfneloTfl J* liiid Kn to X Pimply 
rpvflrw the tirdrr of mmogement of th& vectioal row.n of X. 

('ttmmuianfal products of tompountl matrices, 

A product of any number of compound matrices of specified classes 
will be called a commutaniat prod act (in the symbolic sense) when ; 

(1) in every pair of consecutive factors the successive vertical 

index numbers of the factor on tho left are the same as the 
successive horizontal index numbers of the factor on the 
right; 

(2) such commutnntal typos are ascribed to the successive factor 

matrices that, the product of the symbolic com mutants 
representing their types is column tan taL 

The product matrix in a com mutant at product will always be 
regarded as belonging to the class defined by the successive horizontal 
index numbers nf the first factor matrix and the successive vertical 
index numbers of the last factor matrix. 

When correlated compound matrices and their types are defined 
as in sub-article 2 or 1 by class-reversants or part-re versants* the 
product matrices in any number of correlated oommutantal products 
are correlated matrices to which the types of the corresponding com- 
mntanta! products of symbolic com mutants can be ascribed; and when 
nny one of the product mat rices is given , all the others are known by 
their types only. 

For let [«£[*]} [^... [<[<]; =[< or ABC...KL-X (fi> 
Iki any ootumuiadUl product of compound matrices in which the pro- 
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IS 

tlunt of the symbolic com mutants representing the types ascribed 
to A, B, C, ,.. K, L is 

(e) 

where £ is u known symbolic commutant; 

let [a*]* m [*']» [e' ]' ... [*'1' [ /'£ = |V£ or A’ti'ff ... K’U - A" (S') 

ho A correlated eommutantal product derived from (5) by applying the 
appropriate olM»NT»naofo (or part-rever santa) to some of the factors 
A, B t ... L, and let the product of tho known symbolic com mutants 
representing tho types of .4', B',G\ K% U he 

«yy...*Vnf (&) 

whore £* is a known symbolic com mutant; 

further lot J. be the prefactor which reverses the order of arrange- 
monl of the horizontal minors of 4 (or the orders of arrangement' of 
the horizontal rows of the successive horizontal minors of d). anti 
let J, bo the postfactor which reverses the order of arrangement of 
the vertical minors of L (or the orders of arrangement of the vertical 
rows of the successive vertical minors of L}. Then we have 

X'-X r or X r = J m X.f m , or X'=J m X, or X'^XJ, 
according as 

£'={■ or C=}tj. or or 

In particular if wc ascribe the type f to the product matrix X in (J), 
then the product matrix X‘ in (o') w (At- matrix of type f correlated with 
X by clots-re verm nts (or part-reversants). 

Tlie argument is the same as in Art. 2.4 when we replace each 
simple reverannt by tho appropriate class-re versa nt (or part-revcraaat). 

We call (5) a commutnntal equation of the type, (fl) when the product 
on the left in (5) is commutantal, and the types ascribed to 
A, B, 0 *.. K, L and A aro a, ft, y, ... », a anil £. A com ran tan tal 
equation of tho form 

BXK = Y 

is called a commute mud transformation converting A’ into Y. 

jBjr. ii. Tlio product [a]' £ft|* foj* [dj* =(*]' or ABOlisX ( 7j 

in which A r R, O r D. X lire roiii um L mntrbe* hnvinjj I he ch—iymbaia 

( U| *“ , ‘ “**> f*ti **♦ *** <V \ t p.W.. . »,V /S,, B(P 

m^/ Ii|« ... Tipt I'll «1 Vw, f irj,.... w T f * v«|. Big. ... 
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tt) 


ii ramrnuinntAl When Wa agertba to A > & w G* D tlm lypas 

,'j, »}, 

Iwcsuse then «fly* is tbii ocjmnmtnnfnt prtdui't 

*)(*, where { = (*', *j. 

Ez.Hl Let or A'#<?D'=X' 

be tfc* wpmuttwtsi product misled with (7) by closs-m e r™i,.« m which the types 
of A\ B\ Bte ‘ ' 

M ? S r i* tb eoiatniit*iit(d product 

■ aya'sef*', **);»*, »'){*', rj[ fl *'j = whore ,*), fo'j 

'UlOh if J„ J„ J, an l]|,. ckfl.i-iiOTt'rea[iis of the respective rlofttcfi 

•V (“'*■■■' “* 4 \ . ,Vf 1**' "- P » 1 C A V / rt r **i. «| \ 

'“1 < “* .. 1 \-I<yT W ' 

sod if Jr'. Ji ore the oonjnuatsB siui inverses of J„ Jj. we hnv*e 

A "— -4Jr - J, JS. CJ,. = .4/iff). J, a jfj,. 

*' = * 1 . ffl. w , Hi, =.By t.j - (j. 

the second equation twin# roprehehIntjvo of the firm, 

fill* ntlitiot ol X' to X foUaws From the known values of ( and ('; for the mw- 
tion lj Shown 1 lift I X~XJ.. Lo. X is t bn matrix obtained by re twang the order 
of arrangement of the Vertical minor* of X. Ff we nscribo to X the type r_r - . 

tf.cti X' i. the matrix of typo f =( J, /, correlated with X by clMn-revereonis. ’ * 

Ex. iv. The Ghua-synibol* oF A\ ft 1 . C\ D'. X r in {T j are 

C, ‘™‘ * ■ (?’ ‘ **) , (%* * *'■ “«• -I' \ , > ■ ■ * *i. «i \ (*, . 

If [7 i were rorn] sled with (7) by fulrt ^i erjonta. the ftlnfe-eymlrols A‘ . O' C fy v 
would b* tho iwtno aa those of A t ii r C r D t X in (7), * ' A 


4 + Hemipteric matrices. 

1. The four types of hemipieric matrices. 

A compound matrix X whose flucce^ive horizontal an d vertical 
indej- number* are « (t *, and /3 h ft,.,. ft will b« called a hompteric 
matrix or a hemipfcric of the cls&R 

M /^> T A* ii| A\ 

\ f 1 * * - Op / (^) 

in the four cases when erer y constituent wliloli Uee below (to the left 
of) or above (to the right of) either diagonal, or above (to the left of) 
or below (to the right of) ei ther counter-diagonal is a «ero matrix We 
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nan distinguish between these four kinds of lieuiipteric matrix bv 
ascribing to them the respective commutantal types 


t r . ar|, \ tt ', jf'J, (v*, rj, (■■, fl^J 


(B) 


I and we will do line the herniptoric matrices of the class (A) to be: 

(1) those of the 1st type or of the type fir, v) in which cveiy 

constituent lying below (or to the toft of) either of the two 
diagonals is a zero matrix; 

(2) those of the 2nd type or of the typo («■', ir'J in which every 

constituent lying above (or to the right of) either of the 
two diagonals is a zero matrix; 

(3) those of the 3rd type or of the type [ *■', irj in which every con¬ 

stituent lying above (or to the left of) either of the two 
counter-diagonals is o zero matrix; 

{*) those of the -1th type or of the typo W t ir'J j n which every 
constituent lying below (or to the right of) either of the 
two counter-diagonals ia a tsoro matrix. 

The term * hr mi picric T is most appropriate whan the horizontal 
Und vertical minors are equal in number. U. when s^r. so that the 
• two diagonals coincide, and the two counter-diagonals coincide. A 
hrniipicric matrix in which thin condition is satisfied will be called a 
(Hire himiptcrie matrix. When s = r. the constituents of a compound 
matrix X of the class (A) can be regarded as forming a diagonal (or 
counter-diagonal) and two wings, one wing lying on each side of the 
diagonal (or counter-diagonal) ; and A T becomes hemiptoric when one 
of the two wings is made to vanish. 

The structures of liemipterie matrices arc shown in Exs, i, ii and iji, 
where the constituents represented by 0’s are zero matrices. In 
general hemvpteric, matrices the other constituents, represented by the 
letter X with suffixes, are matrices whose elements are nil arbitrary ; 
particular homipteric matrices are obtained by giving particular values 
to the elements of thoae arbitrary constituents, 

Er. L If jt = r, the- Htondurd Ekflfct<ma of general hemiptefta mnlricea ,\* of tho 
r|«w (A) jutr! of till* respectivo tyjM (Bf «ill bo tokon to ba the mttriei*. 
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which irft ccrtdut^l by simple r^vtnali- Thcp' nn* the at am lard ikcletons of geqsr&l 
puff hemipterir tmittu'f* b> X. 

fir, Ii. If i > r, the h tandard vlwbtapi of general hffrmptefie matrices X of tho 
chvt |A> and of the rfispet'tivc typc4 (lij will \v fdiien to It# the matric^t 


0 .. 

IS.,. 

X|| x 3i ... 
o X ti .. + 

fe 

A TT ■-■ fi tl - + - 

0... 

11 

■ t r 

J r - - - r\ ; 0 t. . 0 ' 

AV.,.X lfi X u fl .O 

A 1 r . . . A H X 1 ! , -r II 
X*p .. . Xti 0 0 

0 ... 

d 

II, 

ii II 


0-., 

Xn 




jfwV.V’o” oo 





(A,) 


which ate corrida led by uLnipjIn r^vur^rLlii. In i^ia 1 3l va-ftp X bn* ji — r initial ur limit ztrft 
vertical minor* which are ropre-wnteJ by A^r in hint or filial vertical rain of Ox in tht* 
nktilctcfiL. TIn 1 pun- iipjLhipt'pric matrix which remains wJien the ;efn vertical riinun iijv 
struck om mM bp taJM tlio general pure part ol X* 


£r. jih If r . it, the «Umdird skdntonti of fiPDWiU hismijitarb irnttri^a X of tRiih 
&lA*a |A) ami of the ftMipwtive type." (H) will be taken to Iw the matrices 



o o a 

n * n fl 

X|, ,,, Xu Xn 
X„... A’*, o 

X . 0 M 

..... 

0.1i ... X H 

& <i X„ | * | 

X n .,. 0 0 

*Vf#, *, Xjj o 

X\ t ... X| t Xn 

0 Xgij 1 4 . A.ij 

*JI ■*« ^1* 

o o ... o 

o 0 II 


■ ■ ■ fA 5 J 

whidi lira airnHftteii by simple m»mik In each ftme X ha* r — Ji final or Initial -em 
hmzanltd minor* which are represented by * final or initial hcfi^nlnl rows ol O'* In 
the skeleton The puns hgcnlptaric matrix vtildi remain* when the zero horixnfit*] 
minors are ftnink out will: be called the qanrrai purr ftnrt of X. 

fir |v\ AH lumieular hi-miptefic dutLnec* X of the r&fpootiv# type* (B) which are 
not iern mntriret nan lie oipfr^d in the cqm^pandinEt lonna 


r*-nT p>.«f*' r* p - < T 5 

10.0 !, t ; l*\ J,/ Uad^; L°.«J„, 


■** fA*} 


where in Will »*ti I he minor JT — (*')* ia n pure hamipterki matrix of the same type a 4 

X m which tile constituent* nf the lending diacgcmnl ifor the first two typo*} nr of the 
eOttntof-diagonjil (lor the last two typed) nro nut *11 *»ro matrices : anti where in each 
caas *l in tiseinim nf a -certain number p of the initial or fta*! horizontal index humiM r^ 
the Min of an filial mbtf p of ibe final or iniliat vertical index namlMfi, p is the 
pum of the nmulntBR horizontal index mimWa. and q is the turn of the remain mjj 
vertical index number*. WJwti X is A general hemiptono matrix, either yr or q in 0. 

The pure hoEttiptarir matrix X* will ho called the purr- part of X. Tho 

ntunbrr ,-i K which is the nttmtwr of hofimntal minora ami alto the number of tho Vertical 
miner* of X\ will be caUed the parnmttric rotlk of X. The number of final or initial 
aero horizontal minon in X tlm mm of whose horizontal cr4«ra Is p will be culled the 
taruwitaf nuffi/y of X. and the number of ini tial or linn I zero vertical rninorn in X the 
sum of whose vortical orders ii v will he called the* r&Ueai nullity of X. A homiptsdc 
ed airsz such ** X* whu*e boriKontal and vertical nullities lire both c<|tial td 0 will l>e 
railed parnmc/in'cnffy tendtgenenste. Every such hamiptario matrix ii nocv-sfirily ptlfr. 
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2 Use* of the terms 1 antr-htmipterit ' 1 count ct-he miptrric * and 
* parametric 5 m applied to hemi picric matrices , 

A kemiptcric matrix will be called onJeNfe^ipferib when it has one 
of the first two types K w\ fsr\ tt p j. and connirr-hemipteric when it has 
one of the last two types |j/, a-[, | *r, -'L 

The panifjKtricr constituent* of a general humiptcric matrix X are 
those constituents whose elements nr r arbitrary parameters, he, those 
constituents which are not zero matrices. They are identical with the 
parametric constituents of the general pure part of A as defined in 
Ex®, ii nnd! jib 

Let X he n general he m i picric matrix having the standard skeleton 
appropriate to its type aa described in Exs. i< ii and iii, fto ihat the 
same notations are used for the parametric constituents of X os 
for the parametric constituents of the pure part of X. Then the 
parametric constituent X rj fin which j^i) will he said to hav* j 
differenct-wighi j - i_ The parametric constituents of difference-weight 
k form the t) th j&rametric diagonal lino of X ; in particular the 
parametric constituents X,, of ditfe re nee -weight 0 form the first* para¬ 
metric diagonal liar of X r which wBl also be called the parametric 
diagonal of X. The parametric diagonal lines of X are diagonal lines 
or counter-diagonal lines according as X i* antc-heiniptcric or counter 
hemipferic; in particular the parametric diagonal of X is the diagonal 
or counter-diagonal of the general pure part of X according as X is 
&nte~hextuptefio or ootmter-hemiptede. The constituents of difference- 
weight u forming the parametric diagonal of X sin 1 the parametric 
diagonal constituent* - f these are counted from X lt as the first. 
X- being the ith parametric diagonal constituent. A parametric 
diagonal super-minor of X is a super-minor formed by the intersections 
of tlie horizontal ami vertical rows of a number of parametric diagonal 
constituents, and it. is unbrok- u when it is corranged and tlio^e con¬ 
stituents are consecutive, The horizontal and vertical rows of X pac¬ 
ing through the i th parametric diagonal constituent X ld form raspec- 
lively the i th parametric horizontal minor and the i th parametric 
vertical minor of X", 

It will be observed that the qualification * parametric ’ serves 
the three purpose of indicating the presence of arbitrary constitu¬ 
ents, rendering terms applicable to pure hemipteric matrices of the 
first type also applicable to all hcmiptcric matrices, and indicating a 
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definite order of counting depending on the typo of the be mi picric 
matrix. 

If the general bemiptme matrix X belongs to a class (A) in 
which it contains a-r zero vertical minora which precede the 

parametric vertical minors, and these are called the pre-parametric 
vertical minors \ if X belongs to a class (A) in which r>s r it containn 
r -s zero horizontal minors which follow the parametric horizontal 
minora, and these are culled the po&t-pammHric horizontal minor*. 
The pie-paramctrio and parametric vertical minors taken together 
and counted in the same order of succession as the parametric vertical 
minors will be called the major-pammetric vertical minora; and the 
parametric and post-parametric horizontal minors taken together and 
counted in the same order of succession as the parametric horizontal 
minora will be called the rtmjor-'pctrameiric horizontal minors. In a 
heuiiptcrio matrix of the first type the >th majnr-paramctrie horizontal 
or vertical minor is actually the * th horizontal or vertical minor. 

All the above terms will be applied to a particular hemipterjc 
matrix X when we regard X as a general hemlptcric matrix whose 
parametric constituent h have been particularised* 

3 Apical and basical constituents and super-minors : median lines : 
quadrate and quasi-scalar ic hemiptcrir matrices 

We will define the Apex of a benupteric matrix X to he 

the right-hand top comer when the type is fir , rj f 
the left-hand bottom comer when the type fc f w\ v* \. 
the right-hand bottom comer when the type is (r-% =■[, 
the left-hand top corner when the type is fr- w v r j ; 

and the hose to be the comer opposite to the vertex. The apical constitu - 
* nt is the parametric constituent at the apex, and the basical constituent 
is the zero constituent at the base. An apical mtper+minQr or a basical 
super-minor is an unbroken cotrangcd super-minor which contains the 
apical or the basical constituent. The median line of X is that counter- 
diagonal (when X b antc-hemipteric) or that diagonal (when X is 
eounter-homipteric) which con tains the apical constituent. 

When one of the types (B) is ascribed to any compound matrix X 
of a specified class, the terms 1 apical; 1 basical; - median 1 a* weU as 
the term 1 parametric 1 will be used with reference to X in the same 
senses as if X were hemipteric. 
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A quadrate hemipieric matrix will be defined to be a pure hemipterie 
matrix in which the constituent* of the parametric diagonal are nil 
square matrices* Such a matrix is necessarily square; in fact the 
class symbols of a quadrate ante-hemipteric matrix and a quadrate 
conn ter-hem iptoric matrix have the respective forms 

/ ft |t *ff ***** V i a }i *3j - - * V 

V fl i'% »* ■ 1 \°r t - *« * 3 , / 

A qua*i-$calaric kemipteric matrix is a quadrate hemipterio matrix 
hi which all oonstitnents except those forming the parametric diagonal 
are zero matrices. Each of the parametric diagonal constituents may 
be either a non-zero matrix or a zero matrix. 


4. Correlated hemipteric matric*#- 

The four matrices correlated by clasa-reversants whioh oau be 
derived from any one given hemiptoric matrix are when suitably' 
arranged four hemipterio matrices X t X\ }', Y of Ike respective types 
|=fF t jrj* £=[w\ x*l t *J, y ={•■* *$ <1) 

which arc /ormed with ihft same constituent*, their skeletons (for which 
the standard notation* of Exs. i, it and iii can be used) being correlated 
by simple reversants. The types of A F f X\ J\ Y' an? fixed by the 
definition* of the types of hernipteric matrices p hut are in accordance 
with Ex. iii of Art, 2* 

In fact lot X = [*]“ ho a hernipteric matrix of the type U + *1 and 
of a class (A) in which 


□ j + n , + ***.+ ** - »* A + A + *. ■ + A “ * \ 
and let J mt J m \ J m ' bo the elaes-revereante of the classes 


M 


(.‘ ||W1 V 

\«|p .. . (P/ \fln 


m(*J’ **' 

dn m\t VAihAj,.*. 




Then if X\ F, F' arc the three other matrices which can be derived 
from X by dassrtwersante, these being suitably arranged. we have 

X‘<=J m XJ gt Y =J M X , Y'=*XJ m , 

X r=jjr. y =zv., 3J 

V=J'YJ . X =J m ’Y, X'-YJ Ht W 

Y =jl ¥'//, J£wI r' X = FV"'; 

and JC, X 1 , F. Y' are four heruipteric matrices of the respective 
types (!) and of the respective classes 

m {*'**’ M ( fi . *“ * J \, M ( ft " '" *" *V M (*‘ ^ (S' 

if/ \ i|, #1, + * . nr/ \ *r,^ . i|t it/ 
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which have the pro per ties just described. So far as types arc con¬ 
cerned, we can regard X, X\ Y, 1" os replaceable by the symbolic 
com mutants $, ^ if, the class-rcversants .7„, , ,7.' being 

simultaneously replaceable by the symbolic coin unit ant. j, and the 
relations (3) being replaceable by the relations (BJ of Art. 2, 

The four matrices correlated by simple reversants which can be 
derived from any one given hem ip tone matrix are also four hemipteric 
matrices of the same four types and tho same four cl as-res ns above, 
but their constituents are not the same corresponding constituents 
being correlated by simple re versants. 

5. Gvmtrttiluntal products of hemipteric matrices 

A product of any number of hemipteric matrices oi given classes 
is a coinmutantnl prod art (in the symbolic sense) when : 

(1) in every pair of consecutive factors the successive vertical 

index numbers of the factor on the left are the same as the 
successive ho mourn! index numbers of the factor on the 
right; 

(2) the product, of the symbolic com mutants representing the 


types of the successive factor matrices is comuiutautal. 


The definition is the same as that of a coiumutafttal product of 
compound matrices except that now the types of tho factor matrices 
arc fixed. 

It b easily seen by evaluating a com mu tarda l product of two 
general hemipteric matrices of the first type that : 

In every rommutantai ■product of hemipteric matrices of thr first type 
the. product matrix is another hemipteric matrix of the first type belong¬ 
ing to the clem defined by the -successive horizontal index »uothers of the 
firrt factor matrix and the successive vertical index numbers of the tost 
factor matrix. 

Let ABC... KL^X ol \ 


< 4 > 

(«> 


and 


H0Y - *• * * = £ 


he respectively any oommuUntai product whatever of hemipteric 
matrices, and the product of' the symbolic com mutants representing 
the types of the factor matrices A, B, C, ... K, L; and let 


and 
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be respectively any correlated commutantfti product of hcmipteric 
matrices derived from (4) by applying the appropriate cla^re verson U 
to some of the factor matrices A r B w 4 and the product of the 
symbolic com mutants representing the types of the new factor matrices 
A\ B\ C\ * hi K\ L\ We know that if the type £ is ascribed to X . 
then X is the matrix of type £ correlated with X by dos^reversants. 
Now we can choose A r ( J}\ *.* U to be oM of the first type; then we 
have f' = ffrom (4') it follows that X' has the type £\ and we 
conclude that X has the type i . 

Thus in every commutantat product of kemiptcric matrices the pro- 
dud matrix is another hrmiptcric matrix of the type determined by the 
produrt of th symbolic comm ah inis rrprtscnlinti the types of the sutttt&ivt 
factor matrices, and of the- ttes# defined by the successive horizontal index 
number# of the first fatter matrix and. tfie successive vertical index numbers 
of the test fatter matrix , 

further in any number of correlated ooinmutontd products of 
hentipterin matrices such aft (4) and f-O the p rod net matrices arc 
correlated hemipterie matrices, and they are all known by their types 
only when any one of them is given. In fact the expressions for the 
parametric constituents and elements of the product matrix in term# 
of the parametric constituents and elements of the factor matrices are 
the same for every one of the products 

f>. The tonjugaii of any tmniplerir matrix ; the inverse and con- 
jugate reciprocal of a quadratt hem i picric matrix. 

If X is a hemipteric matrix of the oiass M ^ ' r \ having 

V a fc« a i* - * * “* / 

any one of the four types 

fv* r}, [*\ it'), f#h 5r] ( jx t w'} 9 (G) 

its conjugate (orakew-eonjagate) is a heiuipteric matrix of the conju¬ 
gate class <1/f!t |r ? f * ) having the correspondingly situated type 

\Pir Psi ■ - ’ P* * 

in the scries 

1 r )i l F * [ ff » ^) h 

A quadrate hem i pi eric matrix is undegenerate when and only 
when all its parametric diagonal constituent# are undegene rate. The 
inverse of an undegenerate quadrate hemlpteric matrix X having one 
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of the four types (6) is an undegenerate quadrate hemipteric matrix 
X' 1 having the correspondingJy situated type in the series 


{*, *}, («■', f'. it), 


fSi 


the classes of X and X" 1 being representable by 

Jf (■!’, i "! Z ) and jV C|! £".*£) when x is «ite*hemipterio t 

M (* t \ atld M (*’ h ) J a coo n ter-facmipfcer ie. 


It is sufficient to consider the case in which X has the type f», sq, 
the Other three cases being deductible hy the properties of active and 
passive minors, 

The conjugate reciprocal of any quadrate hemipteric matrix X is 
a quadrate hemipteric matrix having the same class and type as those 
just described for X-< in the special case when X is undegeneratr\ 

Corresponding situated types in the series, (fl) and (7) will bo 
called mutually conjugate types ; and correspondingly situated types 
in iho series (0) and fS) will bo called maivatly inverse types. Two 
mutually conjugate or two mutually inverse type* are always either 
both ante-types or both counter-types. An ante type is inverse to 
itself hut not conjugate to itself; a counter-type is conjugate to itself 
but not inverse to itself. 


Ex. V. Quadriitr. lUmiplerU matrices Id i chich tnorr than erm type con bt ascribed, 

Ut -V h* n quiMiraip iHsmiptcflo iriairi* of type { belongine t f> a given elm j n ^hl, h 
Ihwe *ro no zero iadox number*. Then if X i* tmdagwwrite, it ift poaaibl,, aafrrit... 
a Beo.jnd type to It wjwn and only Wlinn it il ljUnai-*MUric. the second type being then 
either tt» Mnjngato nr the iawr-c of t . if *, ly other type ,*□ l*e b ribed to x. u. if x 
ran be replied a* having both nn nnte-typ* anil * counter type. it must bn dn^nerap. • 
for either the fimt or the hut parametric diagonal congtii uent mme be n zero math* 

Let X' bit tile conjugate of X having tli# type (' wnjugnta to f , Then if X ntid V 
Und^nem*. it ia p 0 *it.!a to B«rib. . mwil Ey,™ to A" winm lUld onlv wh#Ii 
X «..l A an, quuteatuio, the ^, on,l type being then theta***. „f * ]f om . oth „. r 
OT» Can be Merited to X J k then X and A‘ r mm% be 

Ut X be undegenoh.lo, and let .Y-l In, the iuvam, 0 f X having the type *- mverac. 
tv f Than it ^ possible to writ* a eccond type to X' w|, rn stl[ | <1(1 ] T whl}n x llad r 
rtm quaflj «*lar4o, tbo wood type being then the conjugate tif £_ 

Let X ' be the conjugate P-cipwcal of X having ll* type f Inverse to f. Then if X 

IT V P °*" ibI ° “ Mtrib ° * ‘>T» A" n,if| only 

him A and A ire queio-ecnlnne, the incondi typo being thou the conjugate df t. If 
ether type can be aeeriiwd to A". llien X and X' mint ha dagwwnt* 


ItEMlFTERlC MATRICES* 


25 


7 , Symmetric arui sksw^symmdric hemi picric matrices- 
By a symmetric ckm of a compound matrix will be meant a oiass 
whose successive horizontal index numbers and successive vertical 
index numbers for m the same sequence in which any two elements 
equidistant from the fiffct and last are equal. Thus the general 
symbol for a symmetric class is 



a \*H* 

a |T d aj 



where 


— *<: 


{01 


and such a class is the same as the conjugate class. 

From the fact that a symmetric or skew-symmetric matrix must 
l>e a square matrix in which the aero elements arc symmetric with 
respect to the leading diagonal it follows that: 


A countcr-hemipter ie matrix of cither possible type which is symmetric 
or shsabsymmelric must he expressible as a (quadrate) hemipterk matrix 
of (he same t.ypc of some symmetric r lass when its successive index number# 
arc made as small as possible. 

An ante-hemipkric matrix of either possible type which is symmetric 
or skew-symmetric must be expressible, as a (quadrate) quasi-scalaric 
hemvpteric matrix of the same type when its successive index numbers ar* 
made as small as passible. 


Confining our attention now to quadrate hemipterk matrices, and 
expressing the conditions that a matrix X whose conjugate is I 1 shall 
he symmetric or skew-symmetric in the form 

X«*Z' P 


where <= f I oi * = -1 according as X is to be symmetric or ekew-sym- 
metric f we obtain the following two results. 

A quadrate hemipteric matrix X of any given symmetric class having 
one of the counter types ir% *], (w w rj is symmetric (or skew-symmetric) 
if and only if it is symmetric (or skew-symmetric) with resjml to the 
median line, the constituents of the median fine itself being alt symmetric 
(or all skew-symmetric}. 

If in this fiftft ease we me for X r whose class is symmetric, one of 
the standard skeletons 


- 0 

0 ... 

S„~ 


dli gjf + ■ ■ 


0 


X lr 

t 


- *>L 

X]* . * i 

2 r 

Xr- 


Xff .«* 

0 0 J 
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and if A,. \ X Tr 'am the conjugates of the const it neats A ,, A ril the 
nectTsnry and sufficient conditions that X shall be symmetric or skew- 
symmetric ore 

A,, =«A ./ whenever u + 1=11 +/= r + l t 
where - - + i or *= — l according aw X h to he symmetric or skcw- 
symtuctria In particular for the constituents of the median line wo 
must have 

A F y » « X i / whenever i ¥ j = r + I. 

A quadrat? hrmiptrrit matrix X of any given clux* having out of tin’ 
nnh-hjp*x I ■! . |-\ t‘ | cannot be sijrmmtrie or skeu-symmelric unless it 
w quaw-seahiric ; and when this condition t> Satisfied^ it is symmdrk 
t/ir skew-symniHric) if and only if its diagonal eonUituenis ore alt sym¬ 
metric (or f ift skew symmetric} r 

If hi this second case we use for A\ whose class is quadrate, the 
standard ^kcloton appropriate to its type, the necessary and sufficient 
conditions that X shall be symmetric or skew-symmetric arc 

<%=0 when /#i\ 

which, because X, = o when /< i, arc equivalent to X =* X 
S. ifflliTJip/eriC c/cr.™ *ymAofe. 

When a hemipteria matrix A of the first type !^. t- and of the 

class 

j/ ( 11 1+ ^i* fc * * * J f» flu At ” ■ ft \ 

\ 3j+ “ft p — ^ Et -. - / 

has p final horizontal and q initial vertical aero minors and differs only 
by them from a pure hemiptcric matrix 7 of the same type, we may 
represent X and Y by the hr mi picric da W-Symbol* 

X = ( ii[r ^ 1| Tr A j ft- * * - ft \ y _ /fin ft T ■ - * ft \ |f|Qj 

the m|nations (10) standing for equations of the schematic form? 



^3 t*t 0 L G# A* 

n , o x K r *, x ” 

B f fl. 

a IL 

U *--00 x., ic 

rt, X X - * . X 

*Y«= Ur 

0 ... 0 0 0 ... V 

a B G * . , x 

* r- 

A) 

o ... n oo ... o 

ii f _ 0 0 * - 4 X 


6 ... ooo... o 



where Y is the effective pure part of A\ In these symbols of the 
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typo |r f tt| the uicViti/ vertical inflow numbers under which no horizontal 
index numbers occur represent corresponding initial vertical zrro 
minors and the final horizontal index number? above which no vertioal 
index number* occur represent corresponding fine! horizontal zero 
minors. Thus in the symbol for *Y the vertical index number j* r 
represents the zero vertical minor o! vertical order ^ , and the horizontal 
index number represents the zero horizontal minor of horizontal 
order a, H 

The practical use of these symbols rests on the following properties 
of any pure hernipteric matrix of the type \~> 

(U If wo strike out q initial horizontal minors, we obtain a 
hemipterio matrix of the same type which contains q 
initial vertical zero minors. 

(2) If we strike out p final vertical minors, we obtain a homipterio 
matrix of the same type which contains p final horizontal 
zero minors. 


Thus if 1 and Y are the matrices formed respectively by striking 
out the first horizontal and the last vertical minors of T, then Y i and 
Y\ contain respectively one ini Hal vertical and one final horizontal 
zero minor: and this is diown by their hemipterio ekag-ssymbol* 




_ / ft* ftp - 

V *if * 




which are formed respectively from the clasMrymbol for Y by striking 
out the first horizontal index number and the hist vertical index 
rLumber In the same way we could regard X as the super-minor nt 
a pure hemipteric matrix of the class, 

y/ /P| T - * * F p f ■ ft ■ ft r - - ^ ft j r — &p V 

V Pj * P-, - ‘ - Pi» °i ■ "" * €ti " T 1 .* * * / 


formed hy striking out the first q horizontal minor? (nr horizontal 
index numbers) and the last p vortical minors (or vertical index 
numbers). 

In using the hemipterio class-symbol for X , the constituents of X 

of orders (^'), (^ ), - -- ( '')> which are the diagonal constituents 

of Y, will be called the effectiw diagonat constituent* of X , If we were 
to fill up the vacant spaces in the symbol for X with we should 
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convert it into an ordinary class-symbol in which the effective diagonal 
coDfititwats have become actual diagonal constituents. 

The he m jp tone cl ass-symbol for the hemipterio matrices X and 7' 
of type W, correlated with X and F are 


X'-(. % v " - fit, 01, yr_/&, ... J3j, 0 t \ 

VV- -^*n -r....-**. )* =J 

Hemipterio class-symbols of the types |«•}, (*, r’j are Jess simple 
to use, and are not needed. 


£*, vi, Ecntumimt 9 f ony eQntmtffOnfo/ product o/ hW Arniipferic nu/rieu o| (hr 
firti fyptf . 

U-t tiiu parwactrfo rank and tho horizontal (Hid vertical nollitiiu of a hortiptert- 
tUiilrSjc ha tiinJln^l lt3 j n E*, jv. of Art, 4 ; let 


J5=A' 

bon toiwmumnlal product Of two hemiptaric matrix A and B of thn lint type who** 
pwamnmc rank* an a and B. whose horizontal d.lllitla* ft „ t „ Ik d „ wbtH0 vwticjl] 
nullitiLS Aft' A nud nnd whora effootlv* pari* ar« .«! ' nnd B' ; ntid let 


n —j£-*- Kr 

. * 

so that ml* Hu. Kit.il number of horizontal index numbm in A. pi* the total numbor 
“ wrti ‘ J|1 inU,tr number* it. d and id*. the total number of horizontal Index nun, ben 
III II, it IK till) total number of s«tict) index numbon in b. Further let 

j.sK + a-p=Hi-t-e=a-A-a- 

Ftral tuppoio that fi>0. Then when hemipterio tnatrieoa of the lint ivi*. an- 
ri'proseiUnI by their hemipterio clus-iy rabol*. we CM write 


X-AB 


/o x rti...o A 4,6*.,. b f %P|«» .. . e* io * 

\ «**■-«* 1*4*... ) 


( bit* * - - tp 

pipr... p t j t ?i 


-( 


pip* 


..,)r 


•h, Wt ■ 

U H *1*1-- r* Wjio,. . , 

PlP* P f fllfft ■ 


*1*1' 


C A W|W» — WpV 

&jt| ... bp ) 


1 n 'ft 


■ -. f|)' 


In paaaiint from (II) to fi3| w 0 have <raopell*| iha flr.t a „m vertioel mmura of ! 
Wlth 11 1 " ftrst A horiM,lt ‘ l ">*"*" ofBb .'- ^riking out the index t.umbemo,, □„ .. . o A . (ta ,l 

*" h * w *** lwt » “- 1 ™ horizontal minor* of 8 with the bwt * vortical 

mmaciof A by striking ou L the in.Jex numbom * v W„ paaa from {J 2} [n, 

by observing that A* must contain f +P) final zer., horizontal minor* and initial z*m 
vertical minors and ntudt be a hemipterio matrix or the am lypn who*, effective Mrt u 
the pure harnipterfi' matrix X' of the first type given by 

spiPt -'Pi,/ b p }= A B ' 


aij 

tii] 

'131 
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whorw A and If unbroken pornroctrie dismal wapM^sman of A nod B, whlrh mmi 
t-fl bomiptgrfn matrix of the flint typo, 

Frmu 113} wg tmo that whan p > ft* 

ft) The horizon! id nullity or X ii in gaturtil equal lo and cun nevor bo baa (hurt 
tha *titu of thei horizontal mi Hi Lira of A und B, 
vertical nullity of X k in geiiml equal to and can never bo than a+jj. 
thn toot of the vortical nilWtlw of A and B. 

(3) Tho pwftnsotrii' rank of X £s in gafinral equal to and can Hover be gnotar frhftfi p z 
cocuequently It can never be ftnmter tbsa iho parnmetrk runic a of A* and it 
™ novftf be creator than the paramo trie rank B qf jf, 

Neict suppose UiaE ^ 0, and let 

* = —P=p —- — 0 ™ £ + 9“m A + m—n > 0, 

Th»n tvh«n ticiDipldrio mdirioM d( iho Uni type ur# rsprownt^i by tlieii- Imniiptoric 

wu can write 

I= 4 /J 

= / a i*9‘-- ^0!... c* \juiHa ■ ■ * Up Pi*!. 

^ Pl?% - ** ft* rn§ * * * ?£ A 6]*! . n 0,0, .cj 

= 0 ; 

for Wfl Crttl cumcol the non Kero horizontal zmturm of #. which are nipnmjutftl by 
H|pi9^ + ,.o^ With the Gfrt 0 jusro vertical minora of A, or wo can cancel the non-Euro 
vortical minors of A* which are represented by e t , ft fl . . .. c M . with the lnu$1 a fjsro 
horizontal mmon of /I, Thus when f>* ts a znro matrix. 

viL Properties 0 / arty urn pita J pratfurf c/ Acmipfrri'c moTrin*. 

Tho product matrix X in nny cqmmuiurttal product* 

ABC r **KL=X 

of bonipteric matrices h<w the Inllnwing properties - 

(1) If X is noi a ttrO m&Hx r it* horizontal nullity i* in general coital to an d can ncrer 

b* less than the *um of the horizontal null it ir# of the factor matriass A„ B L, 

(2) If X U nof a 4 «T> matrix, its Vertical nullity ii in pr rural equal to ond tan mver he 

It** than th* *um of thz Vertical nuliitis* of the factor matrices A v B m , „ L. 

E3) The paramdric rant of X entity N greater than parametric rant of any am of 
the factor matrices A. B, . . * L. 

It fellows by induction from vi that thwss results nro true for all comnuitnntid 
prcHhicta of htrmiptaria mat rices of tho fir*t typoj and because thesy must bg Luo for 
ad correlated cpinmutnUtol pfodneta of homiptcrie tOAiricoo, thoy mn-fc bo truo general] v 

5. Commutaatal transformations of a compound ma¬ 
trix by pure hemiptoric matrices. 

In the following theorem X and Y are compound matrices which 
hoth have m horizontal and a vertical index numbers, H is a p„ ry 
hemiptoric matrix bating ot horizontal and nt vertical index numbers, 
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and K Is a pure hemipterio matrix having a horizontal and a vertical 
index number*. The theorem relates to two different comniutnntn] 
equations, the first of which is a com mutant til transformation In each 
equation the types ascribed to A' and Y are uniquely determined bv 
the given types of H and K, and t herefore the apexes und bases of X 
and F are known. Corresponding basical super-minore of A* and F 
(which 1 * 3 ' definition are enrranged and unbroken) are formed by 
striking uut equal number* of initial horizontal parametric minora and 
equal numbers of final vertical parametric minor*. 

Theorem. I^ot UXK= 7 or fiXstYK 
Ac a rommutantaJ equation in which II ami K are pure hemipterir, 
matrices. aiul X and 3' are, compound twit rices ; and let X and F'A- 
eortesjmnding hasir.nl super-minors of X anti F drier mined hy their 
Utti i* horizontal parametric minors and lh*ir first •' vertical jtaramefric 
minors, Tkm by equating the basical super-minor* of both sides which 
correspond to X and ¥ we can deduce from the given equation n com- 
mutautal equation 

frX'K*= ¥' or H'X'^Y'IC 

of the mw character and type in which II is the parametric diagonal 
super-minor of II determined by its last r parametric diagonal constituents, 
and K ts the parametric diagonal super-minor of K determined by its 
first jKwirwtrk diagonal constituents. 

Each of t he proposed equations can bo derived by class-reversals 
from a correlated equation of the same character of any one of th-> 
16 possible types. Consequently the theorem will be true generally 
if it is true generally for an equation nf any selected type, and in 
proving the theorem wc may and will suppose that all the matrices are 
of the first type (- vj We can then abbreviate the proof by repre¬ 
senting each matrix by its class-symbol, tbe class-symbols of // ftn d 
K being bemipterio. and utilising the special properties of bemipteric 
cl ass-symbols of the first typo; further the qualifying term 1 para¬ 
metric,’which indicates the order of counting, can be omitted in speak¬ 
ing of tbe horizontal and vertical minors 

Paodr TOR TUB EoCATtUM Y 

IVhwi the lype ot (Aj Ik (*, ,](*. „j, 

A mi each lUittris is rajjifisl l,y in elaMMIjHibol, lot th» nation baton* 

...II*. Jlijtj J.. 

ViTj - ■ ■ p.'Vtijiq.... ... y B J 


u> 
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□nil |«t 

fPlPl • Pm ] - fftpj ■ Pr PiP t .. . P M ] , [9|9 f ... >{.] = f?i9* ... ?, ... <?,J r 

•■-“*] = [UjUj ■ *■ «p PjPi ■!?„], [r ( r, ( p,J = Jr|i', ... f, F,r. .. . F«] , 

w * wr * r + ,+ja#, 

■0 that. v (w Hit their cinwsjTnbuIn itfu nmcgnml, «'i< tuvo 



X'=| 

f *1 *i ■ 

Acr s C7#. 


.)• 

y._ ( >!l 4| ... 

?) 

t* 


Thpti from th» 



HXK=r 


or 







ri 

+ »* ^ ^1 * ■ ■ i *1 # + + 

'rVy.i 

. v,' 

Wffl - 

9rQ\ * Qa 

/ 

Ipi 


UeJfffT. 

■ ^ jj' 

Hr| . 

*. ^ F,... vj 

H 

wo 

itrulut® tho oqiml loti 


»J XK t m 

r 


Of 

iui ++ . tif i 1 

I. . . e. 

F,.. 


\(9 1 'f ^^ 

1 

’ Pj l tT Pp I Id 

i - - - Il f 


.uj 

l 'e,...e (r F t . 

V, 


(A) 

0 M 

fA,) 


by striking mu tlio iud« number* /j [h Pl . . p, mi <?,. Q ,in (a] to nqjjTHeut the 

Kinking out cl the Iir»l r horixontal j(tctive) minor* and the la*t j verlien] (active) icinom 
□a both *Mi» of (A| ; and from the (.>(111011011 (Ag) Wr i|«i!iin> I lie equation 


or 


HTK'=r 

/ u l°* ■■ ■ "*W v l p i *■ ■ p r Wfllfi / 4 1 ft... ?, ( 

' fjJWiPj,., 1 r jti| . .. Kf / \P|Pj.., p") 


(A't 

(o') 


by cancelling the index miuibolt U|, u,. u, in (ag] to irpnwtit caiirelliition* of the r 
initial vertical (pamivej itoro minora of H t with the tint r horizontal minora of X it) (A t ) 4 
and abocancelling the index numbers V,. F t , . V, in (a,) to rupiweiit .cancellations t.f 
tho * BhaI hohtontftl (passive) zero minor# of A’| with fhn loM > vortical minor* of X. 

Tl>« equations (A), (A t j. (A') ora nil CumnuUantni of tho type (1); rhe malrive, 
fi, //]. //'. K. H X' mill their daBKexvniboh nns heimpicrii-: the matrices -V, X', F, 1" 
and their <dm-.-\VHibol* are ordinary compound matrices ami ordinary clit*a-»ymhol 
In obtaining tho equation (A'ji we havo proved the theorem for eommutontal oqUn- 
tiuna (A) of the type Cl); end it follow* by the Uv> of correlation! Uni the theorem it 
tnie (nr comrnutnnt.il equations (A) elf all type*. We eaft adopt the above proof to 
COtnXDtlCental oquaiioofi (A| of type* Other than (J) by speaking of 1 parametric minor- 1 
instead of * tumors' to indicate tho order of counting, the **jKMentotioil» of (A), (A t J* (A) 
by to). («,), («') being omitted or modified 10 auit, tho type. 

z *->■ If "T ropUoc thncquatitwi fA) ot type (I) by a correlated equation of nay 
other type formed by apply log da*f revnnnm* to B, K. A' Y. then (A') mutt u- replaiv I 
by the cerreteted equation Of the sauio type formed by applying the correa[loinLinsf 
dMSrovvmfuils to B\ K\ X\ Y\ Thun when fA) liaa the type 

l.'. VJf,’.#!(#, *']=(#. Vj, 

we rvpiaoD (a) B (a'j mupwiivuly by 

■ ^1 «r - — “A / fs if, V\ + -. Fa / Vj ,., Q\ q ¥ . ™ q t \ _ / Vi + - + Qi 

\ ti* Ft pr * * m pYf\U p *** Ul it* * . . U L / H. . r P| Pr - * P| I \F rt - T .p|pf .txp]) 1 

fO u ... Efi^tV.Pgi'i ... p h \/9 v *■. 9f»tV = i tfr ■ ■ ■ 1* 4l\ 

\ Fjj ■ ■ . P-tPyJ l > ■ ■ ffjff] >\t|h ... ... 
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Tiuiw run thp. E^catiox HX^YH 

Wh “ t he typo of (B) ia {r, wj [*. ,} = [ „ .) f., . j 

nnd Mdi niotils m replaced fay | t . elMMyrnbol. | eE the htfmtlD 


CBj 

<*> 



yifiUa... 

»-W ^ 

,.r.\ 

/5t«l 

« ■ ■ 

qu M 







pj\ll||^ a 

. . U B f 


■ ^ + 


L ?L?a *. * 

fl-J p 



find itguio Jot 











tPlP* F»] — [f*|F| 

- - pr 

**■ 


a- ■ -1 


= [fflff* * 


.0,} 

R 


[ u i“i -.*«-]= [njUf 

■ *» ijt D| 

vCVl, 

[r^j 

■ f - 

r.] 


■ y ’l 

P 

or 

Then from Ijj* aqua l ion 

HJf= 

fj: 





if) 


i mim MfPj *m / P| 

T «. Wjp F| m 

F ' U I 

- 

17* 

^1 «+ 

- 9r\if 

l-.< e,i F| 

. Fa 

(*) 

V. 

|...prP| *.* 

f ■ r Ur £■ j . - . 

6'J 1 

Ipi 

Pr 

Pi.. 

- pJW 

1 - -*9r<?l *. 

■ <i,f 

or 

dedurfl the equation 

H t Al=aFi 







(B„ 

p 

/*!+.. \Uj . 

- a . 

■ * e * 

■ 

;,.... 

P|- 

. + p^ 

.. ^WV| B r 




hi .trildpg out too mdr* nnmbe* p h p„ ... p, and F„ F,. ... F. to (») to repeat toe 
Striking out of iho first , horituntol (active) minors and the L»t , yen ienl s „Uvol 
cm both ii.| M of(B) ; and from (B,j wo deduce the equation 

HX '=rf? ( B > 

nr f&|£/ e .,. Dj p, \ /gjgj .. j, \/f|T f u t \ 

^P|P, .. . p, Au t v t . .. uj - Ip.p, ... pj( (*'> 

b> cmticclitng thu Index number* «i, - u, to (b,] to represent eannollMlati* of the t 

T** 1 VflrU ^ 1 "W'UrfaoF Hi frith the first r horbonUl mittor* &r X, m IB.) n„d 

", rtf 3 ? th \ iadn iM&,i to re prate lit n* [|uo l| Btjon , of 

tin. r EmI honamtai (,p4*tVe) .iiianr* of with the hurt ■ vertical minora of Y, in fB.I 
to obtaining ton equation (g-j we have prorad the tbeo«m for eommutnnUi non*, 
tmo* (B) of ton lyj* (3); and j t follow* by the U» of correlation, that the lW«» is 
truo lor conmmtJULtuJ HgnAfciom (Bjj of ol| type*. 

Ex. ii. II we replace to* equation (B| of type (3, by n ewwtotad equation Of any 
, typo fowled by applying tin- rev orean ts to H, *, X, Y, then (IF) tturt I* 
mptoord by ton eorrololed equation „( Iteacine type formed by applying the corre.pond- 
ing eWrDwrmmt. to H\K\ X\ Y\ Thu* whim (B) hoi the type 

t ** * i ( * I *' ? ) = |,?#f}(T E t f J 
wt- raploa ft) Mid (fc“j iwp0etfvdy by 

V P t P* ... - „ HjET, j ip,F t , .. ...jJ' 

JfoTB-iS pecial t» W A,- C A H and K art nnd^^ratt quadrate 

h&mipttnc matrict*. 
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When // and K sire quadrate, we must make tho substitutions 

f it, u A c [ p, pi .. , p M ] t [ r, v t ,. , f. ]=f 7, . ¥ .], 

I U > u * * • ■■ «9-w. „. m. t f, y, .. . p, ] - [Cf,ft 

fu the proofs of the theorem j and H' and K* are also quadrate. If 
hi addition 11 and A' aw undegenorate, W and K‘ are a!an undegeuer- 
Jde. Hence wo hare the following important principle 

Let If and Km the theorem be vndegenerate quadrate hcmipteric 
matrices; and let X and V be correspondingly formed basical super- 
minors of the compound matrices X and Y. Then X ' and Y‘ have, equal 
ranks ■ in particular if X* is a zero matrix, then Y' is also a zero matrix, 
amt if r is ti zero matrix , then X‘ is also a zero matrix 

6, Com mutantal transformations of a puro hemiptoric 
matrix by pure hemiptoric matrices. 

In the following theorem H, K, X t Y are all pure homipterie 
matrices, cadi having m horizontal and m vertical index number*. 

1 ho theorem relates to two different oommutanta! equations, the first 
of which is a rommutantal transformation. Corresponding unbroken 
para me trie diagonal super-minors of A - , Y, H, K (which by definition 
arc cor ranged), are formed by striking out the horizontal and vertical 
rows of equal numbers of initial parametric diagonal constituents and 
of equal numbers of final paramotrio diagonal constituents. 

Theorem. Let HXK * Y or 11X = YK 

hr. a commutantal equation in which X and Y as well as II and K are. 
jmre hemipterk matrices ; and let X' and Y' be corresponding unbroken 
parametric diagonal super-minors of X and Y formed by diking out the 
horizontal and vertical rows of the first rand the last s parametric diagonal 
constituents. Then by equating the unbroken parametric diagonal super¬ 
minors of both sides which correspond to X and 1” we can deduce from 
the given equation a commutantal equation 

Ar'X'A" = r or H'X ^Y'K' 

of the same character and type in which ll awl K' are the unbroken 
parametric diagonal super-minors of H and K which, correspond to 
X‘ and Y\ 

h rom the properties of correlated equations we ace that the 
theorem will be true generally if it is true generally when each of the 
equations has any one of its 18 possible types. Henoe In proving the 

C 3 
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theorem we may arid will suppose that all the matrices are of the type 
! r1 1 and we will represent each matrix by its faemipteric class-symbol 
We can then utilise the special properties of hemipteric oJaj» symbols of 
the first type; also we can omit the qualifying term 1 parametric 1 in 
speaking of the horizontal rind vertical minniv, 


Proof roa the Equation HXK^V 

Who* thfl typf «f (A) 4» \tt* tJ [*, *) {w t W J = (r, *] . ,■ | 

oikI oAC’Is mAiri* H rr pin ted hy ire hemipierip imtuil, h% Lira equation b&cDint* 


^p|P 3 . . * .«. u m }\ r,Fj . * + r m f \ : 


tfiVr - ■ V" 
Pi Pi - ■- Pm 


)• 


atid lot 

[Pii*; ■ ■ + P"] = J PsPi — P f Pi P* ' - - ^ j* Pj Pi - ■ P 1 | F [V i9t * > f p ] — i i.. 9 | ^ , 

[«t«; * ■ ■ - - ■ mu v U M . -- Up V“i' „ . u,'], [f,r, ,. l !',]=:[ „. , ,VF, F,,,. V* P t ‘iV . 

when? t + p + „ 

BO that , An for flu? thEHr elaaMymbijS* u.r* ^i&pn'orned „ hnVo 


ff— / b b ■ |*r^/ . . . QA 

^ r Pj~ 

untMEi HXK-z Y {A j 

«,»! . . - Up < *,. HA / «H - «v T) .. F„r|' . .V Wfl, .*,<?, , Qp ft'.,. 7 ,\ 

\pi . , , J>rP\ . , . P„P|’ . , JJ.’ /\«| . , , tl-rU | . , . , M*V V*| . .. tv F| ., , F B t|' . . . ii, J ) 


Then from the equatioci 


wo dodupc tho equatbti 
/V[ ... v+&i t7 # u/ , r 



-(* 

V[ 

" ■■**<?! ‘ ■ Q»tl - 

- IVP,... ^Pi' 

* - ?t \ 

..p;t 








(A,) 


ir j 

*. e# Fj p^‘ 

**- 

■ ' 


tp/j 

1 U>| . 

.. u^t/j ... U^Oi' 

- - «i'Ai’i 

* , - r r f P |i g ■ V fl| F . 

.. iv7 


/VI 


\. 




\ 


Ft'/' 



PM 

H, 

X'JC»=ri 


tA*) 


. * - 

M| 

I'Vl ■*TrO| 

t _ /9I... 

*i*% -- Vm 

\ 


trj 1 

1 

11 

^1 1 1 ■ ^ Pi" 1 ■ ■ .Pi 



iJld finitJJy from fA t J wo deduce tho Dquivnh'tit coirnrml jmtrt L aquation 
ot ( ^ ■" t7 <*\f F 1 F * * ** F » W CiQi " ■ 0„\ / <?i$. - ■ 4»„\ 

' *■ ■ l \/ Wjt7j ... V^) \Pjfj . . * (“ > 

All iho nmhHceo mnet tfarir olfl^ymhola HH l,.>tnipteri C ; ail tin r-oUntioci in* a™. 

,‘T <n ' <Al> ‘ «**>■ (lV> ^ «iU*tW VVe Sl ^ W 

tA> to (All by Ktrikltig o «1 tho tint, r haritoM^ nzi.i |„t . ¥ „, icaJ 

= ,„ ^ ,A, T„ _ from ,A, ,., (A „ „ clrai 

7 , V<trt ‘ (P ““ ,V " 1 “ F ° , " mor " nf H ‘ -!th tho fir,t * horizont«J m i OM ol X ,,, 
.tniooe out «r. aoJ tho , m.tiol vortioal minSrH ttlls mttg6aBtA ^ _J 
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With iba ftm r boctofitAl tmmtr, ot K l by linking out * Jp iy.. m\& nho vcuMxfling 

*n lumsmon tho * Sul horizontal (piadv*} ™ra minors of A, iviih tho luuc j vertical 
ol X by striking out F,\ a/ p ... r/, and thu * find horizonml *ero miner* thus 
mlrudutxMJ into X whin Mia lct -,1 * voriin. lI minor.4 of f{ t by -ErikSng out U\\ t r .\. . . u* 
FujuLly tojMift-. from (Aj 1u (A'J w* anneo! tho* flnnJ horizontal (active) iero tntiioM of 
//, and F x by xLrikiniE oil! Pt T r p. r p/; and ai*u Elio P initial vortiml <ni:tav,t| 

?.oro minor* of AT- nod F, by striking out g h 

In obtaining llrt oqnation (A ) *9 bnvo [inyntl !tn* theorem fur otitnxmi IflftUl mjun- 
Ebna fAj of th^ typo Oj; (tod by tho UAH uf rorr.it follow th.il th& theorem j» 
lrHo for rammutafiti! ^ultiam (A) of oil type*. 


PftOUF yon i'llfc Equina* (B) 

WhflU **» fc il» *■ fBJ (■ (** ») (». *J»{r, wj [w. .J, (S| 

lllJI * Mflob EiuitriK is rgplaced by itii liardiptoHc clftw qyiHbql, hit |hn oquAtiaa heronm 




wml ftgmn lot 
[PjPj - P-]-lPiPi 
«p]=j M|U; 


4 b.| 

V*jFi * - * + 

■ ■ Pr P l-Pj - ■ ■ P|| pj lb 

. . r if ( T \ V d i . . (7^ U|'pCg 


- \ _ / Wt - W*I*A * - ■ 

■ *f» / \p|Pl ' * ■ J>*' Wi * - « qmt * 


P*% [f|®r 
*<1, I*W 


Timm from Elio rrpintian 

W| .... tirUl ... t?i0l I * r I 


/W L .. 

Vpi 


1?F jF| # . - /* 


.(*-■ 

\ Pf ... 



HX=YK 


. * c f F | . #. 


M«i, 

,. «pl7| 

w 


- ■ 



p »p* 

- • Pi7 ' 




i. + r^V, 


H u ,. 


U M M ft 

Trt?, . 

* ■ OpW ■ *- 

T' V'I 

Pj . 

■ . a , 

pt/hj 


-■*•') 

- . - «i7 

®1 *.. <vl r r 

-^rVl . 


. IvF^,, . . I‘ p *|'l./ . . . ir,i j 

(B) 


V » 

fl„ *.7 


WO dfHluoo tho i^qnAitloii 

w /“I -'"rU, ... ^K,' 

' P\ •-* P„ Pi . 

-c 

irotti ^ wc doducer tbo mil ion H i F^Aj 

/ p l*" £r * V«, ... »rFl... F„V _ /Q, w r , 

■ *Vi ... p.'M u i ...u M l \p t ...Pjf ... P ,7\ 

IU1.J iirmjly ln>ni (Sj) w»d«lllM tllo rajuivalotit nnwivUnLnl pquotion 


. r^F| , 

9i 


v 

Q h 


(t) 

in,) 

W 

:)« 




or 


V i\i‘ t 


H‘X=Y‘K * 

“‘ ^u\_ /0|d| ■ ■ * 
pJVcTlP,... Uyf iyP ( Pf , 





(Bi 


.Ut tin. matri«if) nn4 t,lu?ir (>ln.4itsyinbol« am hamiptaric; utl tho oqiiatioua mre wrun g 
Nmtjil of I ho ty|» (3h tUKl (B,). («;)*(»') BtPwplwlant .^tinttfip.. Wo pan from (Bj to 
,a i! hy rtrikinj OIH Hmj flrat r horizontal ((W'tiu*) anil tho twit * vertical (aotivo^ minora on 
both *3-Jcof (B). To pa^ from (B t ) to tB s ) wo (TjuicoI the r initial Vortical (peowivn) 
*<» fniuofa of H, with the firat r horizontal nainort of .V', by -.triking out wp «., ... 
and tho . final horizontal (pnaove) iffj mlftort of A'j witli tho last « rertiooJ minors oi tf, 
hy ^trikiii.r otlt <, ti,' i mid iiEao uaawl lha r inilml vortical fparuivo) tore 
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ptinuctt of Y | with Ulo llfHt r horizontflJ winart of K| by Ptrikitit- ou t f|* q Vw - -- ?is itftd the 
« i'uwA hurn'cntfrl (pfttfiivuj mfo mown of A, with this t«xt i vortical mSfioH of V g by 
■itrildnt! °U L * Finally Id pna* from (R|) to [B') Wu iminvsl tint i filial 

horUontal (active) bom minor* of J? t and F, hy itrifcing out |?j\ p/* * * , p/; and also 
mncdl the r initial v^rlirnl {lotftwj mto minor# of .\ rr nail K ' by linking out i- L „ «* + 1¥> 
Ilk aMikininJ? tbo fri^LkulLan | l! ) wo hnva proVwl the thdUram fur rUmimmmhll vqitn- 
tionft {B) of tlw typo 12); Odd by tt» nasal conflation* it follow* that tho then trim* tn 
inw for rurmntitaatal oquiitium (B) of ■■LI type*. 


Note L— Special cast in which H and K art undegenerate quadrat* 
hem i picric mat rices. 

When B and A F are quadrate, we must make the substitution* 


% - - **Mm ■ ■ ■ P-LI = [P } I\ - - * / J *I , KV * - u« 'Mp/ft' ■ - A1 * 

r ;3 i ■ ■» , 7 w] = [ 7 iVa i \ s f 1 i - ■ ■ ] * j QtQi - - ■ (?*■!* f t? i Uj ^ p * J = T f /.‘ ■ «■ r l* I 


in the proofs of the theorem, anil H* and K* are also quadrate. If in 
addition II and K are imdegenerate* (I' and K arc also undegenernte; 
and from the latter fact we obtain the following important result : — 

If U and K in Ike theorem are undsgensrate quadrat? hemiptcric 
matrices p then every two corresponding unbroken parametric diagonal 
super-minors X ' and Y* of the, pure hem* picric matrices X ami Y must 
have equal rd nhs. 


Note 2 .—General method of solving the equations (A) nnd (B). 

Let an equation (A) or nn equation (B) be given in which s*ome of 
the constituent* of //, K, X , Y are given, and the remaining com ti ta¬ 
enia have to be so determined that the equation is satisfied. 

We will suppose that each matrix is represented by the standard 
skeleton appropriate to its type. When cither side of the equation is a 
product, we will regard the product ail replaced by its product matrix 
represented by the standard skeleton appropriate to its type; hut we 
will regard the constituents of the product matrix as expressed in terms 
of the constituents of H f K , X , Y, 

By equating the corresponding unbroken parametric diagonal CO n+ 
stituents of the skeletons of orders 1, 2* .+ 1 . ma m on both sides 
of the given equation we obtain m 1 sets of equations 

(A.)* ■ ’* f^*)i ■'« j (0 

the lost set (e.,,) consisting solely of the given equation; and these 
equations are of course together equivalent to the given equation. 
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Again by equating the apical constituents on both aides in the 
equations {<;„)» (c,), ,. . (c*), ... (c_.,) we obtain »i - • sets of equations 


(CO 


(r/), 


the equations (c,/) being the same na the equations (c ( ), Since the 
equations (c* 1 ) are those obtained by equating the corresponding 



given equation, the equations (c/J, ... (e/) are together equivalent 
to the equations (c,); in particular the equations (O, (c/)> * (£■-/) 

are together equivalent to the given equation, Le. the equation 

The equations (c*) contain the constituents of H t K, X, K of 
difference'weights 0, I, 2, ... * only; the same is true of the equa¬ 
tions (c c 'J: and when the unknown constituents of difference-weights 
<l, 1,2....*- I have been so determined that the equations 
(«,'), («,*),... (c, M ') are nil satisfied, Le, so that the equations (c*_,) are 
all satisfied, the equations (c K ) are equivalent to and (Min be replaced 
by the equations fc,'}. 

The usual method of solving the given equation is to determine in 
succession the unknown constituents of difference-weight 0 so that the 
equations (c„'J are all satisfied, the unknown constituents of differmee- 
weight 1 so that the equations (c,') are all satisfied, . .. the unknown 
constituents of difference-weight * so that the equations {c* ) are all 
satisfied,... the unknown constituent of difference-weight, m i bo 
dul l, the equation (e_./> is satisfied. At the (*+l)th stage, when 
determining the unknown constituents of difference-weight * from the 
equations («/) we consider that, all Ihe constituents of difference- 
weights* o, 1, 2, ...* I are known, those which were unknown having 
the values determined in the preceding stages. It is exactly the same 
thing if we fie ter mine the unknown constituent* of difference- 
weights 0, 1 ( ... (, m-1 in succession sc* as to satisfy the 

equations fr,,), (r|), ... (r.). ... (r ^- L )■ 

Whenever tbesu processes can Iso carried out, the general solution 
of the given equation can be found. 

In using these methods an equation (A) of the type Ik) is repre¬ 
sented by the skeleton equation 
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and the equations (c*) (e*') are then 


Bi% r T T liij I 

All T , 

x, r 


Alf 

. Kij- ( 

■ I'm.,. 

Y.j 

(J ... ffej 

0 

Xji- 


to . 

Kjj 

Q * *. 

Yji 

[Bo 

...IS,A 

Si* , 


, Xij 


- Tn 


o . 

(T * 

X» 


* V s 



(/=! +*: »-l. 2* .,, at-*; b« 0* l f 2, ,.. m—1). 

Again an equation f B) of the type (2) is represented by the skeleton- 

equal ion 


anti the equations [c*') are then 


B it .. ^ Hij 


Ad * + f X (jT 


... 1 y 

0 ... B y_ 


— 0 4 1 . 


0 Yji- 


_U 


A,r i 


JCy j 


Ay 

' -[1. 

Ky] 


-XjjJ 

-Aii~ 


<(*> 

to 




1 1 


r V„... r im 

XjiA" , ,,, A j,* 

0 *.. fl m 


0 Xfn i . - 


n r*..,. 

^ - .. jSl j* 

to 0 ... B _ 


0 to ... X„ 


o o ... y„ 

H... A„ 


[u„... Uij] 

»= 1, 2, . . , fit — c ; *={), 1, '2, ... m- I). 

7. Reduction of an undagenerato quadrat© hemipteric 
matrix by equigradent commutantal transformations, 

I. Reduction of any undegenetate quadrate hemipteric matrix 

A*=[a]\ 


(**} 

t*/> 


Thoorom I, // A = and B = [6]“ are any two given undtgener- 
atr quadrate hemipteric matrices of the same doss and the same type, it 
is always possible to determine an fquigradent commutantal transforma¬ 
tion. 

[A]’ [< - \b£ or BAK-B (A > 

converting A into B. Either of the matrices II and K mn br chosen arbit¬ 
rarily, provided that it is an undeytnerap quadrate hemipteric matrix of 
the proper class and type, and the other matrix is then uniquely determi¬ 
nate. 

When K is given, we obtain // by postfiring in auccassion on both 
sides of (A) the inveru™ of K and A ; when H is given, we obtain K by 
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prefixing in succession on both !>idcs of (A) the invcraea o( // and A. 
There a re 4 possible types of (A), ami the proof Is independent of the 
typo. 

E*. L ]{ I is a ven uiid«gQMrA^ qtiridttto nnte*l««iiiptmo matrix, wt? inn elnwa 

P ip Thi'iia-rn / t*j be the Unit matrix f 1 1 . 

If A k A given tmilcc^Hitiruto qmHfntii Esoiintrtr-hgmiptaric 1 inal ri\. iUe> imri dime li Ijj 
l>e the Wkupk fcivorsant [j j". 

Ex . ii. By ftppliriiti.i’JTH of {ilfy^revcira^tii wo Can dadlUXl from {A) an oquIgFAttaat 
frornniLitaotul imnsformacion eonvnriirsft ,1 ini** an undefpjiwmtrr qi^dnUf hflieiipt*rin 
tnelri X fi' of any fksaifmad typp njijeh in correkted lb B, 

2. Reduction of an undegenerate symmetric Of *kem- 9 ymmettir. ante- 
heinijtterfc matrix A =rr[a\ m by a symmetric vqmgrodcnt commulantal 
tram for motion* 

By Art. 4-7 we can id ways regard A a** a quadrate hemiptorio 
matrix;, and it is then necessarily |sad-B0ftkcb. Consequently the 
following theorem in always applicable. 

Theorem IL // A = [a]" B [4]* ore any two given Jpm- 

metric or any tun given ekew-eymmetric quadrate ante-hrmijttwic matrices 
of the same doss and tin mine type which arc both undeysvtrait, it is always 
/wwiMe to debt min* a symmetry tgoigradcM rommutantal transformation 

__. m 

h In]" |Aj[ = [6|" or H AH^B (B) 

m 

converting A into ft, th* transformation {B} being ntemarily quasi * 
scalaric. 

The? only two possible types of tB) are 

\t* *1 U t *1 fr, Ifjmfr, ir| f |r\ir'| J^r'l j r\ ff'J = f v\ rj: fl> 

and from Ex. v at Art. 4 we see that A T B and // must all be 
quttsi-ecalflric, Since a transform Ltion of either of these types can he 
reduced to au equivalent correlated symmetric equigradent oommu- 
tantal transformation of the other type by symmetric ap plications of 
class-rever^ant-s, we may and will suppose [B) tn be of the first of the 
typos (1); ami we will further suppose that the equations obtained by 
replacing A f B and H by their homipterle class-symbols and their skele¬ 
tons are respectivdv 
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B t \ 0 ...Q 

0 H n ’ . , I) 


0 0 ... U„' 


0 * * ■ U 
0 *4g| - * * 0 

■ ■ - * * * ■■ # i * 

-0 o....V 


~H lt 0 .,. 0 

0 II ... U 


0 0 ... ff w ._ 


B u 0 ...0 
0 B n , „ 0 


-U 0 ... 


whcrr Ha* m the conjugate qf th* constituent ft u=[Mi ^ of //. The 
equation (B t ) which represents (B) is equivalent to the r equationa 


Hi/Avi Hit s Bii f (t= h i * i r). (& r ,) 

The proofs of Theorem II in the two different cases are uh fol¬ 
lows :— 


Ease I, When A and B arc symmetric. 

In Lliis case An and /? Ll are given undegenerato ayra metric mat rices; 
Pi* Pit ** ■ Pr tan be arty r lion-zero positive irit-egers ; and each of the 
equations (J,J has the form 

V<K-i*t- (til 

wiien* [o]* imd [ftjj are given undegenerate symmetric matrices. Tin- 
equation (&„') can Iw solved for f ar]'. (sec Theorem IV of $ 117 in Matrices 
and Detorminoids, Vbl. il) t ami every solution is necessarily an unde- 
generate square matrix. Thus we fan determine the diagonal constitu¬ 
ents // (l of H (all of them being tieeosfuirily undone rate) so that all 
the equations (i n ) are satisfied ; and then (B) is a transformation of the 
required character. 


Case II. JPAtot .4 and B arr dketiHfymmetrie* 

In this case A„ and if,, are given undegenerate skew-symmetric 
matrices ; p |P p*. ... p t must be tven positive integers; anti each of the 
equations (6 fl ) has the form (V). where p is an even positive integer, 
and |7i]f and [&£ are given undegenerate skew-symmetric matrices. 
The equation (V) can be solved for far}', (secTheorem IV of§ Ibo in 

Matrices and Dftrrminoida, Vo!. II), and every solution is necessarily 
an undegenerate square matrix. Thus wc can determine the diagonal 
constituent* H„ of If [all of thorn being necessarily undegrnemte) ho 
that all tho equations [&„) arc satisfied ; and then (B) is a transformn- 
tion of the teq uired character* # 
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Ex. ilL If A is b given tindpgtmefaly rymmitric anU^hcmiptada matrix, wo vim IlftwaM 
in THficmm II to bo the unit matrii ft ] , 

If A is a given imd^Dofitv dicuMpiifirA'u; onle-l»fniptcMlU nuslrii, w> that m ui OM-il, 
wo m diooao Btabe the matrix 



* % . . , t 


ba which 



Ex* jv r \ f ,1 is ji givon tmdi>gL-p<-fat« iymz»E*lti for aLcw-aymmtitrid} an Eso-frflffiiipkHiie 
matrix of the cIbaa * 1 " Fr \. then by svmiuotfic ApftioAtionn of c-LbOh revohibni* to 

Wp*. *--^/ 

tho two sidjQB of (B) W4 CAD obtain A aymmotric oquigimdont com mu taut a I tranaformn- 

tion + nora&ttirily quBfriacalaric* converting A into any undegftnenta aymmotrio (or dww- 

■ynmu>tHo]i ant«-htmiptDric matrix 13" of the c\ la#* |^ r ‘ " "" Jl \ of tho tjpo conjugal 

'pr+ r fc * fti pi * 

to Lliat of A. Of rQDMfl -pj, p lm F ,.p r moat all Ins own,and H' most bo quasi^ecalnric. 


3. Reduction of an ondegemrate symmetric or skew-symmetric 
connter-hemiptsric matrix ,4 = [a]" fry a symmetric iquigradml com- 
mutantai transformation. 

By Art, 4 . 7 we ran always regard A a® a quadrate hemipterk 
matrix of a symmetric class, Consequently the following theorem jk 
always applicable. 

Theorem HI* // .4 = [a j" and B ~[fr]* art any two given sym¬ 
metric or any two given skew-symmetric connter-hemifdrric matrices of 
the same symmetric class and of the same type which are both undryemrate, 
it is always possible to determine a symmetric equigradent commutantai 
transformation 

™ H AH=B (C) 


converting A into B. The constituents of M lying, on one side of the 
median line can be chosen arbitrarily subject to the condition that those 
of them which are parametric diagonal constituents are tindegenerale* 

We ft hall now follow the general method described itt Note 2 o( 
Art, 6, which could also have been followed in proving Theorem® 1 
and II, 

The only two possible typea of 1C) are 

lf',^||f' ) F(|f ) T)s(#VWi bv*4K •'JI*'* »')“{«* ■'i (2) 
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Sint. 1 !? (i transformation {C} of either out? of these types can be converted 
into an equivalent correlated symmetric equigtadent oommntantal 
transformation of the other type by symmetric applications of class- 
reversants, we may and will suppose (C) to have the first of the 
lype* (2); and we will further suppose that the equations derived 
from (C> by replacing A, R and // by their hemiptcm dasa-aymboU 
and bv their skeletons arc respectively 



f PiPt ■ • 

* /V' 

l/Plft ■■■ PrW 

'm*- r- \ / 


\P,Pt -• 

* 


>plpi" p*) ^ 

X'Q 

... U 

0 

0 ... 1 

, r . // 


... 0 



o 



1 0 

_ .f_ ’ 



... UJ 

-t ■ k" 

- ■ ^ir 

f d ... h„ 


’0 0 


(C,) 

S„ | 


0 B n *, 


R f 


where 

and 


Pr. 


i -< 


-Pi- 


A.}={A,ip, //,, = f//,rf . BifJsa 

Pi p ( P; ■ ' 


pi 


<3> 

(+1 


Ih 


We will define integers u and v by the equations 

i4tt-# + tr=r+I, (i-l,V T .,r; #-l,2,.*.r) ; (fi) 

and we will regard (C) ns represented hv the skeleton-equation (C,). We 
can replace (C> or (CJ by the r sets of equations (c n >, ( Cl ).!! . fc*) 
... (e,.,) which ere obtained by equating corresponding unbroken 
parametric diagonal super-minors on both sides, and which are given 
by 

HmfAiJliitaB,,, (*= 1, S, ,,, r); ((. j 


0 


H'r ' 1 . , It\, lfH . j t> 


// 


- .,11 


» - I, B 


//, 


0 0 


4lf 


0 iif ui+l *. . Ai * |^ r 
-AiiAi.i+i **. A ij 


// 1 l // i,i^i j m i jy i j 

^ - ll * * l I ■ >r /l|f [, 


0 0 


D 0 


% 


P ^> * 1 , 1*1 .. . ftVt, j 

ft*i ft«* j *, . /y,"i 


% 

{*) 


(j=z i + ; M, 2 M(i r-«j *-l t 2_r-Ij : 

the last equation (c„,> being (Cj* We can also replace the equations 
fO, (cJ, ... (e r _,) by the r sets of equations fo'), ( C( ') i ,^ 'j 
derived from them by equating the apical constituents on both sides 
the equations (O being the same as {cj, and the equations (*') |, e jng 


(OJ 
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[BrS . . . //„■/] 


■ ■ 


A E h „ m . ,4 


w-- 


Hij 




// 


e - 


(c/) 


21 


We w ill denote the conjugates of Aij. R ■ , .1 , M /i, ■* by A ;/ r Rj ‘. R.. \ 

The proofs of Theorem III in the two different eases arc as follows ;— 


Cake I. zl and J? «r« both ft/mmeiric. 

In this cjise each of the matrices ^ and B Is symmetric with 
respect to its median line, the constituents of the median line itself 
being symmetric p i.c. the constituents of A and B ate such that 

Aj]^rAv* f f 

Aij and R, are symmetric when f + j=r+ 1. 

The positive integers;?,, p 4# * * s p r can have any values consistent with (3), 

First let the r successive equations (c r ) be called E lf B :f . . . E r ; 
and let 

r - 2* or r - 2t +■ 1 according as r ns even or odd. 

Then the last i of the equations (c n ) can he omitted n* being re* 
dondant; for if iy-t M the two equations Ei and E r + l _ L are mutually 
conjugate and there fore mutually equivalent, and the second of them 
is uuperfluou*. Accordingly when r is even, t he r equations (cj are 
equivalent to the t equations E if E , . E u the equation 2J, being 

uWii = Bii^ {i = l w 2| . -. t j u>i) T {A\ } 

arul having the form 

/[«([<=(»];, i*') 

1 —> r F 

where f*)^= /in, and R« rJ are diagonal constituents of H equidis¬ 

tant from the first and lust diagonal constituents, ami where [a]*— A 

P 

and [6]^ = Rj are given un degen orate square matrices; and when r is 
odd + the r equations (cj are equivalent to the same £ equations 
A\, A-', . ,. R together with the oue additional middle equation 

// V * l * * i At# i, * *. i Hi* i,#». i “R* t, f T i (R * l) 

having the form 

*' wj l*j! - roc. 

A—l|P " “ J 

where MHWum*. is ttit- diagomil constituent of // lying on this 
median line, and where [a£= J t+t>lT , and [b\*~ ore given 

uiKlegeHerat* symmetric matrices. 





HEMllTEfirO MATRICES. 


a 

Thf equation E,, (*— l, 2, ,,. represented by (£,') win be 
solved for Ha and //„„ ; all solutions are necessarily undegenemt<*: 
either of the two matrices JJ„ and can be chosen arbitrarily, 
provided that it is undegenerate; and the other is then uniquely deter¬ 
minate. The equations E u E._, . .. E, are all satisfied when and only 
when the fired t and last t diagonal constituents of // are determined 
in this way. When r is odd, the remaining equation E ,,, can be 
solved fur the remaining middle diagonal constituent //,,j l(li and 
every solution is necessarily un degenerate, Thus we can always 
determine the r constituents of If of difference-weight 0 so that the r 
equations {cj are all satisfied: all those constituents are then neces¬ 
sarily undegencrate squmv matrices; the middle one (when r is odd) 
must he ao chosen os to satisfy the equation (#,*/); those of them 
which lie un one side of the median line of H can be chosen arbitrarily, 
provided that they arc undogcncrute; and those of them which lie on 
the other side of the median line arc then uniquely deter initiate. 

We cun now complete the proof of the theorem by- induction. Sup¬ 
posing * to have any one of the values 1, 2, ,, „ t - 1, wu will make the 
hypothesis that the parametric constituents of H of difference-weights 
0, I. — *— I have been so determined that the equations (e D ), (ej,... 

or lllc equivalent equations (c/), (c, J ), ... (e* V) arc all satisfied ; 
and we will show that the parametric constituents of fl of difference- 
weight ■ can then he so determined that the equations (e«) or the 
equivalent equations (e„‘) arc all satisfied, even when those of them 
which lie on one side of tin* median line of H are chosen arbitrnrilv. 
This will establish the theorem. 

Let. the r « successive equations (tv) lie called E u E it _ E r .„, and 

the r~- successive equations (£,') be called e |( e,, ., e,.,, the equa¬ 
tion I, being equivalent to the equation E, in consequence of the hypo¬ 
thesis ; and let 

r-*s2r or r-*s2r + 1 according as r — ■ is even or odd. 

Then the last t of the equations (r„) or (c/j can be omitted as being 
redundant; for if i r t, the equations £\ and E r ^ t t _, arc mutually con¬ 
jugate and therefore mutually equivalent, and the second of them is 
superfluous. Accordingly when is even, the r-* equations (e,) or 

(O are equivalent to the , equations e,, e.e,, the equation e t being 

fit'll' , Ajj IIjj + ffuu'Auk.' . lit) p; j 

(1^1,3-t; V>i, 
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nad having the form 


v w/ «' m 

“f 

where [af p = arid are given mdcsgenmte square 

matrices, and where [c|*=j% is n given matrix because it only involves 
constituents of // having di (Terence-weight less than *; and when 
r —* is odd„ the r—# equations or (e/) afe equivalent to the 
game r equations e |p e. r together \tfith the ono additional middle 

equation * T + I which is derived from (f|) by putting 
i-v= r+1, + l *K«r-T, 

and is the equation 


fl'r y^r-r -Ar f, f.f//r_f l f.T +/I j_t, f-f ^ r.r, f-f 

having the form 


+ 1+ f*T — jP T * i* 1 " T 

(er*i) 


x y£f + a [z] p = [c]^i (iV + iV 

„ F l ‘ F r 


where [i»£ ' Ar,, 4 r_r 4fr_r,r.-T i* a given undegenerate square matrix, 

and [e£— &+ L r-t is a given symmetric matrix. 

The equation (f— I, 2 t ... T }, represented by (a/) can be solved 
for H,j and //.«, which are two constituents of the («+l)th para¬ 
metric diagonal line of // equidistant from the first, and last constitu¬ 
ents of that line, and either one of those two constituents can be 
chosen arbitrarily, the other one being then uniquely determinate. 
The equations e L , e,, ... Cr are all satisfied when and only when the first 
t and last t constituents of the {* + l)tli parametric diagonal line of 
// are determined in this way. When r— * is odd, the remaining equa¬ 
tion e, (1 or e TM ' can lie solved for the remaining middle constituent 
Ht*i, * -t of the {* + 1) th parametric diagonal line of 11 by putting 

[ C £=7\ [*£-[< 

Thus {on the hypothesis which has been made) m can determine 
the*--* parametric constituents of H of difference-weight * so that 
the r-« equations {c,'J nr (c,} are satisfied: and those of the constitu¬ 
ents which lie on one side of the median line eon he chosen arbitra¬ 
rily, 

it follows by induction that Theorem III is true in Case 1. 
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Case II* When A and R an both akm^ymmriric. 

In tlii* case each of the matrices A and B is skew-symmetric with 

tTiJTV* 0 iU med,ft ' 1 Mne ' t5le oonatituents of the median line itself 
g ak « w ’“J“*™tne, ;,e. the constituents of A and B are such that 

A(j=~ dr*'. /t,jf= - Bn,', 

Aij and Bij ure a keiv-sym metric when i+jf_ r + | 

Whou r is «ra>, the puffin integer. p„p„...p, can |„ ve „„„ 
"” ,6, ’ it ' n, '' ith (3, i *>ut wl, 0 „ r_2i + l j, edJ. tkl! 

g'JZJ’"' m “” 1 A » »°uld rnrt beu»*. 

let (O be railed E„ E„ ... g„ „ nli 

r = 2t or r— I + | according as r is even or odd. 

ht t T! i T" 

: ODl "Z nnd ***** •4***^ «d ’the sToonTof kem 

r fa rs- ■ rr; 

i °i t a n ■ ■. *„ the equation B, being 

Bh “ Aii (*= i, S t ., (j «>*), (E ) 

and having the same form 

(S/) 

and th. ...me .tafb,« in Cm | . . n d eh.a r is add. tb. r 

(c 0 ) are equivalent to the same equations B B F torwt, 

the one additional middle equation f * ‘ “* " ***" *** 


having ths aunae form 








. /j 


as in Case I. but where now p is an even integer, and [of and ibf ar<1 
given undegenerate ekew-symmetric matrices. p l " 

Tlic equations B t , B it ...E t can be solved for the first t and W # 
diagonal constituents of H exactly as in Case I all i 

necessarily undegonernte. When r is odd, the remaining eqnatTon 7" 
can be solved for the remaining middle diagonal constituent t n 

"'“ S ” “ —“W Thiu „ JZZ,*£ 
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mine tho r constituents of H of difference-weight 0, so that the r 
equations (c.,) are all satisfied * all thone constituents are then neces¬ 
sarily undegencrate; the middle one {when r is odd) must satisfy the 
equation Eui'l those of them which lie on one side of tho median 
line of // caii bo chosen arbitrarily, provided that they are undegener- 
ate; and those of them which lie on the other side of the median lino 
ar& then uniquely determinate. 

Wo now make the same hypothesis as in Case 1, and consider tho 
equivalent equations (f« ) and (r c ') p denoting them as in Cause I by K . 
i T j, ... £ r** and t l , e it ,.. t, ,„ f and putting 


r ~ * r- pt= 2 t *1 according ns r- * is even or odd. 

The last *■ of the equations ( Cjf ) or fr*'} can be omitted as being 
redundant - for if i>t, the equations B, and AV.,.,.. arc mutually skew- 
con jugate and therefore mutually equivalent, and the second of them 
is superfluous. Accordingly when r-« is even, the r-* equation* { c .) 
or {c*') are equivalent to the r equotions e it «*, ... «v, the equation 
e, being 


livu * Ajj Hjj— Iltn/Au*'. fJijisftij, 

t » = 1, 2,; /- i= tt - v - * ; e > i, » >/, ffij = -p rK ’I 


{«-) 


and having the form 







where {«£ and [Ajj are given undegeneratu square matrices, and [cj» 
is a given matrix; and when r-* is odd, the equations (c,) or 

(c„') arc equivalent to the same t equations e |P together with 

the one additional middle equation or 

it • ♦ 1, r-T ■ df. f, r.t ffr-T. r . T — ' tt'r. T, r-f A \*.t ( f T ■ //r . |, , , s fit. \ r- t 

having the form 


where [a]* is a given uudegenerato square matrix, and [<■/' is a given 
skew-symmetric matrix. 

We can always determine the first » and last r of the r—* constitu¬ 
ents of the {«+ l) th parametric diagonal line of H so that the equations 
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*i« fi| # *** £r lire aU satisfied exactly as in Case I; and when r —« is 
i.idd T the remaining equation <%-,! or Cr,/ can be solved for the remain* 
ing middle constituent of that line by putting 



Thus (on the hypothesis which has been made) we can always deter¬ 
mine the r-K parametric constituents of H of difference-weight * so 
1 hat the r— k equations (c* J or (c f ) are ajl satisfied; and those of the 
constituents which lie on one side of the median line can be chosen 
arbitrarily. 

It follows by induction that Theorem JU is true in Case II, 

Es. V. ir A foil givan untJegoftereto prymraatffc eoUntt-r Jtetniplerie matrix, we cu 
Cihoowj fl rciTheorem III to he the ainipto nworunt [/]". 

If ,4 fo * given iindegvTlrtrntc atawayn-iTnclrfr- rauntar-horniplcric in atria, pud if 
'u = £jm, w e can choose ft to be the (nutria 



#x,, vL By nymmetrir Applicalkmi of il^-rcvfirnrmt» to the two nkhu* of fC) 
obtain a symmetric ^ li ijgftulont. comma laiitnJ Iran pfominticia converting the Lmde^ttcrale 
ffymmetrJf (or vkcw^ynmxotrio) counter-horniptcrie nmtria A into any unJegorwrato 
■ytmneirfo (or akew symmetriej cniinhar-ltaniiplerid mutrii B’ of the oajoo ^vmmetrio 
oiue u d nnd of the type inverse to that of 4. 


CEPHALEUR08 VIRESCEXS, KUNZE, AX ALU A 
PARASITIC OX THE MANGO TREE AND OTHER 
FRUIT TREES OF BENGAL. 

{ With three Plates.) 

S. N. Bal, M.Sc, (Mich., U.S.A.). 

Assistenl Prafesnar of Botany, Calcutta University \ 

AHI> 

H. P, Chodduuby. M.Sc. (Cal.), 

Research Scholar in Botany, Calcutta Vdiversity. 

Eutophytic or parasitic alga, as is well known, arc of compara¬ 
tively rare occurrence. The alga Ccphaltitros virescens, Kunzc, attracted 
the attention of the tea planters in Assam as far hack as IS HO. At 
that time it was commonly termed w White Blight,” because the 
leaves and shoots attacked by the alga became variegated, and in some 
cases quite white. At this time an interesting account of the alga was 
published by D. D, Cunning ham under the name of M if coidea parasitica 
in the “Transactions nf the Linnean Society” (Ser. 2, Vol. I, 1380, pp. 
301-310). A little later II, Murulmll Ward published his work on “ a 
Tropical Epiphyllous Lichen” in the Transactions of tin* Linnean 
Society (VoL II, Ser. 2, Botany, 1883. pp. 87-115), whore he criticises 
Cunningham's work. Cunningham gave two other accounts of this alga 
in two subsequent papers published in the Scientific Memoirs of 
the Medical Officers in India (part III. 1837 ami part X, 1897), It is 
in the later publication of 131)7 that ho observed the parasite a? a “Bark 
Blight.” 

The algal nature of CcphaUuros was first worked out in 1821 by 
Agardh in Ids Systems alga rum,” and in 1891 G, Kars ton walked out 
the whole group of Chrookpidmr, to which group the genus Ccphtil taros 
belongs, and published his work in the Amudes du Jon Lin Botanique 
de Buitonzorg (Vol. X. 18(H, pp. l-B3j under the title " Dntcrsu- 
chungen fiber die Familic dor Chrmlepideen,” He describes the group 
of Chrootepideae thus 

” Chroohpideae. An der luft lebeude, dutch den besitz von Lmma- 

C 4 
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lochrom ausgezeiolmete algen, welohe a us zellffidcti Oder Tied Auchan 
beatehen und in cinzelnen von den vegetal iven mehr oder minder ab- 
weichenden, 3 . el leu cine gross? zahl, mit stets 2 cilicn verschner, 
boh warmer entwiokeln.” 

He then divides this family into 1 genera :— (i) Trtniepohiia, Mart. ; 
(2) Chrookpus, non Agardh; (3) Phyeopdtis, Millardet; (1) Ctphti- 
leuro*, Kunzc. 

As we are only concerned here with the genus Cephakuron, 
Kunzi% we may as well qnote Kara ten's description of the same, which 
is still accepted os authoritative. Kars ten says of the genus Ctjtha- 
leuToa : 

“Die hnuptuntcracliiede dte&ar Gephalenms-grnppe gesion die 
friiher bchanddtcn former) sind ; 

Mehrschichtigkeit dee thallus, bedingt dnroh u n rage! miissig? aus- 
sackungen, die mit Ward ai* “rhixoiden ’* beneichnet sein radgen, Bchmje- 
gen sicli iiuf das engato an» substrat an und heften den thallus dnmuf 
lest. 

Die beharung (“ barren hairs ” Ward) bildet eiue weiterc different 
und die gro^eii hakens parang ion, deren basahtdle, wie bei TrenkpoKUt* 
bkpomngiata, cine grease scahl von halszalleu mit ja einem sporangia m- 
kopfclien tragt (" fertile hairs, " Ward) sind das zunachst in die aiigen 
foiletide uotersu'Uiodiingsiuerkmal dor gat tunc Phyeopoltis grgemiber.” 

CephaUwro* viretceni, Knnzc, as a tea-blight was first investigated 
by Dr (now Sir George) Watt in 1098 and later by Watt and Mann in 
1903 and still later by Mann and Hutchinson in 1901, In 1907 Mann and 
Hutchinson published a very interesting account of the algal parasite, 
as attacking the tea plants, in the “Memoirs of the Department of 
Agriculture in India” (Bot. Ser.. April 1007). These authors! state; 
“Some confusion has arisen as to the proper botanical name to use for 
this alga. CephaUurot t vireMcnn was used by Kunze in 1829 for an 
alga he described from Guinea, but his description is Hardly suffici¬ 
ently detailed to be quite certain that we are dealing with the same a!g:i 
and hi* type-*jiecimens have disappeared. On this account Karcten 
in 1891 gave it the new name Gephaletiros mt/coUka and published an 
exact description. We cannot think that the reasons given by Kars ten 
are sufficient to justify the abandonment of the older name, and accord¬ 
ingly retain it here. In doing so we have the support of Professor 
Delacroix of Paris.” 
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We abo, ill the present article, retain t he old name Gapfusb tiros 
mre&cem, Kunze. In this connection we acknowledge our thanks to 
Dr. E. J* Butler of Pn^a, who kindly allowed Jdfl asai&tanti Baby Rohini 
It an j an Sen to confirm the specific determination of the alga p specimens 
of which were sent to bim r 

Hitherto the alga has been studied by Lhe more recent investigators, 
as attacking the ten plants: though it was also noticed on the leaves of 
mango trees, the only other economic plant which is a prey to the infec¬ 
tion of thb parasite, J}r* Butler says that the number of host plants of 
this parasite probably exceed* 100; and fto mentions in the ' Proceed¬ 
ings of the Board of Agriculture for India 17 p. 124], the appear- 

once of this alga on mango tw igs as causing serious damage to the mange 
orops in the .Muhin District, Bengal. 

The nlga, having been found to attack the tea plants and mango 
trees, led us to search for other fruit trees that might be attacked by 
the siime parasite, and it was Found by us to attack the following fruit 
trees hesidea the mango tree : 

(1) Aiioearpuainiegrifoli®, Linn. 

( 2) Etigcn ia mctlacc* ntfb, Linn. 

(3) Dilknia indicts, Linn. 

We also found the parasite on several other plants numbering 
ubuiH thirty including some garden plants ^uob as .J/an^ua grandi- 
flora. It is the attack of the alga on \fnngijrta indict i p Linn+ P that 
attracted our chief attention, and the following description is chiefly 
confined to the forms found on that tree. It should be noted here that 
the nba exists in two forma* (!) as a leaf blight, {2} a# a stem blight; and 
it in only when it occurs m a atcm blight that it causes any serious 
damage to its host, 

Czphatt'UTos, as U characteristic of the family of Gkrookpideae t is 
generally epiphytic on leaves and twigs, but not infrequently it is found 
to be entrrphytic. In the mango trees, the leaves were found completely 
pierced hy the algal cell#, and fertile fructifications appear on both the 
upper and lower surface* of the leaves. 

The alga, n.w occurring on mango leaves, was first observed by us 
in the middle of March 1010* From that time onwards, the leaves of 
several other plants wore also found to be attacked. Later, during the 
rainy season, the alga was found attacking the twigs of the mango trees, 
though these attack* ware few in number as compared to those on the 
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leave*. The patches on the leave* of the mango trees were found to 
hr of lichenoid growth and from one of these I in lien! Eke patches thus 
found a few sterile and fertile hairs nf the alga were found growing out 
into the air. It suggested itself at once that it might be the heloiic alga 
which grew out in suitable conditions and tlmt view has been confirmed 
by an examination of infested leaves of different host plants. On examin*. 
tion of a good number of mango leaf sections where the lichen was not 
so old, it was found that a fungus carries the algal cells which |K>ssesa 
the haeniatochrom. The fungus was fructifying and it nroduced spores 
inside the pycnidia. But a* the lichen grew old and rains act in, the 
alga trrew out into the air and reproduced. Here tile condition was not 
hdotic. but rather the opposite—the nign predominating, piercing the 
leaf and producing sporangia on both surface of the leaf. This phono- 
inenon was also observed on the infected leaves of Croton and Magnolia 
which plants are among its hosts. From the above observations, it is 
concluded that the alga has assumed the liohen-forming habit, and it not 
only grows independently on leaves and twigs, but also for some por¬ 
tion of Its life it serves the fungus a* a host, forming a lichen. 

Tlu* alga occurs as orimgc-yetiaiv to almost red circular patches 
generally on the upper surface of the leaves, in Di&nia, they ware 
purely yellow in colour, whilst in Podoatrpt* they were yellowish-red 
The stee of the'patches varies greatly. In DiU, n i<t, ,he Jpots in some 
cases were more than a centimetre in diameter and on malign k^e* they 
were considerably smaller. These patches, when examined, an- found 
to contain mass* of delicate erect hyphae, some of which arc sterile, 
while others ore fertile, each bearing a sporangium. The thallus is seen 
to be composed of more than one row of cells, but its thickness is not 
uniform, being generally greatest at the centre. The algal ihallus j, 
generally superficial, but it Is found to penetrate the tissue of the host 
leal immediately in touch with the alga, tire tissue itself becoming de¬ 
coloured and when dead turning brown. The pallisade cells of the leaf- 
tissue are found to bo divided by transverse septa, and formation of 
corky tissues takes place. 

Certain algal patches on mango leaves were kept under constant 
observation, and not a single case of penetration could bo found but 
with the advent of the reins the alga grew luxuriantly. an( j the affected 
leaves were mostly found to he penetrated by it, the fructifications, 
being produced on the lower surface of the leaves. Sometimes whitish 
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pafcohe* sire observable, which arc in lack algal pateJiea devoid of all 
colouring matter and filled up with air. The orange colour of the alga 
is invariably due to the presence of Lhe pigment liacmsitochrorn. 

As has already been mentioned, during the rainy season only the 
twigs of the mango twee were found to be attacked by the alga, !n 
foots, the twigs of other fruit trees mentioned have been searched in 
vain for any traces of infection. It was also noticed that no algal patch 
was found on tbe green portion of the twigs bearing the mango leaves, 
and in these ensre they ware found only on that portion of the stem 
which lay |ust bebw the green portion bearing the leaves. In moh 
***** the leaves on these infested twigs been me yellow, and sooner or 
later the twigs themselves die, whilst those neighbouring twigs which are 
not infested by the alga boar quite healthy leaves and are themselves in a 
healthy state. It h , therefore, evident that it is the stein attack which 
causes serious damage to the plants. The leaf attack itself la harmful 
for the very simple reason that the Infection of the stem, in all pro 
bability, is due to the leaf alga. 

Reproduction !—The ountenta of the cells of the sporangium arc 
minute coloured granules, the colour of the granules varying from 
brawn tn red. On maturing the granule* aggregate together forming a 
spherical mass. Now, in presence of moisture, the sporangium bursts 
liberating the zoospores, The zoospores arc present in numbers in the 
sporangia, and it has been observed that they a re discharged by these 
sporangia! hiuids in consequence of simple pressure on the cover glares. 
These zoospores sire bid bated ; they arc spherical and measure 7-0X I- 
5 m 5ti t and are most conveniently stained with llomaiiowaky T & stain, the 
cilia becoming blue and the body of the spore red. 

The propagation of the alga takes place by meant; of these zoospores 
being carried by rain and air, and under suitable circumstances each 
of these zoospores can give rise to an algal growth. Mann and Hutchin¬ 
son carried out some very interesting experiments with the view of 
ascertaining whether the loaf form alga could give rise to the stem form, 
and they succeeded in inoculating tea-stems by keepings them in contact 
with infested tea leaves and artificially supplying them with moisture. 
Further experiments should be carried out in this direction. 

Clieck on the spread of the disease:— 

Mann and Hutchinson, (studying this question in connection with 
tea plants, say that the cause exists in preventing excessive reproduc- 
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tioii. The time, during which the mature sporangia are capable of 
reproducing zoospores, is very limited* am nun ting up a rule only tn a 
few days. After this they become dark-coloured as visible to the naked 
eye and then cease to respond to the addition of water. Hence it is 
obvious that unless rain, dew or watering of some sort occurs during 
the short period when the sporangia are capable of producing a;oospores, 
their capacity for disseminating the disease is lost. The spread of the 
disease is also checked by the difficulty of getting the algal patches 
wetted and so not allowing the emergence of the zoospores during the 
time when these are in a suitable condition. Again, excessive moisture 
leads to the production of a very few reproductive organs and some¬ 
times of none and thus limits the spread of the disease during the 
height of the rainy season. 

Remedial measures for the disease have not been studied ; but it is 
intended to attack the problem during the enduing season. The treat¬ 
ment of the blight as it occur* on tea plants is fully described by Monti 
and Hutchinson* (Memoirs of the Dept, of Agriculture in India 1 Vol. i 
No. Bot. Sor, (007), 

The disease, as It occurs on mango trees, remains further to be 
studied, and the senior writer of this paper intends to study it 
thoroughly during the? coining season, when he hopes lo be able to 
dear up some of the more obscure points in the life-history of the alga 
and the inode oF the spread of the disease specially on the mango tree 







explanation OF PLATE f. 

A. A leaf of Mangif&a iiidira Lino,, infested with Ctphaleuro* 

trirue ctw, Knnze. natural size. 

B, A twig of the mango tree showing two points of attack by the 

alga, — natural size. 

C ( The th all us of the alga bearing i lie Nporangia x 140, 


PLATE J 


Chowdhnry. 


3 



CEPhALEUBOS VIRES GENS. Kunae., on MAKOffERA INDTCA Lima 
























EXPLANATION OF PLATE 11. 

A A transverse flection through the portion of a leaf of a niiingo 
tree infested with the alga showing the penetration of the 
alga through the leaf-tissue The shaded portions are of 

brownish colour, X 420. 

B A t hall us showing the ejection of zoospores from the sporangia! 
head, x 440. 

C. Two zoospores, X 1250. 

D A transverse section of a mango leaf showing the penetration 
of the alga through the leaf-tissue, x 130. 
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EXPLANATION OK PLATE III. 


A A microphotogfftph showing the thallus of the alga bearing the 
sporangia, X 200. 

B A microphotogrnph showing the fructifications of the Ijchon 
forming fungus on the mango leaf, x 250, 
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FOB MAT JON OF WHITE GARNET-BOCK AS THE 
END-PRODUCT OF THE SERIES OF CHANGES 
INITIATED BY SAUSSURITISATION. 

Prof, D h N, Wadia, Ml,, B.Sa, Prince of Walt* College* Jammu, 

Kashmir, 

INTRODUCTION 

The material of tills paper [s furnished by the study of a series of 
mmcrnlogical changes observed in a remarkable assemblage of snow* 
white boulders of Baussnrite with associated acapolite and pure white 
garnet (grossularite) masses r all met with in a stream-bed in the Kokar-nag 
nullah s Islamabad District of Kashmir, These boulders are all closely 
inter-related and are presumably derived From the same source, though 
they have not been traced to their parent rock in situ. The changes 
observed in them belong to the class of mineral transformation com¬ 
monly designated snaaiiritigutinn, but there are observable in the present 
ease, phases of alteration both preceding sassuritiaalion zls well os sub¬ 
sequent thereto. 

The above-mentioned assemblage of boulders is composed of three 
distinct units; — (!) Sanasurite, in snow-white rounded masses of the size 
of cocoaniitSp containing small patches of serpenlinised di ullage : ( 2 ) Scapo- 
life, in small well-rounded masses with largo phenoerysfc? of urulite; 
and (3) Granularity p in transluscent milk-white sub-angular pieces*. 

These boulders were picked up by a student mistaking them for 
white jade. 

Section I, 

In its physical characters, the most typical of the aanssurite 
massent is composed of a pure white opaque and 

Hill &ALififl(lrilfl .Ueishoh, . 1 . * n ■« 

dense minutely granular aggregate, fta specific 
gravity is 2*90 ; hardness between 8 and 7; it is very tough and com¬ 
pact, with a splintery fracture like jade. It has a dull subdued lustre 
on some parts which posses into chalky appearance at other places. It 
is capable of taking a good polish. Though opaque for the moat part, 
it is trattfliuscent in some edges* The substance is easily fusible to a 
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white Webby glass in some patches, the remaining parts being infusible. 
It yields 2 to 3 per cent of 'water on strong ignition; is very slightly 
soluble in acids. In cum posit ion it is a silicate of alumina and lime 
with a small <|uuntitv of soda and the above percentage of water. 
There is no iron or magnesia or potash. In its chemical aa well as 
optical characters the substance closely approaches zotsite. The optical 
characters and micro-structure are described later. 

The associated acapditc pebbles are for the most part brilliantly 

Scapoli^amlit* *■«*«. whito in toIour - <W U *. with a dull semi-vitreous 
lustre. Specific gravity, 2-90. The mineral has 
a hardness of c a-ft; it. is brink-, with a fairly perfect cleavage in one 
direction, transparent only in the thinnest sections. Fusibility 4. In 
its chemical composition it is a silicate of alumina and lime with a 
small percentage id soda. There is no chlorine, MgO or K,0. In 
its composition, as in the above-named phyatml characters, it is an 
end-member of the seapolite group, mi ionite, being less dlidous. more 
calcareous, denser, and more highly refringeut and birefringent than 
the D * hcr ending towards muriatite at the other end. In a 

thin flection of this scapolite, examined under the microscope, the 
melonite base is found Lr> be very intimately mixed with zoisite, and 
this association is of pooh a nature as to suggest the passage of the one 
into (he other. fn all micro-sections of the scapolite mass this change 
to zpisite is dearly visible as will be described presently. 

But tin- most interesting and noteworthy substance in this as- 
GHMnirtM. WMflblage is pun.- white lime-go met in t rendu- 

seent nub-angular masses, ft contains pale grev 
patc hes of much nltered diaUagc or bastito. The specific gravity is 3 H). 
Hardness 7*5; fracture uneven, cleavage absent; white to oolourkss • 
transiuscent; streak white; very tough, compact and homogeneous, 
very easily fusible to a dear white gloss. Insoluble in acids, but it U 
decomposed on fusion with separation of gelatinous silica, hi chemical 
composition it is a silicate of alumina and lime with a greater 
percentage of Uric and less of alumina than in the two substances 
described above. It has a high R.I., about 175, with marked relief ; 
it is perfectly dear and transparent and absolutely isotropic. It Jih-h 
a gnimlitic structure, in wine sections the garnet is seen to bo 
hugely associated with granular and fibrous zoisite or cpidoto 
{dinoamiaite); in fact in one boulder, with sp, gr, 3-38, the garnet and 
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epidoto are Been in about equal proportions in a state of intimate 
granulitic intergrowth. 

SEcrnox 1L 
M icro-&eclion&: 

Sections of all the three kinds of boulders were prepared, both of 
SaufbHurit* typical-looking substance as well as of the 

transitional parts p with o view t* observe the 
passage of one mineral into the other. To take the typical unaltered 
saiissurite first: it is a colourless extremely finegrained, almost 
homogeneous aoisite aggregate composed of fibres and granules, ft is 
opaque except in the thinnest stations. The granulitie surface appears 
mgged due to the high relief, U is cut up by cracka and veins, the 
.utter being filled with fibres of joiaite. There also appear some 
Irregular indistinct bundles of fibres and rods of zoisite. No alhite 
crystals or glassy grains of any other felspar* can \n distinguished, 
nor any vestige of the original lime-fekpcar. There is ? however, a 
large amount of finely divided melon tie as well as fairlv coarse grains, 
wisp* and plates nf the same mineral present, .which can be readily 
picked up by means of their low relief and smooth appearance. The 
interference colours of the main portion of the field are very low, 
blue-greys of the first order* the admixed aeapolite showing straw- 
yellow. No distinct crystal on dines can be distinguished though there 
are many coarse grains and fibrous patches which extinguish parallel 
to thoir length. 

A section of tlm sea po lite mass, even of the froshest-looking part, 

show’s the beginning of considerable alterations. 

ScflpolEta-xftfcitc. t 

In the clear and colourless plates of meiomte, 

w&ter-otear* roughly circular granules, with dark borders, appear in 

great number along the cleavage lines. In the more altered pars 

the granules become more numerous and larger* and together with 

parade [disposed bundle* of zohute fibres wholly replace the seupolite. 

The crystalline structure of the Utter is lost and a confused crypto- 

crystalline aggregate k substituted * resembling the one described above 

under saussurite. The change proceeds from the cleavage and oilier 

cracks inwards. Under crossed nicois patches of the unaltered mciouitc 

are seen polarising in pale yellow tints, enclosed in a framework nf 

zokite aggregate of bluf^grey interference colours and with a surface 

of high relief* 
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Jn its most typical part, flic grtwaularite-masa is a t-U-nr colourless 
Graoiulsrtto. ant * transparent granular mineral with but few 

inclusions or any accessory product-, in other 
part?- sfmxls and islets of a perfectly clear and transparent mineral 
with a fibrous structure and high refractive bides and double refraction 
appear. The latter appear to he a nonferriferna epidot# (eHnasoisite); 
rhcHe become more abundant and occupy more than \ of some sections 
in jugged irregularly outlined granules dispersed at random in a dear 
granular matrix of the garnet. This gmnulitic structure is most con¬ 
spicuous. The garnet is absolutely Uotropic under crossed riicols, all 
sections giving in a selenite field a perfectly neutral tint. There is no 
sign of anomalous double reflection or of any mjcrclitic inclusions. In 
the less completely altered parts the garnet is quite subordinate to 
zokit* and epidote. This part of the mass is clearly an intermediate 
product between saussurite and garnet and furnishes the most important 
evidence bearing on the subject of this paper. The relations of the two 
minerals to one another clearly suggest the conversion of zojajto to 
garnet. 

The large phenocrysts of serpenttnisod pyroxene which are found 
adhering to the garnet noi ses contain a few small enclosures of the 
original unaltered pyroxene, which reveal their origin. 


Section HI. 

Thu nature and stages of the mmemidgical transformations: {1} Scapoliti- 
wition, f£) SauMtiTitisation, f.?| Garntiiwtion, 

From the fortunate circumstance of the preservation of large 
crystal? and patches of uralitised pyroxene in t he mass of the sausaurite- 
bouldera it is easy to infer the derivation of the latter. The uralitised 
patches represent the original pyrmcanio constituent of a coarse ga bbro, 
the remaining mn- the original large felspar pfoaom-sta of the gabbro. 
Much coarse gahhro is known under the name of JSvphotide in the Alps 
The sobito aggregate has resulted by the process of mineral alteration 
commonly designated *' snu^uritisatiun.” There appear*, however, in 
the present case an antecedent stage to the f^useuritisation of the felspar, 
namely, the scapolitiintioti of the felspar. 

The term ■* •aUSSUritC " does not denote a definite or constant 
mineral compound and there is no perfect agreement in its definition 
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by various authors, Tt-Jiil mentions that tin* substance is not always 
precisely of the nanus nature in all ease*.* Weinschenk defines it aa 
composed of a dense aggregate of the calcium-aluminium silicates 
Hinozoisite and lime-garnet and finely divided arid pIagiocl&se + usually 
a11iite J ,s t Dana ^yp, "‘Snussurito is rarely, if ever, i\ homogeneous 

compound. In its composition it often approaches aoUfci, of which 
it Um been regarded as a soda-bearing variety st % 

Saussurf lisa Lion i* one of the usual modes of alteration of the bank 
plutoiuG foehn by the agents of contact motamorphiam; the basic rook* 
being the most sensitive to thb mode of alteration. The saussnritUu- 
tion of the pin ton jo rocks find-, it^ parallel in the extensive conversion 
of the basic volcanic rooks to greenstones mid green-Btone^schbta, ^ 

The seapolito mass described in 1. and II. indicates that the first step 
in the alteration of the original gnbbro was the aoapolitbation of its 
lime-felspar* The conversion of anorthite into mdoruto is effected by 
the pneumatolytic action of the gases mid vapours issuing from brail* 
magmas, especially chlorine, Tins transformation proceeds m a deep- 
seated change in the zone of airnmorpMsra (Vim Hrie)*, The change Is 
one of the addition of time to the a north it c molecule, necouipanied 
by u alight increase in the density of Lhc resulting compound. 

In the micro-section* of scapolitc lhe passage fif the latter into 
zoirifco i a seen in nil stages, The seapnlite group of minerals in liable to 
extensive alterations, !| and the production of zoiritc or cpi-dote a* a 
secondary product from tuelonite, is not unusual. The two rnmemi* 
lire very analogous in composition* and the only change involved (when 
zoi&ite is concerned) is hydration, accompanied by some eonipactation 
of the original Hcapolitc molecule* 

The last step was the conversion of soiaite [sau^nritc) into gros- 
^olarite Van Hise mentions that both meiomte na well a* zoisite have 
Sieen found occurring as secondary products of gross ukurit-e, This 
derivation is natural since the latter mineral contains the elements in 
about the right proportion to form nieiunite or zot9iti\f| He gives 
chemical equations for the change, which s one of eurhonution and 

* * HritUh F&tralufy, 1 pp, 14SJ- 132. 
t * PucxUiutntal Principle T J «trutogy/ HHW, p. (32. 
t h SyAUim of Mgjaprtiogy, 1 lftLS, p. 315. 

S Weimctwok, 1 h'uncintiKmtivl hnucipb of Petrology h " p- 151 
!l Da.tm f h Syrtluio of Hlnntogy,* p. 417 , 

1 1 Tfillw flB .VI..’tamurplii-icn/ p. 3U3. 
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hydration of the grossularite, in the zone of weathering, With tils 
reversal of conditions, that is, the transfer of zoisitc or im-lonitr 
to the (rreater pressure and higher temperature prevailing in the 
deeper zones of the crust. it is probable that the equation* are 
reversed and the zoiefte molecule rearranges itself to tin 1 denser 
and more anhydrous grossularito molecule, which is more stable 
under the new environments. It thus appear* that saoasarite when 
subjected to fnrther metnmorphism result* in gro*nutaritf\ and that 
the production of a garner-rook represent* die ultimate stage in the 
series of alteration* involved in the me ta morphism of bank- pi u tonic 
roek-masses. 

Thu* ive can trace three distinct stages of alteration from a nor¬ 
th ite to mdonite, from meionite to zoisite and from zoisite t<> gro— 
sularitc. This transition from felspar to garnet through the above 
stages i* one of progressive increase of the speuilii gravities nnd of the 
relative chemical stability of the compounds involved, garnet being the 
densest and most resistant. This is in conformity with tlu* view 
commonly field in petrogeneais, that the development of garnet is an 
important constructive process in the deeper /one of meta morphism. 

Or. L I,. Fermorin his paper on ' Garnet as a Geological Tin n>- 
meter”* regards garnet as a measurer nf earth-pressure. Re has 
shown that the production of garnet is widespread in the zone of the 
crust lying , below the level of the ordinal y pliitonic rocks, out of 
ihc common haaic |n>rotoxidea and aroquioxid™, that in the overlying 
none of lesser pressure would result in such compounds as felspars, 
am phi boles, pyroxenes and olivines 

Wcinschenk states that the production of garnet is the final stage 
ill the series of alterations undergone by the basic igneous rocks 
Where must completely altered by the agencies of contact metamur- 
phiam these basic rocks pass into cclogites, the felspars being recrystal 
lieed ns garnet and the remaining constituents, together with the soda 
of the felspars, pass into umphacite or glattcnphane, An earlier phase 
of the alteration is, according to this author, an amphibolite with suus- 
Buritised felspar and uralitised augite, while the most common inter¬ 
media to stage is a. garnet-uiiiphibolite.t 

* R®e. <tooL flurv. tpf Jiutin. VoU XUH, 1013, ja(. I, p. jl, 

t * PiHiduinnal Principlut of Pelfolcgj, 1 p, 139, 
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The above conclusions bare been arrived at from physical, chemical 
and microscopic ex a mi nation of T nr s bdiililm, which constitute the 
sole material for the study* It must be stated here that these bouldcr* 
have not been traced to their parent masses in #itu. When that is 
accomplished p and when the field-evidence confirm a the 1 aborato ry in¬ 
vestigations, a very Important and interesting point in petrology will 
be illuminated. In the meantime these conclusions are offered for what 
they are worth and because the mu term! worked up on, ptr both hy 
n+oaott of ite constitution nod the remarkable nature of its association. 
bm nil interesting story to tcSI.* 

1 A inmiv« whit«j rcl^loliko rook, in many IdsdEkil with ilia grtnut-rcti'k. 

waa found !>y Mr. C. S. MidrLIciTnbiS, C.LE. * Superintendent. Kashmir .MiitrrjJ in 

Ijrp [Latfnkh Pfnv,), Li mnaLnEfl pHncipallv nf white Emnsluicfut grotfuliirit^ with 
*paekn of green ainphncrU 1 . The ilrutture and n'ornpo^itiun ot this rack tuicgrat that 
it mm Mcqndnry mtu&Brptiie product, derived by pro flwt ann^mi* to iho* d#acrit>ftd 
4ln>Vfl + from tome Ifwir plutimio msAi 





INTERACTION OF THIOl'REA WITH MONO-, DI-. 
AND TRI-CHLORAOETIC ACIDS AND 
MONOCHLORACETie ESTER. 

Sin Prapulla Cbakdba Ray, Kt., C.I.E., D.Sc. (Ktlm.), Ph.D, t 

F.C.8., Sir Tomkmtih Pol it Profetter of Chemistry, U nicer tity 

of OalcnUa, mid Manik Lal Diy. B.St. 

It has bewi shown bv one of os * that in tine mid. thiourea reacts 
with monochloracetie acid in acetone solution, with Ike formation of 
the hydrochloride of formnmidine thioU'.'etif acid. If the reaction 
mixture be heated t-thtohydantoin hydrochloride is the only product 
obtained. f It w«> thought necessary to study tho reaction e.f thiourea 
with other chlorinated acetic acids as also m on run h h> race t if ester. The 
results obtained arc interesting, and show how the reactivity of 
chlorinated acetic acids in this particular instance decreases with the 
increase in tho number of substituting chlorine atoms. In this con¬ 
nection it ia necessary to boor in mind the well-known fact that the 
acidity of chlorinated acetic acids increases gradually ns further chlorine 
atoms are introduced. 

Although two different products are obtained in the reaction of 
thiourea with monochlorncetic acid, according as the reaction takes 
place in the hot or in the cold acetone solution, with monoahtoracetic 
eater the same substance, *-thiohydantoin hydrochloride is formed 
whether the reaction mixture is heated nr not, alcohol being dim mated.' 
This fact has not been noticed by previous workers, although mono- 
chloroacetamide lias been used to yield the same compound by a similar 
reaction.} Dichlorncctic add, on other hand is very slow to react. 
At ordinary temperatures the reaction in not complete before a week, 
and in fact the first crystals begin to appear after four days. The 
product is a mass of big diamond shaped crystals having a faint pink 
colour, probably due to some impurity. Gn analysis the substance is 
found to be the same compound, namely +-tbiohvJantoin hydro- 

• Train. Ctiem Hot,.. lOH. 2IMI- t Vn(h»rd, Jiifl. JS5. 

; HlaUflC. Eter.S, IS«4; Slaly, Iter.. 10, ISfi'l. 


4 OfTKR ACTION Of THIOUREA. 

Chloric Evidently, during the first stag* of the reaction mono- 
chloraoetic acid is formed which interacts with thiourea to form the 
compound in the usual way thus 

NH 

If 

CSH + CMJHCOGH—^-CICH^COOH + CNNH + HCI + $ 

' Nil- 

f * 

,nh, nh-ch, 

CJCHtCOOH + ST —> Cs | HCI + HiO 

'nh ; 'nh~cd 

In aquwos elution Dixon obtained the same reaction.* 

With trichloracetic acid, however, thiourea does not at all react aL 
ordinary temperatures in acetone solution The two substances, when 
mixed together, crystallise out aide by side, with a slight decomposition 
y carrying tint the reaction in aqueous solution Dlxoh obtained the 
trichloracetic acid salt of thiourea. f 

Expeyimttital , 

1. Thiourea and Monodi lor acetic at id. 

FornmuiidEne-tliioJaeetic acid hydrochloride. [Nil., C ( : NH). S. 

CH ** 000 HCL The preparation was repeated mid the substance 
obtained in a much purer form Its properties already published* 
were confirmed. That it was n hydrochloride further proved by 
the fact that its aqueoua elution gave a precipitate ol silver chloride 
with silver nitrate solution. 

f*'1030 gave IHfilH AgCI and 0 27i>fi iJnSO, 

.Found 0=20’33; s=t«*20 

Calo. for C,H t O i NJ9CI j 01 = 20 80 ; 8= is 11 

2. Thiourea and M ornithic race tic cat|r. 

Equimolet uiar proportions of thiourea and ethyl eater of nion.e 
oliloracetic aoid, dissolved in acetone were mixed together in a flask 
which was left to itself overnight. Next day a crop of white crystals 
wfl » founfI ^posited at the bottom, together with a heavy oiiy liquid 
which on agitation solidified to a mass of white crystals. The crystals 
were collected, drained, washed with acetone and then rccrystalliaed 
Tlie substance was found to be iMliiobydantom hydrochloride, It* 

• Tm fi«. Uhtm, Sot., INW, SIS. 
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iqo*nuri eolation gave ?i precipitate} of -Hlver ehlaricta with silver citrate 

* 

solution. 

In another preparation the mixture was heated on a water bath 
with a reflux condenser for twenty minutes. A heavy oil was at cnee 
formed which on cooling and stirring solidified to a mass of white crys¬ 
tals They were ideation! .vitli the former substance. The yield waa 
quantitative. 

HHj CI.CH, t NH-ftHj 

OS + l —*-CS / , HCl + EiOH 

*NH a CO.OEt 'NH-CO 

0 145H gave O 1200 CO and 0 0500 H.O ; found C=2:l 50 H = :i *2 
it-(fills gave 0 1803 AgCI : found Cl—22U6 
Calc, forC r H r .OX i Sf'!. C=B»*M; H—3*38; 1.1-23*27 
3. Thiourea and Pichloraoetic Acid. 

Acetone solutions of the two substances wore mixed together in 
molecular proportions in a conical flask which was left to itself for 
several days, with its neck stuffed with cotton wool, so as to allow 
slow evaporation. After a week big crystals were found in a thick 
reddish mother liquor. The crystals were drained and washed with 
acetone and then with alcohol. They were diamond shaped and had 
it faint pink colour. They were insoluble in ether, alcohol and acetone 
but very soluble in water. The aqueous solution gave a precipitate 0 / 
silver chloride with silver nitrate solution From the mother liquor 
which contained various secondary products, free sulphur mid thiourea 
were separated anil identified Sulphur was separated by addition of 
acetone or alcohol to the mother Liquor. It was filtered and recrystal - 
Used from carbon disulphide. Impure thiourea was obtained by 
evaporation of the liquid left after removal of sulphur, 

If* 1332 gave 0 1260 AgCI and 0 2102 BaSO, 

Found Cl-23-40; S=£l 67 

Calc, for C.H.OK.SCI, Cl-33 27 ; 8-20 98. 

The substance is evidently +■ thiohydantoiu hydrochloride. At first 
sight, it appears that dicldoracetic acid should yield chlorothioliythm- 
toin according to the following equation :— 

NUj, CljCH t NH - CHQ 

cs' 1 —*es 1 + hci 

X KH| HOOC V NH-CO 


H ' INTKtlACTIOK OF THtouitBA. 

Bui what evidently takes place i« represented thus: _ 

.NH, 

IS + C^CHUOOH - t'lf H .COOH + CS NHj + S + H< 'I 

XHj 

,m cic «i / x h - ch, 

f *V + = 08 ! . tta + HjO 

XH, HOOC l NH- CO 

By simple analyst is very difficult to distinguish between the 
tw ° products, since they differ only hy two hydrogen atoms 

But the presto of bye-product* in the reaction mixture, a, also the 
pmaonae of chlorine ions in the aqueous solution of the substance favour- 
the theory of formation of f-thmhvdantoin hydrochloride. The Hwtri- 
on [ conductivity of this substance and that obtained by the interne Mon 
nf monoehloracetio sold and thiourea, at same dilution, in practically 
the same, namely. and 26 * respectively at 2a% „ of pure 

hydrochloric acid at the si me temperature is 400. Since thiohydantofn 
Jiydttjohloridc is a salt of the ammonium chloride type, its conductive 
should be like that of ammonium chloride for which r lf „^Uo. The 
experimental data points to the view that the compound is more or 
lmS OOmp’etoly hydmtyaed into ^-thiohydantofn and hydrochlorio acid. 

* Thiourea and Tri eh bra retie Acid. 

Equi molecular proportions of thiourea and trichloracetic acid were 
separately dissolved in acetone and the two solutions mixed together, 
and kept aside for several days at room temperature. After ten dav- 
» mass of white crystals ww found lying in a thick mother liquor 

n,o crystals were drained, washed with acetone and alcohol and then 

dried. On analysis the substance was found to be almost pure thiourea. 
It melted at 171 , the melting point of thiourea being J 72 
- Ibam gnvo 0 fl7« Round S= I ]-7ii 

Cf^N.s require s = 42 -10 

The mother liquor wna found to be strongly add. giving n [] the 
tests for trichloracetic add. I., fa -1 the two substances did riot react 
at all but the one crystallised out while the other being very dde- 
qua*cant remained a thick mother liquor. 

In aque jufi solution, however, Dixon* found a compound which he 
considered to be the trichloracetic acid salt of thiourea. We have 
repeated his experiment and confirmed his experiences. 


f Lee, nil. 


ON THE OCCURRENCE OK KRANf 'OLITE (N STONY 

METEORITES. 


Hemcha^dr* M + A, p F,G.S. 

Prof&Mor of Gmlo$y t Prrmthncy Cotl*Calcutta. 

In two of tiirt recent com m unicut ions Merrill described the existence 
of «i minor constituent in many aerolites* The substance was found 
to bp a calcium-phosphate and was identified with frartwtiie because, 
when examined under the Microscope, the constituent appeared to be 
biaxial. Merrill abo enumerated the meteoric ^Loncs in which the eon 
stituent was found to occur. In the Geological department of tin 
Presidency College, Calcutta* there is a collection of thin sections of 
meteorites miltable for tmcroacopjo study and it includes a few of the 
meteorites listed by Merrill find in mo^t of them the mineral referred to 
by Merrill could be detected. In one of the slides of meteorites in the 
possession of the Geological Survey of India which I was permitted in 
examine I succeeded in detecting an apatltic constituent* From a 
study of these sections I have been led to form an opinion about the 
nature of ibis substance* which is somewhat different from that of 
Merrill and that for reasons given below. 

The limedjearing nature nf the substance has been determined bv 
producing a crop of gypsum and a deposit produced by ammonium 
molybdate has been attributed to itn phoephatto nature, Then'* quali¬ 
tative determination^ together with the quantitative Analysis ol bh*> 
AIHuncIlo and the VVaeundu stune indicate the qualitative chemical 
nature of the substance without any doubt. Farrington compiled jl 
lint of the published analyses of aerotftos,f and a reference to rim 
list hEiowh that many of these analyses require revision as there av 
Oases where the colei um-pi Knplmte was detected microscopically bni 
the ana lynis did not show the presence of P O , 

Francotiie with which mineral the meteor!tic phosphate was found 


* Prot. NqL Aw(L Sck t U S, A . VoL L UEU5j, pp, 3CS-aJ7s Aaut Jonm. xv*. VuL 
XUU (iQLThpp- 323H. 

f Fitld MW $m. But t pobL 14I< Oml fl*r . V«1. tit. So. tJlfHU. pp. m-2£fk 


w nUKCOttTI IN STONY" M KT£fHtlTKS. 

to be identical bad been originally described bv Henry.* .Subse¬ 
quent ntmlyses of fraucolif obtained from Cornwall wore published in 
1ST I by Mn«kelyne and Flight and in course of the investigation of the 
Cornwall specimen CO was also detected In the minerai.f A short 
description of the mineral was published by Lacroix J and he was 
followed by Selin Her Si The chemical formula obtained by Henry for 
frimrotitt. was CaFI -p 3(3CaO. POJ with a partial replacement of 
the time by the protoxides of iron and manganese and though the 
failure to detect CO. detracts from the accuracy of the formula, the 
ratio of P-tO to P,On is practically 3 l. The formula given for the Corn- 

wall mineral i» — J +2t ^ Fj which shows that the 

ratio uf CaO to P^* is 3 ; I. According to Lacroix the formula for 
the mineral is [(P0J„ Ca. (CaF),, CaCO , H t Oj which gives also n : ] M 
tl.f ratio existing between CaO and P.O,*f| According to Schnllcr the 
average ratio of P,0, to CaO is 3 : 10 44 and the simplest formula deve¬ 
loped for the mineral is 9Cn0.3P t 0 ( .CaF,.C0 J .H 0. 

From what hn» been stated above it appears that broadly speak¬ 
ing the average ratio of CaO to P,0. in francoliu, is very nearly the 
M m & typical fijmfitf mid for n mineral to he id^nfcifh'd 

witli fTatoeQtiic m this ratio should not differ very much from ft [. 
wording to Merrill, the Alffiandlo *Ume analysed by [>r H Whit He Id 
with the result that 0*314% of CaO and 0 08% of P,0 # were obtain'd 
and from this analysis the ratio of CaO to P s 0 5 was calculated to 

be ft in 2.1 This statement is open lo correction as will appear 
below rr 

I "ercent age, M uloculu r we igh fc, 

Ca0 ..■* - <>344. -f-Sfi .. ooai 

.... 0*08........ -4-142 .(HlOftfi 

From these figures it is quite clear that the ratio of CaO to P,U ( 
is II to 1 and not ft to 2. It may thus ho concluded that, if the results 


* PJMt Mug., Vpt, 31$ (I8U), pp, IJi-c. 
t fJhem. Hoc., Vol. 24 (t87f>, pp, 3-J. 

J ('-It. Atad. Sri. t Paris, Vol. ISO {IDJO), pi) f 213-7. 

| U,$. 0<ot. Surf. fisH.. NO. 800(1012), pp. D1 g. 

^ A" S«hall®r *•;». muorduip to Looroil, tlio ratio of P a 0» to (^O u 3, if. j op t j t 
*i Peer, Nat. Aro<i Sci., (ItlfJlj, p. SM, 
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W 

of Dr Whitefield are correct, the mineral cirnmit be identified with 
/rcmco/ife or with any mineral of a» apatitie type.* 

A careful consideration of the whole question has lad me to think 
that no groat reliance can be put on Dr, Widfrficldfa results for finding 
out the chemical composition of the phosphatio mineral. The Alfkneto 
stone was analysed by Fonllon in 1*83 and phosphoric acid was 
detected by him though not apatile, The analyst records f: — 

11 Phosphorahure wurde qualitative in sogeringer Mffligu naohwetsen, 
Haas anf ein* quantitative Abeoheiduog vi-rzichtet wurde. Sie stum rat 
wohl von dem Phosphorgehulte sehr kleiner fJimntitrit von Schmbersit, 
her., wale lie Ann a time dutch den Hmstand wesenflioh unterstiitzt wird, 
dn— am h in Hem ausgazog&titu Eiacn PhosphomSure naehwHsbar ist." 

Fou I Ion 1 * description shows that the stone consists of ofimn*, 
hnmztt* 1 4nd mfiskrtynite all of which contain CaO. Of these alivine '* i«t 
an seiner Ei« bten Fathe, die ihn durehsetzenden Klufte nnc! durcb die 
Zerstezburkeit durch S&ls^aun kenntlioh "4 About mu*kdtfnite it has 

been nh-i-rved that " die e lie mi seheZu samtne uset&ung stimuli niEt kehiem 
bekannten i casern km Mineral; sic hat aber AEmlichkeit mil dcr dne* 
Labradoritee von Labrador s> .$ From these facts it appears tome mure 
probable that the amount of OaO eatimated by Whitfield was due not 
only to the caioium-phosphatio mineral of the stone, but also partially 
to ait cm* 1 and mankelynite, and hence the ratio of CaO to P U. is no 
groin on 11 to I It may be mentioned further that Kdu lion’s analysis 
does nut show the presence of CO which is an essential constituent of 
/raneefife] atid by which it can hi - distinguished from apatite 

Apatite hud long been recognised as a doubtful constituent of 
meteorites, || Berwerth described the presence of this mineral in the 
Koduikann] meteorite * while Ludwig and Tsohermak obtained it in 

* Tfw ponibilH;. ihui tliu siUavr iniLen^nt uil^lit luivt- b*^n di» to typogra' 

p^iwi niBtiku win nut (jvprlaoked. Tlie calcuI jiIL on cun only bo upheld if thw |»,p r 
4andi for llkfr rntio bfi^een th* periNmlagi' and th t> molcrulof weight, Bn I 0314 «nd 
'KM u i-uch n ratio fop CaO and PfO* mpw^vely can bo of-lkim^l from lli ^a p r c F 
E^O'lUx Ad] of OoO 4isid 11 p,eb of K<l . These viluM int not p«h 

nitlier on I be t luwompt ion that the whali slono vras analys'd of that tlic pUDapbatjc- 
CGHtftitcii>nl JH.-pjirnUkJ and analv^ii, Thu vuluw would In? toe high for lIjo former 
>s|ki raora probnliloi and loo \ow for the Jiilluv Ji^umpticm, 

f Siith, 4, kak- Ahtd.d WU*. ^pLXXXVnl. pi I ( ISS4), p Thi* stone- 

«« uUo utiiily^il by P r who dAtvtttod phoftpHnniii in tt i b'rt mgtuo fc op ci|. + 

p m\. 

I Lot, mU, p. 4Jfl, 5 Sitib d. Ki*. Akad, d, H i##. Wi*n. w LXV p 130. 

Joum, Q&l, t IX (I0Q1], p. Ti Min, *u Fcir. Mitth-, XXV i\W&h p. im. 
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the aerolite from Angru dos Reis* A chemical ana lysis nf the Angrn 
don Reis meteorite shows that it contains 013% of P O and 0 )7", 
of CnO, quantities whioh are quite consistent with the ratio of 1 ; 3 n» 
existing between P t dk and Ca(X In the Waeonda stone n 2fl% of 
P O, was obi ainerl t and this would require » 30% of Cat) for apatite 
This alone was also analysed by Smith} who detected the presence of 
phosphorus and lime in very small quantities which were not estimated. 
It the ratio obtained from Whitfield’s analysis be correct then the 
amount of C&O corresponding to 0-28% of p Q t would been 

!‘12" , and such a large proportion was sure of having been estimated. 

The arguments derived from the chemical characters on which the 
phusplmtio mineral has been identified with jrancnlite being open to 
doubt, it now remains to consider the physical characters on which 
the mineral has been supposed to represent francoHte. The first im¬ 
pression that is produced by a microscopical examination of the cun 
stitueiu is tliat of apatite and. according to Merrill, the unbalance is to 
he distinguished from tijtfUilt chiefly by its biaxial nature which wii’ 
established on an examination of the thin sections of the stones, hi 
course of a study of the sections available to me I succeeded in getting 
>omc dark ban*. but it appears to me that nothing decisive can be 
settled on the available evidence and Merrill's description with the 
figures is also not very convincing. Students of petrology will agret- 
with me wlifln I si) that only on rare and fortunate occasions one may 
come across a basal section of a uniaxial mineral in a rock slice, as of 
quartz in sections of granite and lienee the following statement of 
Merrill does not go much to establish the biaxial nature of the 
mineral :— 

" Tiie possibility of flic apparent biaxial interference figures being 
those of a uniaxial mineral out* parallel with an optic axis was ennsi 
dared, but deemed wholly improbable from the fact that in not nnc of 
the many sections examined was 1 able to find a uniaxial figure. It 
seems improbable that among so large a number should not be found 
at least one, did such exist.” $ ft may be mentioned here that biaxial 
Apfttltps nre also kruwn.!! 

• Ibtil. „ XXV11E LhKto),ji- 110 

t Amtr.Joum Srt^lgl7 h p,MS J Ibid.. IfetTT, p. gig. 

j Amtr. Joutn, Sri [J 1<>1 7 1 B p r 3 4 H TJmafr fflruirkti *lnnv thiil Morrill 

him-clf u nnt v«y niir* about the himx'wl mUttm at tlio Niih*timct% 

T-tltliiaiT" , il/jptfreiia. p, BifS, 
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[l appear* from what has beau stated above that the constituent 
referred to by Merrill may be apatite though further verifications arc 
nece&mry for establishing the point beyond any doubt. observed 
by Morrill, the microscopic examination »howH that this plioaphatic 
mineral is a product of the lost stage of consolidation m quartz in 
icramte. When we remember that the evidence of the chondri shows that 
the order of the relative abundance of the chondritic minerals h that 
of their fusibility,* considerable doubt is thrown on the identity of 
the meteoric calcium-phosphate with normal apatite. 


* Jattrn. 0*^, IX{lfl01» p p, Jtfl, 






TEMPERATURE ('0 EFFICIENTS OF PHYSIO LOGIC AI 

PROCESSES. 


KtL Katan Ditar, D,Sf-‘. (London), Dr. ts. Sc. {P#ris\ FXC., 
ProfeamT of Chtmixtry. Muir Gtnirat College r AMahabad 

In thin article it is proposed to subject to critical e&a mi nation the 
results obtained with regards to the effect of temperature on phyaiologb 
m\ processes. Before proceeding to the consideration of these reactions 
I shM briefly state the results obtained in the ceise of purely diemSeal 
reactions and then try to show bow far these relations are applicable to 
physiological changes. 

In homogeneous medium the following general results have been 
obtained : — 

( а) The higher the order nf t hr reaction, the smaller is the coefficient 
of temperature, in other words p uni molecular reactions have higher 
t? j rnperature cuefHcients than polym- jI m itar ieaeti t » n - under identica3 
condition*. 

(б) The greater the vtslocity of a reaction the smaller i* the tern- 
lierature coefficient 

(r) Tlie temperature coefficient nf a positively catalysed reaction b 
smaller than that of the uncat&lyoed na tion and the greater the con- 
centration of the catalyst the greater is the fall in the temperature 
coefficient. 

In the case of negative natalyah^ a reaction which is catalysed (nega¬ 
tively ban a higher temperature coefficient than the uncatalysed re¬ 
action. Tn this ease, the greater the concentration of the catalyst the 
greater is the increase in the tempos ature coefficient. 

In the cue o! heterogeneous reactions, the following points haw 
been established - 

(а) Diffusion b the guiding factor in the velocity of heterogeneous 
i cacti ons. 

(б) With heterogeneous catalysts which cause reaction between the 
subatanco in question to take place with practically infinite velocity, 
the actual rate of reaction will be determined solely with which the 
substance is diffused to the surface of the catalyst. 
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fc) If the heterogeneous velocity is that of the diffusion preens, 
one will always get a uuimolecfilar coefficient for the reaction in question' 
independent of the actual order of the more rapid chemical reaction’ 
which accompanies the diffusion process, Hence it is useless to try and 

to determine the order of a heterogeneous reaction, from the velocity 
with which they proceed 

id) The temperature coefficients of heterogeneous tactions are 
srnail (vit>. about 1-2 for sk 10 * rise*. 

In this connection it is interesting to note that photochemical reac¬ 
tions have small temperature coefficients (viz. about M for n 10° rise) 
W I shall discuss the results obtained in physiological process 
with regard to the influence of temperature on them. 

The relation between the temperature and the velocity nf lamim 

Inim r r “ i U r thl ' W f * lV J— * plents^aud 
ra lj ;, rh<! prm “ ,pB] ° biect of instigations has been to find 
out whether respiration cat, be considered as H chemical process 

Vtu “ the ™****** Clausen,* Blaekman f Kuijpcr +' Lehen 
l.«« r ,S Mi» JWtah.ll HI. Saunders (private communion, and 
others w find Him the temporatnr. .o.siei.ota of plum prowMB , 
sonemlly Ue bet™. 2 ,„d 3 (or , lr ti , 0 

Brown and Worley ? haw shown that the temperature coefficient 

° 10 ° f’ t,° f , “ b " 7 ' i, ’ n h - v aiff-wnt seed. i. stout 2 f,„ 

I' ” ’'** ” r ’HoHly eCK.ffici.nl, M | c „ la ,„, 

frnm.W cults. that they folio,- <h. nnimol.clar 

The rewrobe, of Vote, and Wall.... , hat A _ 

ll7h r“" L“' >P to the tntiuenoe of temperature on the Velocity 
the action of drugs on muscles* 

Vory largo number of experiment, have been made on the infii, 
? Jl< * of < ein P eraturB upon metabolism both in cold-blooded and in 
blooded animals. But comparatively few of them have been made und" 
hi andard conditions. fn most caws animals have bum, frjl 
about and even in eases whore they have been tied mn*r> i ° inov? 

.— — prevented SrjT™T 

.inns . fundamental dijerence has been observed betoe™ oi 


t Anr\aU of Botany, J«w, XIJE. S*|. 
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temperature upon cold-blooded and upon warm-blooded animals. In 
cold blooded animals the respiratory exchange almost always rises with 
increasing temperature, but generally irregularly and to a very differ¬ 
ent degree In different animals. 

In the ca^e of bees Marie Portion * finds that the temperature in the 
cluster of l>ees inside the hives shows a veiy striking constancy through * 
out the year. 

In intact warm‘blooded animals, a fall in the surrounding temper* 
atn re regularly causes an increase in the respimxory exchange—tlmnks 
to the mechanism of '"chemical heat regulation.’* 

In all the experiments so far mentioned both on cold-blooded and 
on warm blooded animal* we have to do with two distinct effects of 
temperature, viz r one upon the central nervous system causing varia¬ 
tion in the innervation of different organa and especially of the 
muscles and one upon the tissues themselves influencing the reaction 
velocity of the metabolic processes. 

In the warm-blooded animals the action of low temperature on 
the skin produces reflexIv innervation of the muscles resulting either 
in movements nr in increase of tone. 

In the cold-blooded unitiijiIh the processes in the central nervous 
system itself arc probably acted upon, and increased muscular activity 
i* produced by increasing temperature except in the duster of bees 
which in the aggregate reacts against the temperature somewhat after 
the fashion of a warm-blooded animal* 

When the influence of temperature on the metabolic process is to 
be studied the nervous influence must be excluded and the experiments 
mast he made under standard condition!!. 

Ir has been found repeatedly both on man and on animals that 
even a slight increase in body temperature over the normal produces an 
increase in the standard metabolism. 

it follows from the experiments of Krogbt and others that the 
velocity of catabolic reactions Increases in all animals with rising 
temperature up to a maximum at and above which temperature ha* 
deleteriiius effect upon the organism. Tile maximum temperature 
probably differs considerably for different animats, but very few deter¬ 
minations have been made 80 far, 

* .-Lit*. i Sc- NaL Zoo. S«r T 1*. £l r !-5S. 
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The more rigorously standard condition* are maintained the more 
regular in the influence or temperature observed. 

Chick and Martin* And that the coagulation of bwmogbhin by 
heat ha- tin- temperature coefficient 13 5 for the elevuLimi of in 
whilst in the case of albumen it is higher. In this connection it H 
interesting to note that Von Schrcodcrt has found that n solution of 
gelatine has a vieensilv of I3'7fl at 2f°c, and i'42 *it 31 e + i.e. about |o ( 
times low with an elevation of io T 

The results obtained by Chick and Martin show that the temperature 
coefficient of coagulation of proteins by water is no exceedingly high one 
compared with effect of temperature on most chemical reactions [n 
the majority of instances the reaction velocity is increased about M 
times for J c, Le, 2 ro 3 times for a rise of temperature «f H)°* Even 
the biological proce&ws of germination of -eeds, respiration ><f plants 
and growth of bacteria fall within this range. 

On the other hand many reactions hi which complex protein bodies 
are concerned have been hIiijwii to possess high, temperature cuefiicienN 
which are comparable with those obtained for heat coagulation Tim 
destruction of emulsion by heat has according to TnmmannJ a temper¬ 
ature coefficient of about 7*11 for a in rise between Oh and 7 P * 
Bayliss found that the action of trypsin to be hastened 5 3 times for 
some germs m accordance with a logarithmic law, Ballnev (1903) 
found the disinfection oi anthrax spores by steam to take plat e from it 
to II tunes more quickly by raising the temperature 3 0 and the law 
of Arrhenius is equally applicable to his results. 

Chick and Martin § have shown that the disinfection of vegetative 
forms of bacteria with phenol and other coal tar derivatives has u 
temperature coefficient of s to 10 for a Hi rise of temjfH'tviture. 

On the other hand the disinfection by silver nitrate and mercuric 
chloride has a much lower coefficient and that is about 2 . 

The high temperature ooeffiflient for the coagulation of egg albumen 
hua a counterpart in that for the velocity of destruction by hot water 
of riie liMmoIysiiUp in the vihriolyehia, teUnolysin and goutaerum 

Madden and hi* colleagues found the influence of temperature to be 
in accordance with the law of Arrhenius and the velocity of this reaction 
to Ims doubled if the temperature were raised l fl C« They also showed that 
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the action of hoi water upon some agglutinins to he similarly influenced 
by temperature. 

This marked influence of temperature i* extremely useful for inni 
And aiitmih, When n toxin enters die system, the temperature of the 
body rises by two or throe degrees mid we get the phenomenon of fever 
and the poison is destroyed about hi or 2fJ (iiiies more quickly it (bis. 
fever temperature. 

Ilartridge * finds the temperature coefffeienL for heat coegulatkm 
to be m great ns 72C for a 10 rise for -ome protein matter, in ^ hi- 
connection it b interesting to note that the decomposition o£ sulphur 
trio side by heat has 4 IB for St-s temperature coefficient for a 10 rise at 
about 30 L \ 

Watson t up ply i ng 1 * *tw a Id "s isola t ion met h od to M isa C! lick's 
result® finds that in the disinfection of certain bacteria with phenol 
the molecule® (N) of phenol reacting with those of the bacterial eon>th 
tuent nrc in the proportion of S S to fe As regards the metallic salts 
the same law holds good for disinfection by silver nil rate and the molc- 
cules |N)of silver nitrate reacting with those of bacterial constituents 
arc in the proportion of 1 : I 1 a the c««e of meiwric chloride, how¬ 
ever, the above rotation bet ween the concent rn turn nf disinfectant and 
the average velocity of disinfection is maintained only if the former is 
exp re*ae<! in terms of the eorre*pmiding concent ration of mercuric inn* 
Under these c ire must Alices, \H) ha* the value 4fi for anthrax spores mid 
'I S for H paratyphoid. But tin temperature coefficient of the disinfec¬ 
tion by phenol is very high ihough the reaction y upproxiuiafely 
heptamnleeiilar. On the other hand, in the case of silver nitrate rI k- 
reaction i® apprcsdinately himolerLilur and the temperature ci^fHce nt 
is small, viz. '1 for a hi rise These results are contrary to our 
experience in ordinary cheuiica! reactions where the greater the order of 
a reaction the smaller is the coefficient, of temperature. 

Kanite^f SynderJ Cohen Stuart, J Putter,* and others have iri-ai to 
represent the influence of temperature on physiological processes by the 
rule of Yau but It is not very important whether the tempera- 
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tuft* coefficient has the value 2 or 3, the important point to establish is 
whether the formula of Arrhenius * or the formula of Hftroourt and 
EsSoO t which i* applicable to ordinary chemical reactions is also appli¬ 
cable to physiological processes. 

B lack man % haa accepted the validity of the Van ’tHoff rule and 
has found ihe value 2*1 between f» n and Hi". He ha*assumed that this 
value of the temperature coefficient remains constant m higher temper¬ 
atures ; this assumption is contrary to our experience in ordinary 
chcinicftl reactions, the temperature coefficient for a 10 rise becomes 
smaller us the temperature rises. This falling off of the temperature 
coefficient with increase of temperature is also expected from the 
Arrhenius formula Evidently the concilia ions of Blackman would 
have been more correct had he accepted the Arrhenius formula. 

Looking at the whole problem from a broad point of view it 
seems that temperature has two effects on vital processes:—( (J ) the 
increase of the velocity of the chemical reaction involved in the physio- 
logical changes; (h) the destruction of the living cells. 

At low temperatures the first effect is predominant since the 
harmful effect doe* riot begin to play its part. 

Thus the problem for us is to investigate the effect of temperature 
on vital processes at low temperatures, that is, before the harmful 
effect on the living cells has begun and we shall probably hoc the same 
quantitative laws which are applicable in the domain of ordinary 
chemical reactions in vitro, are also applicable to vital ptocesses tak¬ 
ing place in nature. 

Enzymes and Colloid# reign supreme in life processes and the 
Brownian movement of these particles docs away with the diffusion 
layer characteristic of heterogeneous reaction# and make# them ana- 
logus to positively catalysed reactions taking place in homogeneous 
medium and hence we expect to find the same laws governing both 
ordinary chemical reactions and life processes.^ 

In conclusion I suggest that it is desirable to study the problem 
of acclimatization scientifically from the point of view of the influence 
of temperature on life processes. 
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(“} Physiological processes take plate mostly m heterogeneous 
medium. The Brownian movement of the colloidal particle? present 
in the reacting substances does away with the diffusion layer character¬ 
istic of heterogeneous reactions and makes the physiological reactions 
similar to positively catalysed reactions taking place in homogeneous 
medium. Consequently the temperature coefficients of physiological 
processes instead of being small (viz, about |*2) are generally greater 
than 2 for a I n rise 

(b) The spontaneous destruction of certain toxins is highly influ¬ 
enced by temperature and this fact is extremely useful to the human 
body because in the phenomenon of fever tile poison is killed very 
rapidly. 

(ej Before the destructive effect of temperature begins to set in, 
the Arrhenius formula connecting temperature and velocity is gener¬ 
ally applicable to physiological processes. 
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f’untg&lu* cytimttrKtnit is common in Bengal, usually apiieariug 
during the rainy season from June to August. It is usually found 
on heaps of duiisj. It has a cent rat *talk, 21 to 3 inches long, which 
turns deep blue when tightly touched ; the cap is umbrella-shaped and 
coloured ashy white ,■ the central umbo in reddish-yellow and the dia¬ 
meter of the cap about H inches. The hymen ml surface in blank with 
a bluish tinge Any part of the plant when bruised turns deep blue. 
The spores arc distinctly black, oval and tapering at both ends; the 
eyefulia art* very prominent, their white tips projecting beyond the 
general surf ace. A more detailed description has been given in a paper 
contributed to the Journal of the Asiatic Society of Bengal which will 
come out very shortly (1021} 

The specimen of Paneeotm ctjancetccn* was gathered in the com¬ 
pound of the Carmichael Medical College, Belgaehia, on the I-lth of 
August 1019 The method of pure culture followed waa that described 
in Bulletin No. S5 of the Bureau of Plant Industry. 

A petri-dish was tilled to about two-third? with a mixture <>f j home 
dunj: and J cow-dung and was stirred up with a certain Amount of 
water it was completely sterilized in a Koch's sterilizer at 100 C for 
75 minutes each day for three successive days. For the purposes 
mi inoculation a healthy specimen was chosen, washed with soap wft’er, 
then kept in a glass dish previously washed with alcohol. The hvmerti- 
um of the specimen was cut into small pieces with a sterilized pair of 
seal pel*; four of these pieces were placed each in one of the four quad 
rants of the stcilized dung-medium, contained in the petri-dish, just 
below the surface of the medium, taking all possible precautions to 
prevent contamination from foreign bodies. After pitting on the lid of 
the petri-dish, the latter was kept under a bell-jar at the ordinary room 
temperature, which ranged from 76° to Sl'5" F, on the day of inocula- 
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tion, namely the Ifith August, 1B19. Xo appreciable change took place 
till the a.itli August, Omt is the l nth day, when the first growth of ,i 
mycolitim in the shape of a delicate felt -like structure was observed. 
The temperature on that day ranged from 76* to SB* 0 P. Fig. I of the 
accompanying plate shows the mycelial growth, Three days later, i 
thin white stalk fiurnioimted by a small cap, which had grown during 
the previous night of the Mth August, pressed against .the lid of the 
pctTi-dkh, the slender stalk having become curved due to its rapid 
elongation. The lid having been taken off, the fungus went on growing 
under the bell-jar at the ordinary room temperature The following 
measurements of the stalk from 28 th August onwards were taken 
On 2Rth August the stalk measured I inch, temp 74' to Tie a F. 
On *. 3^ inebfl „ 73° to 83°F, 

On 30th inches, J( 735“ to Sfl- F. 

The cap unfolded and became umbrella-shaped on the 31st August, 
the stalk measured 4 inches, the temperature ranging from 74-jy 3 to 
35-5’ F, 

The full Size was reached on the ,11st of August, the stalk having 
become slightly longer and the cap somewhat smaller than in tin 
normal form. Fig, II of the accompanying plate shows the fungus on 
the 14th day of its growth, Tb* method of t kino-culture as described 
above, baa been highly successful in America in producing spawn „nd 
has led to a considerable development of the mushroom industry 

Following this tissue-culture method, a pore -germination i>f local 
edible variety of Agar ware#, vfc ftrftwfo ferutfa, B. and Br., Upioia 
o Wm mt ntiso, Berk, ,lepiota mtuioideus.Fr. and Atjariru* wmptstrk Linn 
ia now being attempted in the laboratory, using the dung medium' 
The results of the experiments will be communicated on a later date. I t 
U thus hoped to produce spawn of indigenous edible in ugh rooms, based 
on suoli Inboratory pure culture methods, so as to make the industry 
independent of the importation of foreign spawn moat of which has 
proved unreliable, evidently owing to the spawn having perished More 
reaching this country and thus giving no response in the plains of 
Bengal. Mushroom growing may in this way become a special industry 
in India, as it has been in several parts of Europe, and m America ns 
late as ID I it and 1911, 
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ON INDIAN I-'OSSIL PLANTS AND THE QONDWANA 

CONTINENT.* 


G. pr P, Cotter, B*A., F*G.S., 

/'ro/esaor 0/ /Vttfdeitff Coflepe, rWcrdfa. 

Specimens of fossil plants from ludiia were described as early 
182*, but little work wa^ done upon the I ndiau plant boa ring rqok^ 
imtii 1858, when Dr. Thomas Oldham published the Brat ola*aifioation 
of the plant-bearing beds. The work of examination was vigorously 
carried on hy W. T. Blmdord, T. W. Hughey W. King, O, Fei-tmantel 
and others ; this work extended over a period t^om iSf>9to about 1880 
after which date, our knowledge of the plant-beds of India baa been 
advanced mainly by work in the extra-jHjninaidar \mtt» such as the 
Himalaya. The great balk of the collection of fossil plants in the cus¬ 
tody of the Geologies I Survey of India date* from about 1860 to 1884 
and is thus over W yeara old. 

The oldest era into which the geological time is divided is called 
Agnotoz&w because there are no fossils in the rocks of this oldest 
division, and consequently we know nothing of the life of those times, 
(ityiwr^ unknown and Cm% life,] 

In the Cambrian period, the car heat known recognisable lossib 
uccul', and they all belong to marine forms of life. There are no plant 
remains., with the exception of some very doubtful weeds. Jn the 
next succeeding period, we find fossils of calcareous sea- weeds, but the 
remains of land plants are poorly preserved p and of doubtful relation- 
ship. One of these doubtful plants has been found at the base of the 
Silurian in SpitL 

f t is the earliest known Indian plant and believed by sumo to 
have been a sea-wccd, by others to be a land plant. It is not possible 
to estimate the age of the Silurian rook# in terms of years, but recent 
work on the radioactive minerals found in these rocks enable# us to lilies 
at the age roughly, and it is now believed that the_ Silurian |icriod was 
in existence something like 450 million years ago* 

* pyhlbdujd hy kind p<finiwuon of tho Dinner, Owtqg^nl 8urv*y of India. 
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A scries of experiment? made on rocks of upper Carboniferous Hue 
seem to show that the close of the Carboniferous took place about B50 
million years a go. It h therefore practically impossible for the human 
mind to realise the enormous antiquity of the foasil plants which 1 hope 
tn rim! with in this paper. 

The oldest known hind plants of India were found hv Dr, Hayden 
in Sptti About [ 5 years ago. They are of Lower Carboniferous age! ami 
aie ink resting burn use they belong Lo genera which were cosntO | toil tan 
and which are found widely scattered from Europe tn Australia, the 
Spit! plants are very fragmentary fossils, hut one of the heat specimens 
is that of a fern named Rhuropteri». 

It is a remarkable fact that in Lower Carboniferous times we find 
that the Hora was n comparatively uniform one all over the whole world, 
Collections have been made from Greenland, Ireland, South Africa, 
South America and many other widely separated localities | n u 111 heu 
ho bs we meet with the same genera, and it has been thought that such 
uniformity uf Hora implies * fairly uniform Hi mate all over the world 
at that epoch, a climate mild and moist, permitting the abundant 
growth of vegetation. Let us try to Imagine the nature of the vegetation 
of those remote times, 

Tim Lower Carboniferous trees belonged mainly to two classes 0 f 
vascular cryptogams, the EquiatlaUs and the LyeopodhUi, classes 
which are now represented by small plants, and which occupy quite , 
humble position in the botanical world. 

The first class E^uwPiteA is reprinted in the present day by the 
-mck* genus „ the Hor.et.ll. There plant. 

mtmt or boggy place*. 

In tins plant the leaves are very rudimentary and the branches 
onrnr in whorls separated by rather long internodes. The fossil Equise 
tales of Lower Carboniferous time* are for the moat pun fairly large 
tr*c 9 , which owing to their reeddike ap| W aranee have been given the 
ifonertc name of Catamite* (from Latin ralamu*. a rood}. 

Tin- second das*, that of the LyeepotUtdw or Club-Mosses, is also 
a Simill and unimportant group in the present day. They are plants 
covered with a velvet of small ecaiedikc leaves, which are burnc on 
long branching stems, except in the case of the aquatic genus 0r 

111,1 Qdill-wort, which has a stuiikd stem and lone leaves. 

None of the present day Lycoj »-ta are trees, but the l*ir gest 
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is a species of Sdagbtetia wUich is found in Borneo, growing to two or 
three feet in height. It is surprising therefore to find that in 
Carbon if eroos times this class was represented nil over the world by 
numerous, species includinc many large trees. 

The most well-known genus is called LtpifUxhtuiran . The L<?/u- 
dodfjtdrons were of gigantic size. A few years ago a fossil tree-trunk 
was found near Holton In Lancashire, This measured lit ft. in 
length up to the point where it commenced to branch. Prof .Seward 
remarks that L A fully grown Ltpiilodeiidron must have been rm impres¬ 
sive tree, probably of sombre colour, relieved hr an encircling fell of 
green needles on th<- jouat j^ndiilouj (wigs. The leaf-bases tin 1 ui- 
rang.d uj*m the stem nf Lrpiti<»lftiil>on in rows, giving u very charm'- 
!eristic pattern to the surface nf the stum, 

LTntil re rent years it was believed that I be great majority of the 
smaller Carboniferous plants were fern#. Laterly, however, it has 
been recognised, that very many of these fern like plants were not really 
ferns tl all but bore *efJs, and thus resembled in some ways the still 
living primp of Cycatb In fact they were a much more advanced and 
more highly developed class than we originally thought. They are 
now known rt- Pteridwptt nun' or Seed-ferns. 

The above is only an outline sketch of the vegetation of Lower 
Carboniferous limes, but it is as well to remember that as far as we 
know the vegetation was very uniform rill over the world from 
Australia to Greenland, 

in Upper Carboniferous times, a very extraordinary event occurred, 
whirli profoundly affected the distribution of vegetation all over the 
earth, and separated the flora of the world into two-well marked bota¬ 
nical provinces, one in the northern hemisphere, exclusive of India, 
and the second in the southern hemisphere and India, A sudden 
change of climate took place, which ^eems to have caused intense cold 
in the southern hemisphere mid India, while the northern hemisphere 
appears not to have been affected in any marked degree. A glacial 
boulder clay of Upfter rarboniferous age has been found in vaj-joua 
purls of India, the Godavari Valiev, South Rewah, Hen gal, Western 
Hujputena, the Salt Range, hut it does not appear to have been formed 
in Kashmir or Spiti Ice-acmtcbed boulders are quite common, 
and the boulder clay has in one instance been observed to rest upon an 
old rock surface, which is polished, scratched and grooved by the ac- 
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tion of tin* it* TIiis is in the Penganga River, S. W. of Chanda to 
the Central Provinces The remarknhlo discovaty of a glaobl period in 
Upper Carboniferous times, as evidenced by ici-srrntelied boulders and 
boulder day first made by Messrs, Blanton! anil Theobald in th- 
TjiHsir Coal-field near Cuttack, and was published in Ismi, The nro- 
S*® 8 * of the Ufological Survey mealed the fact that all the great co*U 
Hflds Of Bengal and Peninsular India, show tliis gkojal boulder bed 
|>resell! at the base of the coal-bearing aeries of rooks, The glacijrl 
boulder bed rests upon pre Cumbrian or Archean rocks, and it J jt»]f 
the basal bed uf a series of sandstones and days which appear to have 
been deposited by rivers, and which contain abundant p | ttnfcl ajjij 
bones of animals which lived in rivets of There ar- no 

marine bwaila in these beds, except in d«po*itii which are situated nw 
the present const line, in which a certain intermixture of the himl and 
runt'iK? fonflib has t*ik**n plttoe. 

This series nf plant bearing sandstones and days covers ,i , w . nf> d 
geological time extending from the upper Carbon dermis to the Inner 
Cretaceous. It was called the G<miwa»« system by hr. Fmtmantel 
It has been separated into two divisions, „„ upper and a lower rtn d 
the*-h, turn into groups, each group being divided into a mailer divisions 
called etagw. We po^res many fl|*cimei»of plant, from Mph (}f t|u ,. „ 
stages with the exception of tht- Mftleri utajie. 

It has been already mentioned that there is oyjdeiK* that . 

covered many parts of the Indian peninsula and that it extended „ 

far north as the Sait Range, but that it probably did not ... HpiU 

or Kashmir. M**™. R. D Oldham, La Touche and Middled l (rtsi ng 
their opinions on a study of the kinds of rock of which the boulder* of the 
glacial boulder bed in the Salt Range wore com, Kwed. concluded that these 
boulders must have been transported as glacial moraine from the \n vuli 
Hills in Raj pu tan a, Dr. Fernior came to a somewhat similar conclu 
Hion a* to fltc origin of the boulders of the bo old it- bed in South Rcwaii 
He believed that the boulders had Im carried from the N VV If 
reliance is to be placed upon these theories wo must believe that Me 
Arrival! MountainK were n, centre of disprmion. 

South of Chanda, in the Pmtganga valley, the grooves ,„ lt | scratch¬ 
es upon the rock surface underlying the boulder-bed show that 
the toe travelled from S.W. ur S.S.W., that is from the direction 
of the Nilgin Hills, which may Hove been another centre of dispersion. 
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lint India is by no means the only country which afford# evidence 
of upper Carboniferous glaciation. Boulder bods of glacial origin have 
been found in deports of this age in Australia and Tasmania, in South 
Africa, And quite recently have been discovered in the Falkland Islands, 
and in Brar.il In Australia the evidence of glaciation is found wide¬ 
ly spread, in Queensland, S, Australia, Xew Smith Wales’ W. Australia 
and Tasmania, The centre of dispersion is believed to have been a |K>int 
to the south of Adelaide in a region now occupied by the open sea. 

In South Africa a glacial boulder bed known as the Dwykiv Conglom* 
crate has been found over a great extent of country throughout Cape 
Colony, Natal, the Transvaal and the Orange River Colony, Here again 
«ve have numerous ice-scratched Im adders ami grooved and striated rcn-ls 
surface* art? found on the rocks upon which the conglomerate rests. 
The centre of dispersion of the South African ice was situated to the 
North of the Transvaal, and there appear? to have been one huge iff 
shwt, since the grooves are always directed from Xortli to South. 
The Dwyka Conglomerate itself resembles the well-know n boulder day 
of tin gland, which last is of course very much more recent in origin. 

Just as in India the Tnleliir Boulder Bed is the base of the Coitd- 
wnna System, so also in South Africa the Dwyka Boulder bed is th<- 
bn of a series of plant bearing beds, the exact counter part of th- 
Gondwimaa, and known os the Karoo System. The Karoo System is 
famous on account of its well preserved fossil* of land animals, mostly 
reptiles and amphibians, and with them some mammal like animals, 
which are of peculiar interest 

Thu? in all the continents south of the equator (excepting the un¬ 
explored Antarctica) we have evidence nf glacial conditions at the close 
of the Carboniferous. This glaciation extended in the northern In*mi 
sphere to Malaya and India. There is however nu sign of it in Europe or 
in North America nr Asia < >n the contrary many geologists arc of 
opinion that a warm tropical climate prevailed in the northern hemisphere 
at that epoch. This opinion is based Oil an examination of the structure 
of the arborescoiit fjywi>odii or Aepirforfendrow* already mentioned. 

These huge trees wen* very abundant in Europe and other parts ><f 
the no rthern he misphere i n the U pper Carbnni fern u a. They show i n thei r 
structure special adaptation of the woody fibres to assist u rapid ascent 
of sap, and they are protected against a rapid evaporation by a thick 
corky bark clothing the stem. Wo find the same features in the Gain- 
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miK- Moreover the leuf-scurd on the trunks are separated by very 
irregular intervals; this is believed to indicate a rapid increase of growth. 
Lastly there is a cotnplttt utisrnot in the stems of the tree Lvoopods of 
\H*ll‘defin6tl riniiH of grnivth, such as are to be found in tree* growing 
in n «limat* subject to WAeonnl variation of winter and summer. Such 
I inus of growth are however found in wood of Lower Gondwam age from 
India, the Cape, and Australia. 

Tiie problem of this upper Carboniferous glaciation becomes more 
perplexing, the further we investigate it. So satisfactory explanation 
has yet been given of the cause of the ice-age. Prof. Koken of Tiibingnn 
in 1007 produced a wonderful map of the world as it was in this epoch 
showing a distribution of land and sen quite different from that of the 
present day. 

H<- supposes that India, Africa and South America were united 
together to form me great continent; this opinion is not original but 
is adopted from Dr. W. T. Bianford, and is baaed upon very strong 
reasons, which I will afterwards mention. Most geologists believe thuL 
Australia was also attached by an isthmus of laud perhaps by way or 
Nqw Guinea and Sumatra to India in those times, but Prof. Koken 
bus not taken this view, and in this he seems to be wrong, Artvhow 
this groat southern continent was named t loud wan aland by E. Suess 
uiul all over it we find glacial boulder beds at the bnae and above them 
Strat i containing a very remarkable flora the plants of which were 
quite different from those of the northern continents. 

But the main new idea which Prof. Koken introduced in this 
extraordinary map of his was that the south pole was then in a different 
po-jtinn from that which it occupied non - From the astronomical point 
of view there seem to be formidable objections to such a theory but 
still it might have been accepted as a possible theory, if it had explained 
the facts that it was intended to explain. By putting the south pole 
in the middle of the Indian Ocean, Prof. Koken thought he could 
explain to us how South Africa, India and Australia were then covered 
nitli ice L nfortmlately the very* next year after the publication of 
Koken s paper l)r, I. C, White of the Brazilian Goal Commission proved 
the existence of glacial boulder clay of Upper Carboniferous ago in 
Brazil—a locality very dose to Koken s equator. Moreover an examina¬ 
tion of the direction of the glacial striae and grooves has shown that 
the ice did not radiate out from any point in the Indian ocean as 
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Kokcn supposed. (tokens explanation is difficult, to accept at t-lte 
present (lav. Others have supposed that the earth's orbit was then very 
much m('fp eccentric than now, and that the southern winter took place 
when the earth was in aphelion. This would result in a continual 
cooling of the southern hemisphere and a corresponding warming up of 
the northern. But on this theory we cannot comprehend how glaciation 
Could affect northern countries like India, unless indeed the climate of 
India was affected by cold currents coming from the south, just as 
Labrador is cooled by an Arctic current in tile present day. Finally 
Pro f,M van it* Arrhenius has suggested that a diminution of the amount 
of carbonic acid gas present in the air would cause a considerably 
greater loss of radiant heat a loss which would incicuse rapidly 
with the increase of altitude. On thiH theory » small elevation of 
the land above sea level would suffice to explain the glaciation of 
! Jondivaimli Tid. But here again tie explanation ir- not satisfactory, 
becamr in the Sail Range, glaciated boulders are found mixed up with 
marine deposits mid marine fossils, and we art' si most forced to eou- 
ciudi' that here iu least the ice must have been in existence at Bra 
level. 

In short the upper Carboniferous ice-age is an unsolved problem 
which bid- fair to puzzle scientists for many years to come. 

Lti all countries which hove been affected by this glaciation, the . 
beds above the boulder day contain coal-seams and fossil plants. The 
first coal scum is usually in close proximity to the glacial boulder bed. 
At Veroeniging for instance. south of ,Ioliannc*burg. the first Beam is 
only about S yards above the Dwyfca Conglomerate, Almost imme- 
dial’ 1 !v after the final retreat of the South African glacier, conditions 
favourable to vegetation re-established themselves, The plants found 
immediately above the glacial bed are very different from those of the 
S’lme age in the northern hemisphere. Owing to the abundance of 
tw<> plants known as QtoMOpteris and Qatigamopleri#, this flora has 
received the name oT the (//(wtepfflt'iV-llora. 

These two genera Glo&s&pteris and (janyumoplefut are very closely 
allied, the distinction between the two being that there is a midrib, in 
Glottojuterit which is absent in Gtt apouwp#ens. We do not know 
whether these plants belong to the class of Ferns or whether they are 
members of the Pteritiospermae or Seed-Fernf: which 1 mentioned in 
the beginning of tny paper. We often find seeds in the same deposits 
C 7 
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119 these plants but we do not know to what plant they belonged. 
Until 1897 we did not- know what sort nf stem of rhizome the fftewop^erin 
leaf grew r upon. Fossil ate ms had been known under the name of Ferffl 
braria from the Goodwana rocks^ hut they hud been referred to the 
class of Equisetatexr In 1897 Mr. B. D. Oldham found some O/wtofrferw 
Loaves attached ton f r erfeftrarta stem, and thus disclosed the fact that 
the fossils we had been calling QkmopftriA and Ferfc&ronVi were part 
of the name plant. 

Now both and (kiwjfimtopleriA are abundantly found 

all over Goudwanaland. More remarkable still P the species of these 
plants jire the same throughout widely separated areas. Thu? fHoftnop- 
torie broumiana occurs in Brazil, South Africa. Madagascar. India, and 
Australia, while Ottn^arn&pims cydQptrt&idtt is found in South America, 
South Africa and India r 

There are a number of other genera imd specie* which arc found in 
this Oto&sopktit^am, l should munition however that a second and 
not lean important aharaetcristie of the Wosiroptem-flora of Ihe Gond- 
wan aland continent* is the absence of those huge Lycopods, the 
LepidtidmdronA and their allies, which are .ho abundant in and so charac¬ 
teristic of the Horn of the northern continents. Not a single Lycopod 
is known frum the Gondwana System of India* nor from Australia, 
although in this latter country they grew’ in the period preceding the 
upper Carboniferous glaciation. Only in two pi Fuses is un intermixture 
known uf the northern Lycopod-flora with the southern Qlo**Oftcri&- 
Hora. One of these is in South America at JJiui Juan in the Argentine 
aud elsewhere, and the second j* in the Transvaal where near Vereenig- 
ing Lepidodetidrott has been found with Oto$8Gpt*ri$ + It aj>]Krarw prob¬ 
able that the giant Lycopod, being tropical trees were practically exter¬ 
minated in the southern hemisphere by the Upper Carboniferous glacia¬ 
tion. It i£ therefore easy to understand their absence. But we do not 
yet know from what sourer the tf/ouojrffrfr-flnra came and what caused 
it to spread suddenly over Goudwanaland, immediately after tbs? ice- 
age Dr. W. T. Stanford many yean ago expressed the view that the 
Antarctic Continent was the original area ot development of many of 
these plants* and Prof. Sf a ward of Cambridge more recently wrote: 

11 there is not wanting evidence in favour of the fffotiojitem-flo** Lav- 

A 

* JUaxntly. however, UwA fcrVurd mm\ Sufcmi heve dmrftwi 4 ilouhtriri -.jwuikpIi 
of Bofft/Wsndren from t\m Giriilch ^oil-field, 
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inii been first ili fie rcn Hated in an Antarctic continent towards the close 
of the Carboniferous epoch." 

Since the present An taro He continent is completely barren, escept 
for a little moss and lichen, it was necessary to find some evidence of a 
milder climate in former uses, before Hlanford’s theory could be accept- 
fid, 

On Feb. 2nd, 1012, specimens of OtMMpterU were found by l>r, 
Wilson who accompanied Cnpt. Scott on his last expedition to the South 
Pole, The specimens were found on Buckley Island which rises from 
the great Beardmore Glacier in Latitude 85 , to a height of 8,000 ft. 

The words of Cup*. Scott’s diary read as follows;— 

■ < We lunched at 2, well down towards Mt. Buckley, the wind half 
a gale and everybody very cold and cheerless. However better things 
were to follow, the moraine was obviously so interesting that when we 
had advanced some miles and got out of the wind. I decided to camp 
and spend the rest of the flay geologising. 

We found ourselves under perpendicular walls of Beacon Sand¬ 
stone, weathering rapidly and carrying veritable coal-seams From 
the last, Wilson with his sharp eyes, has picked several pieces of coal 
with beautifully traced leaves in lay art.’' 

These leaves turned out to be Gto»sojrieri9 indica: a plant which is 
also known to occur in the Gondwaua beds of India. 

Ill the oldest group of the Gondwanaa, the Talchir Group the 
flora, is a remarkably scanty one, and is in its purest state, Dator bn 
a certain amount of inter mixture and reciprocal migration took place 
between the northern and southern botanical province. But the 
Talchir Group is distinguished by the absence of many species which 
are abundant in the succeeding group of Damudas, One of the Talchir 
species is ■Cittraptundiuin mtidinn. It is believed to have been 
a seed-fern, and is common in Brazil, Argentine, the Transvaal, and 
India. 

Another Talchir species, Cordate* hidopi, belonged to a family 
known as the Vofdoitsae, which became extinct at the close of the 
Rhaetic stage of the TrUssic Period, that is the Parsecs stage of 
the Gondwana system They were large trees attaining 100 ft, in height, 
and in appearance somewhat like the Cont/ew, especially the Kauri 
pine of New Zealand. Their nearest living representative is the 
Maiden-Hair tree of Japan or the Ginkgo, 
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In the next group, the Daraudos we find abundant plant fossils 
Amongst which Oioasopieris and (fonjfimopteris predominate, A very 
characteristic gonna of the Damudaa is Sphenophythm. 

The Sphent>ph\flls are placed by palaeobotamsts in a separate dns^. 
but they have some characteristics in common with the Eq%i$e(alet or 
Horaetajla. They became extinct at the close of the Permian and are 
rmt found in rocks of later nge than the ttainudas. They were slender 
graceful plants: their stems were les* than half an inch in diameter. 

The stems are jointed and ribbed and bore whorls of leaves usually 
$i% m Number. 

Another common plant of the Damudas, which is also found in 
the Panchet firoup above is ScAtMweura. This is one of the Equise- 
***** or Horsetail class. The long straight parallel nervation of tlm 
leaves and the ribbed jointed stem is very characteristic. 

Several frond-genera of northern affinities appear in the Da mud as 
and probably indicate a migration into Gotidwuuland from the north. 

In the lower Permian epoch this reciprocal migration of genera is 
undoubted, fJhaaoptrrto spread into Eastern Europe into the northern 
botanical province, and is found together with northern species on 
l)v\im River in Western Russia, 

After the close of the Danmds epoch nnd the beginning of the 
Panelist epoch, the distinction between the two botanical provinces 
is much less marked. We find in the Panchet group sever*I animals 
which are common to India and Europe Some of the plants also are 
common to Europe and India. The Panchet group is recognised by the 
absence of G<mgtn»optaris and Sphinophylhun which bad died out at the 
dose of the Darmtda epoch. OloMoptm*, Cordeitu, and Schhon,um 
are still abundant in the Panchet groop. hut they die out nr the clo*o 
of this epoch and are not found in the next group. Perhaps the most 
beautiful species of the Panchet group is a fern named Danamptit 
hugh/ui. This species has been found in South Africa, China, Tonkin 

and India, and appears to characterise the Rhaetie or Pjirscru 
st&gp. 


Another plant, probably a seed fern 7Am»/eWVa «fo«f opttroidt, 
is found in the Hbaetic or Parsers stage in Australia, South Afric;, 
India, South America, and in various European localities. 

The Tdohir, Damoda, and Panchet flora consisted mainly of fern, 
seed-ferns, giant horsetails or Equates f and the CordaMto, which were 
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allied to the Gartifcrfr There were few Oycadophyta, and of course no 
flowering plants or trees, i.e AttjiO£perwi*. In the next succeeding 
groups, wi And a remarkable advancein the flora. Perns and seed-ferns 
are still fairly common, but the most Abundant of afl are the Cyrad- 
opkytM^ The Conifer* arc beginning to become common in the 
Mahodeva group p and are abundant in. the *fabalpur-Uiiita group. 

The Upper Oondwana vegetation thus differed widely from that of 
the Lower Good warms, At the commencement of the period ime ferns 
and *eed-fenis were abundant, (^onifara often closely resemble recent 
types* anti the family now represented by the Gingko Maiden-Hair tree 
of Japan was of considerable importance The Cymdophytts were 
however as characteristic of the Upper Gondwana flora as the flowering 
plants are of that of in-day. 

The Oycads of to-day are a small fninily—-a mere romoant of what 
was once a great botanical group. They now include only nine genera, 
of which the type genus L-yats is found in India and Australia* two are 
f mnd only m Australia, two in South Africa and four in America, 
They bear cones hut their leaves resemble those of ferns. The sexes 
are always upon different plant*, both the male and female plaid bear 
cones. These are often of a beautiful appearance : in one South African 
genus, the scales uf the cotie are orange colon red and the seeds which 
show between are a bright scarlet. 

The vast majority of me-iozoic CycwfophyUs were very much mure 
highly organiaed than those of to-day. One of the most interesting 
families of mesozlo cycadophytes lm^ been named the Bennett Hen t. In 
these plants the fructifications were borne Laterally upon the stein and 
did not grow from the top of the stem m they do in the present day 
family. Another point of difference is that in the same fructification 
are found stamens bearing the pollen and in their midst the female 
apparatus. In fact we find an arrangement which Can only ho parallel¬ 
ed by our present-day flowering plants, in which a ring of stamens 
surround the pistil, In the centre is an ovnliferous cane. Surround' 
lug this i* a whorl of stamens, which do not in the least resemble the 
simple stain cue of a modern flower , on the contrary they arc very 
o-<>m[ilex organs and clotty recall the fertile fronds of a fern. Round 
the stamens there are several whorls of bracts which correspond to the 
sepals and petals nf the modern flower, and which might he called a 
perianth. 
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OI course* such delicate structures as in florescences and fruetifi- 
cations are very seldom preserved in the fossil state. Asa rule wc have 
nothing except leaves and stems to go upon, and therefore it is 
impossible to say what leaves from India belong to the BenntUUfm' 
and what to some less advanced family of CycadophyUa. But there is 
reason to suppose that the Btnnettilean were very abundant in India in 
mestizoic times. One genus WiUiamtonia is abundant in India, several 
specie* being the same as ones found in Yorkshire. 

WHHammti0 giffas, ft* restored by Dr. Scott, shows the rhoraboidal 
loaf scars, the cyeadcan leaves mid the fructifications which are rather 
like an artichoke in shape. In a specimen of Willimuonia from 
Mexico, the stamens were preserved in the fossil state, and were found 
tt. be simple and not pinnate fern-like fronds such as these or the more 
typical Bcnxet/Ucat This occurrence of simple stamens is very interest¬ 
ing, because it seems to show a Hose connection between some of these 
advanced types of cycadophytes and our modem flowering plants. In 
fm-i the well-known palaeobotaniat 3aporta grouped these typos of 
plants into a special ckss which ho culled prt- A agios perms. regarding 
them as ancestral types to tho Atigiospenns or Flowering plants. 

It fs remarkable that not a single specimen of the group of 
A'Wospenn* or flowering plants ha a been found in the Upper l.lond 
wjinan. The last stage of the Gondwana System, the Ionia stage, is of 
Lower Cretaceous age, In the Upper Cretaceous, Avgwptrmx are 
abundant in various ports of the world, and leaves of Bitch. Beech* 

Oak. Walnut, Plano, Maple, Holly, and Ivy have been deacribed from 
rorkg of that ogr. 

It w remarkable then that although these flowering plants are so 
abundant and well differentiated into families in the Upper Cretaceous 
there are hardly any fossils of this group from the Lower Cretaceous 
find nemp in tin- Jurassic* 

It is hard to explain this sudden appearance o| the flowering 
plants upon the earth. The old school of geologists found a refuge 
from such difficulties in a pious bdief in the doctrines of divine creation, 
and the great naturalist Cuvjor attributed such sudden change* to some 
great catastrophe which destroyed the former forms of life and enabled 
the Divine Creator of the world to re-people it with new Hn d higher 
types of plants and animals. But in this modern and sceptical age 
we are nol satisfied with these simple beliefs, a„d scientists have sought 
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to account for the sudden appearance of the flowering plants aa due to 
the development of insect life and the supersession of wind-fertilisation 
by indent fertslisfitinn. The flower was evolved for the purpose of 
Attracting the insect. 

In the Carboniferous period when the old os l HondwAim deposits 
were IrtJd down, the insect life of the world r nun tided mainly of eoctk- 
rondisft and dragon flies These List wore extraordinarily targe* one 
species having a body 14 inches long with a spread of wings of about 
two feet. In the Upper Jurassic period the bees* wasps. butterflies 
nnd moths begin to appear, Pataonbotanista of to-day believe therefore 
that it was from some group of the many highly advanced types of 
CywdophiTfteXf such as this family of Beintfittitea*, the AnyfaiptriM 
were evolved. Tim was due to the fact that n new method of fertilisa¬ 
tion had become possible, that is fertilisation by moans of insects which 
carry the pollen from flower to flower* a* opposed to the old method of 
fertilisation by wind-blown pollen 

As regards the distribution of aperies of pi tuts in tipper Gondwana 
times, it cannot be said that the Hors may be divided into two prov¬ 
inces was tlie ease in Lower Hoiuhvuim times. On the contrary the 
ttora appears to have been fairly uniform all over the world It is re¬ 
markable that even in Graham Land,, in the South Polar Regions, 
Jurassic platita flourished^ several genera such as Tkinnfddut being the 
same as those of India. The reestablishment of a more uniform 
climate over ihe earth brought about a wide distribution of certain 
genera and species. 

With the close of the Gondw&nu Period, the most interesting chap 
ter of Indian Palaeobot&ny is ended. In the Tertiary lira siliciflcd fossil 
wood both of munoeotyledonoua and dicotyledonous type abounds. 

in parte of Purina, the whole surface ifl the ground is strewn with 
this fossil wood, u* in Hie Ycnnngynt oil field. 
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Profeaeor of Zooh\iy t Medical College* Calcutta. 

f ft Ir&dntt ioth 

The family Ophryoscolecidac wa* first established by Stein i2l) in 
1M7 under the name of Opbryosaolecina for the reception of two genera 
of Infusoria, Entodinium mid OphrpoAcol?x r both described by bim in 
a previous paper (20). Kent (14) followed hi* classification in bis 
Man ml of Infusoria, 

In I ss^ Sdmfcmrg [17) split up the genus Uniodhrinm, Stein, and es¬ 
tablished a third genus, Diplodinium. lor what lie considered to he t v... 
species of fZniodiniitm of Stein ; but the species of Sehuberg were alto¬ 
gether new to science a nd were distinct from those of Sir- in as dimvn 
by the Inter observers, 

Bsitscln recognised these time genera as constituting the 
present family. 

In I BSD and 1 tint) Ftorentmi »: UK II) described a targe number of 
new species of Eniodimum t Stein* and Difriad* nutm, Schuberg, and 
established a fourth genus, Didt&mi#, lor a number of new fo:rmt>. 

In 1*02 Sehuherg 0^1 criticised the paper of Fiorentini, and 
showed that Fiorentini had described two already known species of 
GpbnfQM&kx, Stein, as new species of Diptodiiiium, Sohuberg. 

In 1B06 Railliet (15) suggested morale alterations in the nomencla¬ 
ture of two species of Biplodiniim t Sohtiberg p described by FiorantinL 
He considered that Dipl&lini wm dtntirufatum , Fiorcntim, was identical 
with the form described by Stein and named it D. denbtfnm r Stein, 
whereas he designated D. denials m t Fioreufcini, .is I). . 

The mo year Bundle [4) established a new genus, CyKlopo^lhium, 
for a species of Ent'dintum, Stein, described by Fiorentim, thus raising 
the number of genera to five. 

The same year # Eberlein (9) reviewed most of the species already 
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described by Stein, Scfauberg and Floreutini, and described one new 
species of OphnjoacQkx, Stein, and one of Biplodinmm t Schuberg. 

The next year, Delagt and Hermmnl (7) gave accurate and concise 
diagnoses of the throe genera, Ophryoacoh^ Stein (p. W), ErtWifuum, 
Stein \p. 4iisf and Diplixihiinm, Scbuberg (p^ 4*1% which may well 
form a trust worthy basis for their identification. 

In 1903 Hickson (13) suggested the removal of the genera Cydo- 
jxMhium p Bundle, and />idesmis, Fiorentmi, from the present family to 
a new one of their own. Hr gave brief diagnose of the three genera left 
in the present family. 

In 10t2 Bnimpt and Joye&ux (2) founded a new genu* r Trntfh 
itytetta , thus raising the number again to four. 

hi If? 14- Da CunliafC) studied these parasitic infusoria in Brazil and 
made a brief, hut careful survey of the complete literature on the sub¬ 
ject. which has served to remove a good deal of confusion regardingthe 
nomenclature and identification of several species of Ophry<mohr f Stein < 
and Diptodininm f Schuberg, Thus he removed several species of £?ip- 
fodinium, Schuberg, described by Finrent ini to the genus, Ophnjwtcfdpx t 
Stein. 

Tin* same yeai Poehe m established a now family CydopnsfhUdar 
for the reception of two genera, Cycfapo$thium, Bundle, and Bui omit t 
Fiorentmi, formerly placed in the present family. 

The next year Da Cnnbri and Travasaoa (6) described several new 
species of Eniodinium, Stein. 

The same year Awerewww and Mutzifown (1 ) described a new genus. 
tfeiiiditthim, and n new specie* of Diptodininm Schuberg, and several 
of QphrywcoltXt Stem. They criticized the view of Kberlcin that /Jipfn- 
diitfum denktitnn and D. dmticulatum of Fiorentini were identical, and 
considered /). dttiteUum of Eberleio (with 5 to fi spines) to be synony¬ 
mous with /> deni icutalwm, Fiorentini. They established ft new species, 
D, fforsnUni (with 3 spines) which they doubtfully considered to be 
identical with U rfenfsftm, Fiorentini. 

The same year, Sharp (19) as a preliminary to his hi&tnlogical atudv 
of what lie considered to be Bipbiinium mutiatum, Fior +i diseu^ed the 
validity in the position of some of the specie* nt Diptodin inm y Schuberg, 
such tii- further described a number of new varieties of Diplodi- 
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ii i'khi ecauc/oluni „ Fiat, all of which however to be members of the 
genus Op/iri/oifo/r/, Stein. He further appended * table noting thf- 
difference* in the character of the " dorsal nu-mbratydfes zone " and in 
the number of the " vacuoles.” Thus In Oj/krt/fW'. hx, Stein, the '* dorsal 
membranelies zone " is an incomplete spiral encircling ; of the entire 
body, and the vacuoles are 5*0 in number. In Diptndiitiuin I Sehuhcrg, 
the “ dorsal membranellcs von* ’* is “ transverse, encircling loss than 
i of the entire body, awl the vacuoles W* 2 to 1 in number. Lastly in 
EnlotUitiitm, Stein " the ‘‘ dorsal mem brandies zone ” la absent and the 
■* vaOUQle ’ ’ is single. Tins differsneiation between Ophryosealex. Stein 
and Diptodinium, Sehtiborg cannot be accepted in consideration of the 
diagnostic character* of the genera already established by previous 
workers. 

In lR17 Heicbenow (16} described a new species of TrofflodyUlta 
tjtfriUo' and u new sub*perries of T df/rosaarfi, Brumpt end Joyroux. 

Jn 1018 Hasselmann established a new genus CimAata raising tbe 
number of genera to five. The paper is referred to by f)« cunha (Sa) . 
but original reference is not available. 

The present paper aims at arranging the genera and species of the 
Ophrvoscoletudae according to the latest rescaicbes and describing a 
number of new forms from the rumen of the cow awl goat. 

The material has t>eeii received from the slaughter-house at Tangra 
through the kindness of the Health Officer. Corporation of Calcutta. 

Tbe method of collection well described by Sharp ill*) has been 
closely followed, and has proved successful. The animalcules were 
examined fresh and after fixation with hot alcoholic corrosive solution 
in the fluid collected, without staining or staining with borax carmine 
and Delafi eld’s hacmatoxylin. An electric table lamp of HM> candle 
power bus hem used for illumination, ordinary, daylight being quite 
inflate tent for th<- purpose. 

Fam. OphryoscoJeddae, Clatia, 

liM flpliryoaefiboiim, tffoin- ZtiUtbr /. Naiur*t**- !***&■ VfllJP* p< SB- 

*&74. Op'hryutcabcMMt, CkliB. Ontm Altip* tier ZqqI v 3 AuA.. lAnI- V- 
Uitj, OpiiryoieQbflitiifcft* OwUfce aikI H*tcu*rd, JViriW d* & 10 I* 1. I. 

p, 

ITO 3 , {(phryaaColeimn, Inrtivor-Ji ' r in tad Tf*ati** on ZoaL* 

p. 44U 

l, Stibfaui OphryoBCoIecinea, subfam. nov. 

A wet I-dev eloped peristome with a spiral of membratUitlw ; with or 
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without a secondary spiral of Riembr&ndlcs in tbe (interior end of the 
body. 


Gen. 1. Emtodinium, Stefa. 

1653, St*'in, AUtmtfl. 4*r, tgl, ffaehtnltthttt fit*. 4 IFmi,, Kdije V (fe| X 
Pt». 159-70, 

IMldt HQtediti. <* rt«MM " in Brona'* Ttntntieh, p. mS, 
li+fW, Kent, Manual of fn/n*->rin. p. !IM. 

1606, IMapa and H'Voaard. Tmilt dt toot. ConrriH, l , p. 466, 

■ m Hfckaon, "(nfitinruE " ip tAnki-s^r-, 7>mKj( fm Zoot. p 410. 

I. E. hl’rsa, Stein, 

Sn?in r vuia MUprn. 

ljWrtl Ktork’in. ZtiUabr. wit*. Ztoi.. Bd. fly, pp. Scliolurjj (17) 

nmwdw* **!■ *pw»a to h* Idmtiral will, Dtylodinium turio. dmeribeU 
by hinwlf. It h i 1 rid mi bt., I ly II, rjinurpiie *p<«-jeii from tlinl of 
Sohuburg. 

2. E, minimum, Sdutberg. 

tfehuhorg Zmt. Jtitirb, Sgtl-. Abt. Hri. ill, p. 4||. 

IK95. Ebnrlr.ilt, Ztil*<hr, mitt. Zoal. , lid. ill, p, JJJ, 
llll4, £>n l.'unhn, Mr hi. Om altlfi Cut, T. fl, p fiii, 

3. E. jrirm m, sp. n, (Fig. <j), 

Kinly greatly elongated and tapering at both ends. Anterior eml 
narrow , truncate and wholly occupied by the peristome, ivlifah present- 
a wide fissure on one side. Posterior end tapering to a Idunt rounded 
process. A stout elongated macron udeus A micronudeiis, at the side 
of the maeronodeoa Two contractile vacuoles in the anterior half of 
the body. Lt, 01)5 mm. Greatest diameter Q-03fl mm, 

Found in the rumen of the goat. 

The present specie* differ mainly from K. bur**. Stein, in general 
illiape of the body, in the absence of u posterior depression and in the 
shape of the macro nucleus. It differs from E. minimum, Sebuberg, in 
general shape, in the number of contractile vacuoles and fa the absence 
of a posterior anal slit. 

1. L MAHMiiMTliSi, Dii Cun ha and Tmva jsos . 

1934, Dm fun bn soil Truvnivnw, .Vein. Ziuitr, Onioaiiin Cria.X. it, p, Isa. 

5. E, OVA TOM, sp. I). (Fig, 3). 

Body elongated, tapering at both ends. Anterior end narrow and 
truncate, with a deep fissure on one side and entirely occupied by the 
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peristome* Posterior end tapering to 3v blunt end with an oblique sirml 
canal opening on one side. Ectos&rc very thick at either end of the 
body Macronucleiia tong and band-dike* A single micro nucleus in 
h depression of th^ maoronuebua. Two contractile vacuoles, Li. 
H 055 min* Greatest diameter 0-t>3 mm. 

Found in the rumen of the goat. 

0, E. dmxAttiLAT(TH 4 sp.n, (Fig. 7j. 

f 

B ody e long&ted, som ew ha t flattened 1 a tor a\ ly. Anteriq r e ml tapee¬ 
ing narrow and truncate, and wholly ncoapied by the peristome. Pos¬ 
terior end with a rounded process on one side and a projecting curved 
blunt process on the other, tfacranurlcus narrow, elongated, ^nrru - 
what constricted behind the middle and bent posteriorly. Micronu- 
elesis ar tlie Hide of tin* constrioted portion* Two contractile vacuoles 
on the side opposite to that of the macron nolens. Lt. (1*055 mm, 
i in j atest diameter l>"U32i ram. 

Found in the rumen of the goat 

The present species differs from E. manimilkitum. Da Cuiihn and 
Trzivu^os, m general shape t in the shape of the posterior processes and 
□mcronucleu-i. and in the number of the contractile vaeuotas, 

7, E. KLJ0WGATUM, wp.n. |Fjg, &). 

Body elongated, somawhal flattened laterally ami U poring at both 
ends. Anterior cud narrow, truncate and wholly occupied by the 
pi rispimc. which presents a narrow Hbhuj . , on one side. Posterior end 
broadly conical and pointed, and w ith a slightly curved rounded process 
on one *ide r Ectosarc greatly thickened on the side of the curved pro¬ 
cess* Macronudeus narrnw, elongated and bond like, Micromicleus at 
the side of the mactotiuclons near its anterior end. Two contractile 
vacuoles near the niaeronudeucv, Ll. O'Oflr* mm, Greatest diameter 
0*035 mm. 

Found in the rumen of the goat. 

This species so closely resembles the preceding one, that the two 
might be considered identical ; but as the two differ from each other 
in general shape, m the shape of the macronucleus and in the presence 
of a thick octosarc In the present one, and as they are not linked to¬ 
gether by intermediate forms, they are best regarded as distinct though 
closely related species* 
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8. E. EUarapiDEUAi, sp.n (Fig. 2). 

Body ellipsoid, slightly flattened from side to side* Anterior 
narrow end truncate ami entirely occupied by tbs peristome Poster!nr 
end forming a large rounded process itith a finger-like process at the 
side and projecting beyond it. Macron udeu.s short, stout and bandlike* 
A single mieronncleuH. Two small contractile vacuoles in the posterior 
half of the body, at the side opposite to that of the macron nolens. Lt 
0‘D3H mm. Greatest diameter. OOS® mm. 

Found in the rumen of the goat , 

This species somewhat resembles K. mammiliatum. Oft Cm aha, but 
differs from it in general shape, in tlifi shape of the posterior processes, 
and in the number and position of the contractile vacuoles. It also 
resembles K. tbngaittm and K aiibmaimmSkUnm in stone respects, but 
differs in many details, which, not brine bridged over by intermediate 
Forms are sufficient Tor the erection of this new species. 

f>. E. SFTSOfitJii, sp.n. (Fig. 4). 

Body oval, truncate anteriorly and rounded posteriorly Anterior 
end narrow and wholly occupied by the peristome Posterior end with 
u ^malI inwardly directed spine near the centre. tfacronucleo* fru nd- 
libe, tope ring posteriorly. Micro nucleus no t observed, A single eon- 
tractile vacuole posteriorly* Lt. IM)M mm Greatest diain. t> 02 mm. 

Found in the rumen of the cow and goat. 

If- K. FuntA, I>a Cuoha. 

I SI 1 4. !?| Olllltuif A/rp Wj OimyiMg (>«;. T- tt. p, (ii 

II. E. guADRiaPiNOBUM, sp.n. (Fig. l>. 

Bwlv elongated, somewhat barrel-shaped, more t«|»ring posteriorly 
than anteriorly. Anterior end truncate and entirety occupied bv the 
peristome. Postcrior end with 4 inwardly curved spines. Macron u eletis 
elongated, batidiike, and tapering posteriorly. A single inicronucteu*. 
A single contractile vacuole in the posterior body half near the macro- 
nucleus. Lt. 0*035 mm. Greatest diameter, 1) 02 mm. 

Found in the rumen of the goat. 

The present apeeios differs from E. fur<xi m Da Cun ha. j n having 

four a pines,, in the position of the contractile vacuoles and in several 
cilhf^r minor pointy 
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11, E. hbstatum, Sltein. 

1*1^4 H i r jn, JirOloj , f. ^olunHII. Pnfc||* Vol. 0, p ffl. 

Iftftft Konl, Jfa»<uilo/ Infuwria* p. 

Ehcrleia, Hd, 6^ p . 260. 

Schuberg (17) regarded the speciefl aft one of ittp&rfimum ; hut his 
view ran not- be accepted iti accordance with Ebfideiti ^ fcscarehcft, 

13. E. nosTKATUlt, Tiareitttfli. 

LfcflO. Florflntinii M, >Cf. * Vol. XU, p. ftM. 

Lft&k Uberfein. h*™. £«Jr. Hdl fiU fc p. L^sO, 

U, E. OAlHUttM, Stein, 

IR^0. fltpii‘1, .4Afcrvi4JuMf*fl -frr .tfl/ RwAjMfreiwn *lw *, d IFitf.* V ¥ Bd 

X. pp 3S-3B. 

tifip. ^t- D »3. L-jIai. : ^bTh^i^.h IW-. V4, fl, p 6t 

Ikpft Sctnatan;* ^OOf VlhF 1 - P- 

1 lifts. Kent. AfofUia/*/ Wum™, P- (B4 

I <10 Bherle-in* JffffrteAr. eri#*» &hJ--i Bd, 60. p- 

JPU. Daflfrftk. Lehthtirl 1 Pri>f O* lU tL*UTnfe . AlifL 3 r p. HIT. 

1014. Da Cuiih*. M™. ftjiitfflfiJy Orm* T. C, p, 4& 

15. E, sopspriAikicuM, ^p.n, (Fig. 10), 

Body irregularly and broadly oval, strongly convex doimlly, more 
nr lefts straight oh the other side. Anterior end narrow and entirely 
occupied by (he peristome. Posterior end bent towards the ventral 
aspect, and provided with fine elongated recurved spines Maerono 
cleufl abort, stout and rodlike. Mieronuolans towards the anterior end. 
Two contractile vacuoles in the middle nf the body Lt, o-flfl mm. 
tireateat diameter, O'OS mm. 

Fnuntl in the “ honey comb " of the cow. 

1G. E. BlCARttf ATU 11 , Da Cuuba. 

lfH+. Dili I'unUn, jW*m. OmedMp Cnu. T. it, p, 96. 

17. E. MAMMIIjO-CABINATPSI, Sp.Q. {Fig. «}, 

Body somewhat elongated, wide towards the posterior end. An¬ 
terior end narrow and entirely occupied by the peristome, which 
presents a wide triangular fissure on one side. A slight constriction 
round the body above the middle of its length. Posterior end with two 
rounded processes, and si projecting keel on one side. Macronuoleus 
more or less club-shaped, A single micronuclous. A single contractile 
vacuole (l), Lt. fl-07 ram, Greatest diameter 0-04 mm. 

Found in the rumen of the cow. 
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l$. E rARiTeo-spiJfoacM, sp„n, (Fig. 5), 

Body somewhat barrd-shnpod. Anterior end truncate and en¬ 
tirely occupied by the peristome. Posterior end with is keel on one *ide 
nrul with a spine on the other, Macronucteas short and bandlike, A 
single micronucfoua A single contractile vacuole in the middle neat 
the mncronuden*. Lt. O-OS'i nim, Greatest diameter 0-0 2ft, mm. 
Found in the rumen of th* goal, 

Gen. 2. Diplndiniimi, Schuberg. 

Ifklii £iUddfKium» Sterii, rdu iuprA [|>p ??), 

EEi^-t. Schub^r^, ZocL J&hrt/. $y#t, 4&£, lTl„ p. <MH 
iHK<3. Bdt»cUU + ,F in Ltruim - * Thfemstek* p. 

1800. Debug* Bud Hfrounrd. Trail/ 4* tion£rP.tt y T, E t p 4tiS. 

EtlCT^r Hickson, ** tafarttiriii iK \fi LimI ce* tor** Tnaliif fln Zwlogy (Purl I, ^ecorLi,! 
r**dck). p. 410. 

1, D. minimum, Du Cuttha 

H03. D, tmu4afum n KIkmH*hpi, Zt*i*ehr m ini*. tid 39, p, 'Rvs 

1934, t>H Ctmlm. A/mi. tn*i Oxl mS4o CVwt« T 6 h p, ill 

'2. D. COfflfttm, ap n. {Fig. 12}, 

Body irregularly conical. widest anteriorly and somewhat flattened 
laterally. Anterior pikI with a laegu peristome anti a small conical 
depression for the secondary spiral of membr&turilea, a large raised job** 
separating the two. A •second conical proctSH on the longer wide of the 
body displacing the peristome on one side. Posterior end curved arid 
tapering, with a depression in the centre for the anal canal* Ectoaorc 
greatly thickoned anteriorly and less so posteriorly round tlie anaf 
canal. Mac tonne feus stout, short and bandhke, somewhat tapering 

below, A single miernnurteua at the ride of the middle of the macro- 
nucleus. Two contractile vaoaolefc near ihe macron ncjeus. Lt 0*11 
mm, (ireatefit diameter 0 075 mm f 
Found in the rumen of the goat. 

This species comes lUa r*at to E. minimum f Da Ctinha but differs 
from it mainly in the presence of an anterior Imho displuming the parios- 
tenne on one ride below the level of the anterior end, in the number of 
the contractile vacuoles and in the shape of the posterior end 

3. D. mtteA, Fionntini. 

[%£'.* FlDTvnrmi, Hotl. Sei, + VoJ. XI, p, 1 J. 

HftTi. Eherkin, Jfe*f*rVr, wU*. ifoflf., Bd, 59 . |>p, ££kV>.M> 

3 1+M- Ek Cunhii, Irttlilu Gitfttfrfe Cniz< T. *\ k p, iO. 
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4 t D. >i agg L< r Fiomntim. 

IA3Q. Fiuw Pitini i BvM. Set > X L pp. I M 2. 

Ebartoin. ZriUcKr. ict'm. £W., Bd Efl, p T 252 
|DL4- Da t'nnh*. MnA Ojrira/rfo (’ry:. T- 0* p. ^ 

1314. Sharp, Berkley Unie. ffaltf. Yol. 13, p r *Kf- 

&, D. TtramaouLATOM, ap.n (Fig, 1I) + 

Body elongately oval t wide in the middle tapering anteriorly and 
rounded posteriorly. Large peristome separated from the conical area 
of secondary membra nr lies by a raised lobe. Posterior end with three 
small unequal lobes, with a slit between them and placed somewhat 
latcrullv. Macro nucleus elongated, stout and bandlike. Mioronuolena 
near the posterior end of the macronuolcus. Two large contractile 
vacuoles near the macron uc lens. Lt. 01 mm. Greatest diameter 
0 <>(15 nim. 

Found in the rumen of the goat. 

This species differs mainly from D. mniffu, Fior., in the presence of 
two contractile vacuoles, from D, buten, Fior. in the presence of a single 
micronucleus and from the both in the shape of the macronuoteus and 
in the presence of three posterior lobes. 

6. D. gyli.vdkicI’m, sp.n. [Fig. 13). 

Body cylindrical, snbtninoatc at both ends. Anterior end with 
three irregular lobes Closely planed small peristome, and the conical 
area of secondary mem brand lea displaced beneath the extreme anterior 
end. Posterior end with a central rounded process surrounded by six 
diurt spines directed towards the centre. MacronucleuH elongated 
somewhat dilated anteriorly. A single micronuoleua. Two contractile 
vacuoles on the side opposite to that of the macronuclen*. Lt 0‘1 
rum. Hreateat diameter 0 Oti mm. 

Found In the 11 honey comb” of the goat. A single Hpeoimen was 
observed and this wae probably in the process of transverse fission. 

7* D. rostelatuh, FiorentmL 

1S^0. f inreillini. BtfL ScL* XL j.p. 1M2. 

IS&fi. E b ^rt&i n. Z*it*ckr. ud#*~ Bri. W. p 202. 

10L4, Du L'unlia, Mrm. IfltfU Oj C™< T. rt, p, 0L 

K, D. EBRRLBtNE p 1>A Cllllha 

1 Btifi. U cauJafum, Etwdrtitt. Zwl+ehr. wi**. EooJ, . lid. SV* pp* 100* Is 

1914. Dti 0i.tt3.lM , Mem. Ifui, Qrini&ia Crux Y T. 0* p, St 

c® 
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», D. DENTATIDiT, Fiorclltijli. 

IS99. Fiorem ini , M .''rf,. X l* jip. 11-12. 

ISM. D MMIIMWN RuilhO, Train d* Zotd. midkak n ayrirelt. 

I$9& J>. dtuttculotum t.voanft form). Ebff^in. Zritich', iri«. Zoat*, M. 

pp 201 208 . 

11 *| 4 , |>|, Cimtie. Afrm, Qnrnt'fo Crux, T. * 1 , p, 154 . 

K, dentatum VAR. kiorentinC, AwerinMW and Mutafcom 
D. flattMin.., Aw*rin»w afi<t MuIa/dwo. Arrh Pnribirni:. Ikl.33.pp Iili-11 I. 

10. D. QUAOttlOKSTATOM, sp.n (Fig. 14). 

Body brad 4 bped and tapering at both anda. Small peristome 
on one side of the anterior end. Secondary spiral of membiftneUee 
p|sicMl at the other end of the anterior end anti separated from the 
peristome by a rounded lobe, Four curved spine* at the posterior end 
and placed at equal distances from one another. Mfieronucleus elongat¬ 
ed bandlike. Micronnolem obscured by numerous oval refractive 
bodies in the endoplasm. Five (?) scattered contractile vacuole*. Lt, 
0 075 mm. Greatest diameter 0*0i 
Found in the rumen of the cow. 

11 , D. i>emtioitlatum p FiorciiUni* 

Flowctini, Jlotf. 8et*, XI»- -pp* 

13*5. O. omnium, EberWn, Ztilrehr >rU*. Bd. »■ PI 1 " Ml *' 

| m> D. denlalnm , S*«*. R»LllU>t. TraMdt X*d ***** “ 

12. D. asisaoasthum, Da Cunhn. 

1014 . D* Cunlift. .U*m Qrwtd* Orui. T. B, p- 

ClEX. 3. Ms t a nisi™, Awerinzew and Mutafmva. 

|»14. Awriniew and MutftCowft, Arvh. PrtHulink. 1*1 !3, p, US. 

■ 

J. M. medium, Awerinsew and Mutafow*. 

|y| 4 , ,VR(rinW« mill Miltatoi*. Tidp supra. 

2. M. CAR1XATUU, *p. 11, (fig. Ifi). 

Body broadly oval and slightly flattened. Posterior end rounded 
with a keel on one aide. Peristome small and on the side of the anterior 
end opposite to that, of the keel. Secondary spiral of membrane lies 
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occupying a small comeal area and separated from the peristome by A 
round lobe and not connected with the latter by a row of mem- 
branellet* (the main generic character). Macron Helena stout with a di- 
fated end and placed more or less tram tersely. Endoplasm with nu¬ 
merals oval refractive bodies A single large contractile vacuole in the 
middle. fA 0 15 mm. Greatest diam. 0 002 mm. 

Found in the rumen of the cow, 

3. M r quadratum. sp. n. (fig. 1A} 

Body iitegnlarly quadrilateral, somewhat flattened with the ven¬ 
tral side concave and dorsal side convex. Peristome small placed on 
one side of the anterior end. Secondary spiral of menibranelles occu¬ 
pying a very a mall conical area on the dorsal side of the anterior end 
and separated From the peristome by a large rained flattened lobe. 
Posterior end with six recurved spines somewhat arranged in pairs. 
Ventral pair of spines longer and the dorsal pair shorter than the 
middle, lEacroftucleus elongated, 3tout and rodlike. A single contrac¬ 
tile vacuole in the poatero-ventral region, Lt, O il mm Greatest 
diam. f>'065 mm. 

Found in the rumen of the cow. 

Clen* 4, UrniYOSCOLEx, Stein. 

lAGlK Stflin. LelcM, r. XaTuri jjmI + PriMj,, Vul, 0, p. 57. 

Ifta?. St via. Or$vw*tm** d. InfUfifyUthifr* B4- U, p. t*4 

hiae. Kmtrti Mnmml vf Inftisoria, p. IS 5 X 

leapt, BOUchlh " Pr<Howa M in Hfnnll*l T* ifFH reJi p p. 1738, 

U9fl. Delate diul H^roLEHrd. d* ^oJ 1 . ftttttfUr, T, t p p. IfiS. 

1003. Hloksoft, " tnfnscrfiii" in Lunkwter* Trtnriie vn EodL (Part L Leonti 
ffweiclrtjt p, ittO, 

1, t), raxRBm, Stein, 

185^. Stem vide, ‘iLipra, 

|#K. UtMt-lelbp u'Mwp. Bd, BU. p. 340- 

H?l*. Da Ciiuhiir rlfeai. Ifutff. ftfWCiAft T, 0 P p. 5K 

Found in the rumen of the goat in Calcutta, 

2, O. ecaudatum, Fiore nfcim, sp. 

DipZadiniilfll rau4aJa«i, FioronlitiL, B^fL ScL r XI. p 15- 

leH. P. fortim rca n dal mjti h Shtrpi Drtii 1 . Calif. pMU-a* Ek'Qf ., 

Vol. 13, 

1914. O f latialuji. A¥i»rinx«ii ntvi Mtttafowii, Flri)fi*ffRfe t ttd. 35+ p. lit 
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2a, O. igaudatus, vat. caudatus, Florentine sp. 

JriSUL OijiJoJiTHum ca-iuJuf u f» < Ftorantifii. Boll, Set {lee, cit) 

UIH. D eeaudaturn forum taudatum, Sharp, Uni*. CaJif- Puhtica. ZwJ., VoL 

la, F , to. 

191*. 0. inttrmixutii*, A^rmtcvr imm! Hntilon-Q, Arch Prmn*ttnb> Bd. S3. 

p. 112. 

Found in the rumen of the cow in Cahntta, 

3 lit (ah O t KCAUi>ATns t var. caupatus* -ubvar. elongates 

jnom. novj 

)9l4. Or I'umtlM vnr* nudorui, Oft Cunlia, flffm, Qtirnido Cruz* T. G* 

1 Jf*- 71- 

26. O r «CAtDATus, rar. bicaupatus* Sharp r 

mil. OipfodmiNnt tfcoudalm. firt'rnji 6|-rciWflJiijn, Bbarp. tfrU Cofr/. JPfetb/icq, 
*wf. t VoL 13. p, «. 

2c Op ecaudatus, viUr tbicaudatps, Sharp* 

1914. JQhjptadt'niim traudatiim forum irim urfn turn . -Sharp P Vniv. C u/t/, /'u^ird, 

£«*.. VoL J 3 p. ai 

Found in the rumen of the goat in Calcutta (tig. 17). 

2d. O. KCAUDATpa var qua d rica u dATU iS J Sharp* 

1914- Ihphttiimum acflrrtltiJUM fomiA qimdrUartrfuiurn< Sharp, U mV. Calif. 
PuhUm. ¥ol, 13, p. 93. 

Found in the rumen of the goat in Calcutta (fig. 18), But the 
present species differ mainly from the type in the length and arrange¬ 
ment of the spines and in the extent of the transverse girdle of tile 
m era brandies. 


2e. 0. ecauda rua var. prntacaudatits. 

1914. Sharp. Unin, Oati/ k PuMita. &nl. r VoL 13. p. 93. 

0114. 0. foMMuhlu*^ Awurintrv and Mutatow*. Arch. Ptvtiaienk, Uil. s 33, 

p. IL3. 

~ e {£)* 0 ECAtJDATrg var. FEN’TAOAtJDATUfS > sub var. PARV1CATTI>A,, 

Avmnzew and Mutafowa. 

1914. O. farticutatu* VAT. pffmotedo* Awerinidw and MulnfowD-, AreA /v^ji. 
Bdr 33, p. 113. 

Found in Calcutta m the rumen of the goat (figs, 19 and 20} It 
differs from the typical variety (with 6 caudal processes) mainly in 
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the unequal length of the tails and in the extent of the secondary 
girdle of mem brandies. 

3. O. hen gale NS is, sp, n. (fig. m. 

Body elongated, tapering at both ends, Peristome occupying a 
portion of the anterior end. Secondary girdle of membrandles dose to 
the anterior end and extending half the circumference of the body. 
Posterior end with two rounded lobes, one projecting beyond the other. 
Macronucleua short, irregularly pyriform, occupying the middle of the 
body. A single micronuclens. Two contractile vacuoles, one near the 
girdle, the other near the posterior lobes, Lt O'OB mm. Greatest 
diain. O'026 nun. 

Found in the rumen of the now. 

4. O. sriNOSUS, ap. u. (fig. SI). 

Body elongated, barrelshaped. Anterior end wholly occupied by 
the large jieristonie. Secondary girdle of mcrahrandies close to the 
anterior end and extending nearly to half the circumference of the 
body. Posterior end with a peripheral circular row of six unequal 
spines Maorunuclcus elongated, band Like. Two large contractile va¬ 
cuoles on the aide opposite to that of the maeronueleus, Lt. 0 085 mm. 
Greatest cliiim. 0 Q45 mm. 

Found in the rumen of the cow. 

5, 0. cattankoi, Fiorentini. 

I63B- Di'pJfccftfliwin fdttiiftKf*, Fiorentini. Bolt 8eL r XII* p- 7- 
1UI4. Dw Curihfl. Mtrn. Inst . Oswald* Cruz w T. p. E13. 

0 r caudatuk, Eberlein, 

IBM. Ebarli'in, Muchr. wiss, Zoof., Iki Jj9 k pp, 141-MG- 

Found in Calcutta in the rumen of the goat, 

7h O* PvBRTTNMUiip Stein. 

Itm. £tcnll t Zi\itsakr* /* tfufuniwi + Prnfi., VoL 9, p. £7- 

}$m, Kant, Manual Of Infusoria* p. GF3, 
lBBft Dipiodinium *«*#**, Fjon^lini. BofL 3o4. t XI r p, I L 
Ebaflein. iMcJlr. wis*. Zooi rr Bd. iifl, p. 

8. 0, EUisii t.EINI, sp* n. Ifig. 23). 

Body elongated with a slight necklike constriction anteriorly- 
Anterior end tapering and nearly wholly occupied by the peristome. 
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Secondary girdle of mnn brandies occupying the neck I ike constriction 
and very short in extent. Posterior end rather abruptly tapering, 
with a greatly curved stout spine surrounded by a row of bifid teeth. 
Maemnncleu- a Stout bard. Contractile vacuoles i nr i» in number (?). 
Lt. O' 136 mm. Greatest diam 0*07 mm, 

This species differs mainly from O, caudnius, Eberlein, in the 
single row of bifid teeth and in the extent of the transverse girdle, 

Gen. 5. Tmrr.omsmM, gen. n. ifigs. 24-25). 

Peristome on one side. Two secondary spirals of membrane lies 
on the other side placed in small conical depressions and connected 
with each other hy a row of membrane lies, 

Found in the rumen of the cow, A single specimen wns observed 
and is named T, iows, sp. n., w Inch may be described as follows 

KiHly elongated, slightly tapering anteriorly, more so posteriorly, 
and somewhat flattened laterally Peristome small and placed on one 
side of the truncate anterior end. Posterior end with three somewhat 
flattened unequal spines. MaoronudeiiB elongated, somewhat fusiform 
and placed beneath the cclosarc in the anterior bndyhalf, A single 
tide run uclens. Two contractile vacuoles on the side opposite to that of 
the maoronvtohrus. tt. O'Oft mm. Greatest diam 0 03 mm , 

II. Subfam, Trooi.odytei.llsab, snhfain, nov. 

No functional peristome. Body with four incomplete girdles of 
membrimetle*. No con tractile vacuole. 


Gen. Tbooloim telu, Brunipt and Joyeaux. 

Ifti?. Bmrnpl rtfld Jojubk, BuU. Soe, PtUii . EjqI. , VoJ. V, j)p, fifKL.’iOJ. 

1, T a urassartt, Brumpt and Joyenux. 

1912 Ikumpt and J □VtfAdi , vid* 

In. T, ARBASHAftTI, 3tlbs{)er[&& t ReICHENOW, 

1917. Haicliencw, Baft, Sac. Etpan. Hi*f r Nat v, mvli r pp 3LJ^. 

1. G0biliae i Rpichenovv, 

1917- Hoichonow* vide Hupjfri. 
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THE FIGURES. 


The figures are drawn with camera lucid* ± with 1 & in, abjective 
(LeiLi) and No 12 compensating eyepiece fZeiss), except fig. 1B P which is 
drawn with No. 0 Compensating Eyepiece (Zeiss)* 

EXPLANATION OF PLATE I. 

Fig. L —Sntodinium quartrispinomm, sp. n 

Fig, 2,—E dlipsriulzum, ap. m 

Fig, 3 — E, overturn, sp. n 

Fig. 4.— E, &pinosum f sp. n 

Fig. 5.— E . carim-apitiiMum. sp, n 

Fig. B.— E- nudum, sp. n. 

Fig. 7,— E *uhmammilffihim r Hp. o. 

Fig. S,— E thmg&iHm sp. u 

Fip. iK— E. jnnmmtthmTtnaium, sp. n, 
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Fig 1 


Fig 2 


Fig. 3 




Fig . 3 
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EXPLANATION OF PLATE FL 


I’ijg- 1U_— *u?Mphazricum r sp ii r 
Pig. 11— DiptoAini r *m tub* reukrivm, dp, 
Fig. 12,—D. coniew/i. np. n. 

Fig 13-— D, f'fflindrkum, up. n. 
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EXPLANATION OF PLATE til 

[‘'ig 14 — D. quaftrifknt^tiim, sp, ij_ 
l ifl 15 .—Xt fladimum emnalum, n. 

Fig. 10.— J/. T/ufuhninm t sp, tt. 

I ig. 17— Oph rtjfWif tl* t rm atfa ttw y a r trim a* fa tu t 81 m r p. 


PLATE ITT 



Fiafft. 


Fiq. /o. 

E. filiosh dal. 


EXPLANATION OF PLATE IV. 


Fig. lH r — O- ecaudatu*, rai\ qimdrkaudatw. Sharp. 

Tigs. I|i arifJ 20.— 0, ecmtdafu* var, pBntamudtiiu* r Sharp np. 
end s. 

Fig. 21 r — O t hengrtlf'n&i#, ap T n. 

Fig. 22.— Q> Apinmua, sp. u. 


Posterior 


PLATE JV 



Fij.19. 


Fi S .2f. 


FitjJb. 


E (jhnsh de!; 


Fig. 2Z 
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Fig - 33.—0- eienfetni, ap. u. 

FKzv 35 find S0 + - (g^n n.) ^k-m {*§p. n r 
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A STUDY IN INHIBITION OF ASSOCIATION. 

X, X Sen Gutta, M.A., Pu.D., 

Ucturrr in Experimental Psychology, University of Calm It it, 

The proses of inhibition of association has come in for a large 
<hnre of notice in the psychological forum of to-day. It has Inns; hsen 
recognised that ail the condition of asaouiatioij are not given in the 
"•cries of psychic events. Much that is of importance takes place below 
the threshold of our ordinary stream of conscious lies* The researches 
of the psycho-analytic school have brought to light many significant 
and interesting facts that contribute to the inhibition of the aasoeia- 
tional process. These facts an- well know n to lhe student of Psycho¬ 
logy and hardly need re-statement. 

My task in this paper is not to analyse the ultimate capdUtiona of 
inhibition in their psycho-physical aspects, nor is it to examine the role 
mid significance of the inhibition process itself. My purpose beta i - t<> 
examine the importance of certain processes, givcu in introspection, 
that appear in a large number of cases of inhibition. More particularly, 
f shall try to determine the role that the Aufgab* plays in inhibition. 
Phe experiment* upon which I rely here form part of a mere ambitious 
programme which yet awaits completion, 

,lfaimed*.—l,i«t4 of significant words, each with two associates 
one of which wo* a familiar word and the other a nonscuse syllable 
were made out The nonsense syllables were ' normal. The signifi¬ 
cant words were two-lettered and the nonsense syllables, all three- 
lettered. Each series consisted of live original words with their asso¬ 
ciates. At first however, each series consisted of ten original words, 
It was found that in some cases, the associates were less liable to 
reproduction and one of its condition* was the length of the series 
that occasioned difficulty in Ion ruing. The number was reduced to five 
in order to eliminate this factor Twenty five-worded scries and five 
series with ten original words were presented—the former to out* group 
of three students and the latter to another group of three. Association 
cards were prepared, two for every original, with the Significant asso- 
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ciftte on one ami the nonaeiute associate on tin* other, '('here ivhh also 
a wrioa of cank with only tin* original words. 

ProciduTi.— Each series of ttsaewiaiinn curd* wa* presented to 
subjects for memorising mid the time recorded by stop watch, Ilepro- 
d notion followed every repetition ft mi the mini her of correct mid incur' 
root reproductions an well as failure* were noted. After one set of 
ft-'^oeiation* was completely learnt, a* tested by complete reproduction 
twice successively, an associative reaction time was recorded by o stop 
watch for each original word, Thus there are two R.T’s, one for the 
significant, the other for the nonsense syllable The significant anti t he 
nonsense associates were learnt first in order of time in alternate serie*. 
After both of the sets of R.Ts hud lieen taken the subject had to look 
once inure through the association cards 


An interval varying from five to eight minutes wo* allowed ns 
respiti* at this stage. The subject vu then instructed to react by 
giving a nonsense syllable us each original word was culled out. Time 
was recorded by a stop watch and full introspection was recorded. 

GnJy two five-word series or one ten-word sertea could I* presented 
on one day. Care won taken to avoid fatigue and distraction us far u* 
possible. AH the subjects but one were students of psychology. Three 
of them had training in experimental work of this nature. The whole 
series of experiments was preceded by on. series of practice experiment*, 
u five-word eerie?, for each subject. 


T/n Problem,—Two cases of inhibition might be expected under the 
conditions of thi* experiment. In the first place, the desired reaction 
word, the nonsense syllable might fail to appear immediately in spite of 
the instruction given : in the second place, the meaningful word might 
appearand the subject, in accordance with his instruction, would have 
to inhibit it and react by the nonsense syllable. The first of these will 
Ift* called involuntary Inhibition and the latter voluntary inhibition 
ft is obvious that voluntary inhibition take, place only when there 
is an involuntary inhibition. The latter, we might say, is a con 
dttion of the former. Our purpose in this paper will be to analyse the 
conditions of the two kind* ol inhibition, subject to the limit thal we 
have put. «nil to examine tho difference, if any, between the two 

Data^l) The occurrence of involuntary inhibition could be 
known .other from the actual presence of a rival process, „ prwe9fl 
other than the desired one, or from the longer reaction time. Taking 
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t#oth of these together there is a wide individual difference in the per¬ 
centage of inhibit ions occurring in the ease of the different subjects 
tinder the conditions of this experiment. 


Percentages to the nearest whole. numbers. 


Iiubjwls, 

A 

B 

* j *, | 

E 

F 

J WlVnt P-tTr-h. 

10 

as 

Fw 

l« | 40 

. f. 

28 

m 


l " J ibis difference of percentage cannot adequately be explained 
in terms of the Attentions,! condition of the different subject*. Those 
who bad a larger percentage of inhibition arc not to my knowledge, 
n-ibitually inattentive, And the daily average of inhibition bear a 
fair ratio to their respective M.V.’s. Thus, the question of “low" 
ettentional condition of one day offsetting the better attention of 
another day. is disposed of. In all the four cases where the number of 
inhibition is large, the M.V, is from U to 11 per cent of the daily aver¬ 
age. in the case of E the M.V, is larger, about 18 per cent, and there 
i* considerable irregularity of attention. 

{:*J In most of these caae* the fact of inhibition was indicated by 
the hirg^ne^ of reaction time oswdl iis by the content of Introspect loq. 
fn some instances, however, the R.T. though large was not abnormally 
no. lhe M.V. in such cases gives a better indication of the fact of inhi¬ 
bition than the amount of reaction time. 


A jetr examples of Reaction time nwl its M , I’. 
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It wilt bs seen from thin table that in the ca» of Inhibit ion, the 
M.V. is very targe. Even when the fact of inhibition is not indicated 
bv the introspective data, it can he inferred from the irregularity of 
reaction times—if the irregularity be not otherwise account able. It is 
interesting to note that this principle has largely Ijecn used by the in¬ 
vestigators of the psycho-analytic school in their researches in mental 
pathology. 

(4) Introspective analysis of consciousness in in voluntary inhibition 
brings out the following result: 

In the first place, the significant associate appears in conscious 
m*ss as soon ns reaction is called for. It has assumed cither the verbal 
form or the visual form. (A detailed account of this will be given 
below), Bnt along with this dominant image appear certain sub¬ 
sidiary images and re n sat ions. These are gene rally kinuesthelie. 
auditory or visual, Thus, there is very often, in the words of the 
subject fi, *' a dominant idea with certain marginal processes ill which 
the marginal processes are like overtones that go along with the 
principal tone in tonal fusion.’ All the subjects excepting l' find 
thi* description to he true, Ko subsidiary process wan noticed by C- 
E, however, does not agree that the subsidiary proccftres arc often 
in a 'tali' of fusion with the dominant image of the significant Associate 
He thinks that it is a process of alternation between the two. 

Secondly, not the significant associate as a whole hut a partial 
representation of it or one of the subsidiary processes attending it 
appears in coneakuumcM. Thus with the subject A it was sometimes a 
blurred visual image of the first letter of the significant word and some* 
t imes it was an incipient utterance of the word. With the subject D the 
auditory linage Of die word appeared several times. Thore-proo&ve* 

“ blocked as it were the appearance of the required association, ' ’ 

Thirdly, the process of inhibition is indicated by a lengthening of 
reaction-time and this duration between the signal calling for react ion 
and the reaction is often marked by certain kinaesthetio sensations. 
Tliese sc neat tons, the subjects sometimes recognise ns somehow con 
nected with the meaningful associate, Sometimes, however, though 
the sensations are present no meaning is attached to them TW 
a.in^tbns are almost always of a kinamtlwtic nature arising a. several 
of the subjects say, from the articulatory mechanism. They are also 
described a* 1 *pn*ation* of tendon/ 
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A table s I lowing the percentage of occurrence of these type?* or 
contents in the caw of the different subjects of the experiment Is given 
ti e lo w :— 


i loiuplohH Lmag« 
tfqbjscU a( the eitfftnlixg:- 
f ul OMOcEnt 

jstjss& °*rsr Mm 

at ttuhridJsry 

A 

St 

ft* 

is 

B 

43 

rt 

£6 

11 

4 

»* 

m 

P 

m 

ts 

it 

E 

Tt 

in 

it 

F 

39 

33 

33 


Fie. 3, 


These figures have been worked out to the nearest whole cum hers 
(6) The significant associate appears hi conHcjousneas under two 
principal forms: it appears ah a whole or it is partially represented 
In the former ease it appears most frequently a* a verbal or jib a visual 
image, Three are certain other modes of representation—as meaning 
of the word, for instance—.■which have Iwu neglected for the purpose 
of the present enquiry. These cases ware hut of rare occurrence; and 
even then, the subject could detect imagery in the meaning. H>ne&, 1 
have omitted them from the chart attached. When the significant 
associate assumed any of the forms indicated above, there were a nant 
her of subsidiary processes occurring simultaneously or in close succes¬ 
sion These subsidiary processes were mainly visual, verbal, auditory 
or kinaesthotfe. The meaning process referred to above 1 referred to 
in the chart ua lf other * p ) appeared abo as a subsidiary process. The 
partial representations of the significant associate it&suiftod the same 
forms ns the subsidiary processes There is however no definite corre¬ 
lation between the images appearing in the complete and in the partial 
representations of the significant associate. There is a uood correlation. 

05 only in the case of the v isual images in tht* two cases We cannot 
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attach any ^gnihcancc to this in the absence of any other supporting 
fact specially as the tmmJjpr of subjcotfi in this experiment is only *ix 
Kven a High degree- of correlation, according to Spearman, cannot be 
I'Eovfd with less tlitin a dozen of tnjcA,* Thus we can only assort 
that the processes occurring iu the two case? arc qualitatively the an me. 

In the instn i ices in which the fact of inhibition is indicated |, V :i 
t«rgi* reaction-time, certain subsidiary processes are often noticed. 
These however are not always recognised as being connected with the 
»jgni6oaut associate, Moreover, these processes are predominantly of 
kimr-'thetic character, Verbal, visual and auditory experiences occur 
only in a very few instance* (subsumed tinder '‘other experiences' ’ in 
column Ilf). Much of the kiaesthetic experience* arise from the arti¬ 
culatory mechanism—as evidenced by subjects' introspection As to 
the exact nature of the processes, their significance and connection, very 
little is yielded by introspection. Thus, one calls it an ' experience of 
tension, a Second describes it as “ an effort to pronounce n word which 
h.« not yei assumed any definite shape," These, however, would tit 
m with any meaning that the kinsesthetic experiences might cany. 
We are not in it position, then, to determine the precise function of 
these from the introspective account. 

ffi) An attem pt was made to determine the coefficient «f correlation 
between the images occurring in this series of experiment* an d those 
brought out independently by Secor’s method and KraepWs method 
The result does not prove the existence of any correlation in n satisfac¬ 
tory way. The 1 K as determined bv spearman’s “foot-rule*' formula 
ia nHo.it -32, in the case of visual image. *23 in the cue of verbal image 
ami 17 in the carte of auditory image. The result is inclusive in view 
of the fact that a low degree of correlation (e,g. R= joj cannot be 
demonstrated without about 100 ease* at band.”t It j* very difficult 
therefore in regular laboratory studies, where we forced to ’employ a 
limited number of trained subjects, to demonstrate « low degree of 
correlation in a witisfuctorv auulner 


h i The meaning that I attach to the term •• voluntary inhibition *’ 
has been indicated above. It is dear that voluntary inhibition can 
rake place either when the slgniflcsnl associate appears us a whole or 
m a partial manner. The principal factor that enters into this process 
Er#l. Jaurmxt 0/ Vol. It. pp m 

f ifr*. Jcumttfvt P#iprh„ *p. ®h. 


Tabh thamurj iht ocatrrtmt of the Significant Associate in th> form of difftnnt imagr#. 
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\'S2 A STUDY IN tHiflBITlON OF A3$OCTATlOS. 

of inhibition is the 1 aufgabe ‘—the* instruction which the subject is asked 
to Lijjrry out when he is asked to recUtt by the nonsense associate The 
instruction in this case was given in a double form—positive and nega¬ 
tive The subject was told <+ Do nut react by the meaningful word; 
react by the nonsense syllable,* 1 This double form was adopted par¬ 
tially to avoid the complication introduced by the purely negative 
instruction ■ and partly to explicate the real process that was expected 
to appear in the eonseicmaiieas of the subject. The lirst of them ends 
was but imperfectly achieved in the first aeries of experiments. The 
subject perceived the aufgabe either positively or negatively there 
was hardly a balancing of the two, Later however, the subject wm* 
instructed twice in succession for each scries and the positive and the 
negative forms received attention alternately. Introspection shows 
that the subject wan not acting purely under negative instruction 

{$} The Aufgabt operates as an inhibiting factor in several ways 
In the first place, the nufgabe appears a* a 4i meaning or idea 11 with 
which come a number of secondary processes usually verbal, visual mid 
auditory. Thus the subject R says 11 There was a general notion that 
the meaningless syllable was to be given a verbal utterance, explicit 
or incipient, of * 4 nn h signifying that the significant associate wa- not 
to !k j given + almost always accompanied it." The subject \ speaks 
often of visual phenomena ; 11 grey lines arousing one another appear to 
move about in the visual field " These phenomena, according to the 
subject, represent the negative form of the Aufyob?. 

to the second place thsse secondary phenomena, visual, verbal 
nod auditory, together with certain movements make their appearance 
and inhibit the meaning Fill associate. The associate disappears in 
chariiGirriiitto ways in the case of the different phenomena. Thus, in 
the case of visual phenomena, the significant associate, represented 
visually, “ moves out of the held of vision." hi the Case of the pheno¬ 
mena there ha* often been remarked an alternation of other processed 
mentioned above and the verbal and auditory representations of the 
.significant iis^wirite. 

Lastly, the process of inhibition is brought about through the 
occurrence of certain mdvuiiients. actual or incipient, nf Imud and head 
Here, the WQBC ioo elites of the movements executed nr Intended 
appears to occupy the field of attention for the time being and replaces 
t he Significant associate. A table representing the percentage of occur- 
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renoe of the visual, verbal and auditory phenomena m the process of 
volunwwy inhibition is given below* By this term 11 mixed " w used 


Subject'. ' 

VitHtttl 

Verbal 

Atniiinry. 

Mi»«i 

A 

H7 

2T 

■ f 

0 

B 

AS 

44 

* * 

at 

C 

It 

7£ 

li 

8 

D 

37 
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E 

43 


4 

7 

F 

■ 

os 

-* 

0 


Kifi, a 


here, 1 menu those instances when the subject could not precisely 
indicate the nature of the imagery. 

(9) A high degree of correlation obtains between the principal 
visual nnd verbal image in lig^ 4 and those in hg r (h Although 1 have 
spoken about the iitisa*^factory character of the It obtained from 
subjects, it might be an indication of the qualitative similarity of imn- 
gery in the two cases* if of nothing more. The R, A* obtained by 
Spearman’s 1 fool-nde 1 formula is 'B5 for both Mie kind* of imagery. 

C&nclteJiotf . 

(I} Inhibition is a process of displacement of one mental content 
by another. In thin case, tins meaningful associate displaces the mean 
ingles one from the focus of attention and is in it* turn displaced by 
the aufgahiv 

(2) The process of inhibition is often one of alternation between 
the two mental contents—the inhibiting and the inhibited contents 
l») The inhibiting content is always a romples, constituted of it 
focal content with certain subsidiary image-processes + 

ft) The subsidiary processes may at time* lake the place of the 
focal content and serve as- the inhibiting factor, I'hus, the inhibiting 
fnctor appears in varying degree* of complexity— at the one end lie* 
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the focal image "f the significant associate or of the uiifgahc with its 
tOiiliy subsidiary image-processes, at the other end lie* u lm rely netice- 
(iblp subsidiary imageproeess, with n delayed reaction to indicate the 
fact of inhibition. Between these lie the inhibiting factors of gradually 
diminishing conscious complexity. 

fa; The voluntary and the involuntary inhibition as defined above 
are of the same character. In the former instance, the significant 
associate and in the latter the aufgabc nrc the inhibiting agencies. 
The representations of both of these in iumginal form are similar in 
nature as proved hy the sameness of quality of the images in the two 
case* a* well an by the high degree of correlation obtaining between the 
visual and the verbal images. 

In sum up then, the process of inhibition is brought about by a 
complex of images under the conditions of this experiment}. The 
complex May function us a whole or may disintegrate and function in 
part, fn the case of partial functioning, llie cmaimng factor* are 
not present in cOitsci tins ness, are not detected hv introspection. Vet 
their operation cannot he thought to have reused ; for, the reaction 
lime does not decrease with the decrease of the introspective complexity 
of the inhibiting factor, It can only mean then that the apparently 
absent constituents are still operating as inhibiting agencies. In all 
forms of associative inhibition, the process of inhibition simply moons 
that the inhibited content has been displaced hy the inhibiting content 
-thAt the latter occupies the focus of attention for the time being. 
Thus, inhibition really is a function «f attention. A question may arise 
as regards the reason nf the significant associate and the aufgahe imtur- 
ftlly appearing in the focus of attention. The reason to iny mind is 
ihr complexity of both of these contents. The nonsense syllable yields 
Its place to the meaningful associate because the latter is more complex. 
Tim meaningful associate yields to the an fun be, since the latter is more 
complex. But mere complexity would not explain; there is mother 
factor namely, the relative liability to reproduction Liability of Jtt>. 
production depend* in a large measure upon meaning' and the 

already established associations, Both nf those condition# hold g . . in 

th* 1 cases noted above, 
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1'riy aoakan.tan RaV, M.A., A«*istnnt Projectorof Chnaittfit ■ 
Vfjtttiliu I ' n ivertittf, 

AStn 

I’truNHXMARj Sahkar, ,\l Sc. , Ltctxvrtr in Chttnintry. 
f'alnittn t'nivttsiiy. 

The formation of carbonylfc rrocy anidea by the replacement nf tint- 
of the six cyanogen groups of potassium foixocynnide by the carbonyl 
grnnp was first observed by Mahler and Mfiller.* Playfair t showed that 
similar substitution could he effected by n uitroso group, KO, in 
fcrricyanides producing compounds known ns mt|oprossides, Starting 
from sodium oltroprusside Hofmann £ has obtained n series of com- 
poiirids in which one nf the cyanogen ui'tiup* of the form- and ferriev- 
anides is replaced by XU , H O, X'H , SO , or AsO giving rise to a 
eerie- of iron pen taoyano derivAtives. Manohot and Woringen $ hnvi* 
also prepared ami described compounds which may lie regarded as 
derivative* of fetrooy&nides in which one of the cyanogen group* is 
replaced l>y * met hyInmine, cthyhuicdianiina pyridine, or hydrazine 
molecule Similar substitution products with plumy ihydravdne, ethy- 
hiniinc, and diethy la mine have been detatri bed by fiieaalski and Hauser.i, 

Having regard to these (acts we tried to replace the nitroso group 
of sodium nitroprusside with ti molecule of hexamethylenetetramine, 
ivhu ll is a weak monoucjdie base like ammonia &ud resembles the latter 
in many respects, and lias also been found already to combine with 
various metallic simple mid double salts to form compound* similar to 
those formed by ammonia,*' 

* .-IrlA. rft/.rt. ... f ISfW). C. ft., l*6 t Hit (JS 9 S»- 

t Phil. TwW4., tUtt, *77 (tS4(l|, 

: HtU. on»#■?, ahem., hk aa;-2~a n. ai-iti, n, sjs-sst. ti. N7-iss, 

I Fir.. 46, SS14-3J&I 11EM3}. 

Mi. ttnarg. rhem , 74. 384-38* 

* f'rntsai. Gaizrtin, It, 1.17-43* UtwalMtiw *m1 Toll*H*, Per.. W, lltU-.JkM i /Inn,,, 
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Though the experiment was conducted under various different con¬ 
ditions, in no case a substitution product belonging to the pentaevano 
derivatives with hex amine in the complex was obtained. But it was 
observed that a concentrated neutral solution of sodium n it ro pro aside, 
"hen mixed with a strung solution of hexamethylenetetramine gave a 
fight-brown crystalline precipitate which on analysis was found to be a 
simple molecular compound of the two, This fed us to examine the 
action of li examine with other complex ferro- and ferricvnHides with th«- 
reeult that a series of double compounds of hcxflinine ivith potassium 
terricyanide, potassium cobalt icynnkk and potassium chromtcvariide 
were obtained. Potagsiu m ferr ocysnide, on the other band, did not give 
my double compound of the kind lint when n saturated solution of it 
was mixed with a similar solution of hexamine a crystalline precipitate 
nna obtained win eh. on analysis, proved t<» be simply a partial I v dehy¬ 
drated potassium fcrrocyantdc. Sodium nitroprusside, i>ota?dium ferri- 
cynnide, and potassium eobalticyanide g ive compounds of similar com¬ 
position, which are expressed by the following formula*:_ 


Sn j Fe 


(OH), 

NO 


(OH ;UN t , xHX); 


K iFcjCXy, (L'HJX, xH o ; K,|Co(CN)j, xH,0 

Potassium rbromky*nicK pive 

m [Gt&XUl 4(CH,)Xt O. 

Potassium fesrrooyflnide gave 

K/fafCWlJ, IJH i) 
with no h examine in the molecule 


Complex metallocyanic acids gave rise to a similar series of addi¬ 
tive compounds with hex amine. Those are well crystalline nod com¬ 
paratively less soluble than the corresponding compounds of complex 

/rV. 371-LTfc: Lrv Ann,, 27$, 67 rin ; Dell pins, C* i*., Iffl, (iKU|£l£; i&t 74:1 

74 S, Schwam, rfr. Z, f4* 787 , (&<r> r 3181 - 3184 ; Bwcl^ CJk Z 

]t«i7. i* 487-488; ilehmp*. Bcr, d r Ph O., SOJ-SOf, C^olari Brr 

^2IT-221 Hi HftrbNffj amt r<tfcyJ*ri, AtiL R, A . UiM, v t ii> 684-G|Hj. ihki iy/l 
v. *», U 184-MU: 12.7-ifth Zr il, mtrg. Gktm.* 71, 3*7-356, m| [ L Hathwrl fln ,j ^ " 

Atti* If. A.> MU, v SO, i T 101-1*4; Scipiiiinni, ibid., IDl2 r Vl 21 j, ^1 1** 

^12 ^3; fitbolim, Ibid., m*, V S£ P i, 787-7*2 ; Firbierip ibid. W 4 V ^ L 
*-12- B«i ( 43, li. -W5M7I, l»llt nrvd Ikw*, Afii ^ A 

v,. 2JP* ti, £011^50$ : C*l/olaH tod Tm^mvini, IbkL* IDIS. y ( 44 m i, [J26-EW2 V^uiino hi d 
Kdlinavr, AreJL d. Ph 2&S P +4U-4B*. tfN ScfijsbtrEHi a ml MnmiLCiryui (|j r R t iml 
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metflljocyanide* with hexaraine. They may be regarded either a* 
simple molecular compounds of the acids with hcxnmms or ns the acid 
of hexamine ; which are completely hydrolysed in aqueous solution 
So complex tops containing hexamine are formed in nqueoua solution 
a * demonstrated by the measurements of their molecular conductivity. 
The following formula- represent their composition 
lH,Ffl(CX«, 4(CHJ 4 N 4 , xH O: 3H 4 Fe|CN),, *H n ; 

:iH FeiOS'),, MVUXS. xH ,0; m^CS),, 4 ( CH,).\ 4t xHO. 
Compmmds of hexamethylenetetramine. with fcrro-. ferri- ami cobalt i. 
cyanic acids nf the composition. 

20, H ,S t . H,Fe (CN), . 7]H O 
2(\H, S 4 H FefCN), . H 0 
and . 2C,H lt N, . H Co(C\), . 3$H ; 0 

have been prepared by Wngener and fallen** Evidently the com¬ 
pounds obtained by us are quite different front the above nnd this 
ha* been conclusively .proved by the determination of their molecnlar 
conductivity in aqueous wlution, the results of which are in oomph' u- 
agreement with the molecular formula? established by us. How far the 
diderent results obtained by these workers are due to the actual exist¬ 
ence of a different aeries of compounds as stated by them, and how far 
! hey are due to imperfect washing of the crystals or to the impurities 
present in them as admitted by the workers themselves in their paper 
cannot he definitely stated. 

Interesting results have, however, la?cn obtained in the action i*f 
hexniuina upon sodium cobaltinitrite, in which it appear* to replace one 
of the NO, groups nf the complex anion [Oo(NO,),J— . Compounds with 
complex acids such as mercuri-iodic acid ffl Hg[ ( ), ohromithiocyanie 
acid, i aid mi-iodic acid i H Cd 1,1 nnd totranlt ro-dm m m i nr cobaltic acid 



have heon obtained A study of these compounds aud of the action nf 
hexamine on various other metallic complexes are in progrenH. 

ExTEK [MENTAL, 

Compound of atxlintu » hropruJitide /md htmmeihyltneMtraminr.. 
PrupttrutioH.— A concentrated solution of sndium nitropru aside was 
mixed with a strong sojution of b examine. Light brown crystals of the 

• Afrr. ( IS, 4IS-4UI, 
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tlouMe compound at once separated out. These wore drained, washed 
with a little water and dried in the air They were readily soluble in 
water giving a brownish ml solution. 

dao/yjw.—The percentage of nitroprusside in the compound was 
determined by the decomposition of the substance with concentrated 
sulphuric acid and the estimation of iron. For the determinatfbn of 
In xaminc un aqueous solution of a known weight of the substance was 
treated with a solution of cadmium sulphate. Nitropntteide was prenipU 
tat ed as cadmium mtropruwide. it was filtered off and washed with a 
dilute solution of cadmium sulphate. The filtrate was then mixed with 
A known volume of standard sulphuric acid and evaporated to dryness 
on a water-bath Th% residual sulphuric acid was then determined by 
titration with a standard alkali From the amount of the und nse.i „ p 
the percentage of hexamethylenetetramine was calculated.* 


•''ample I. 

O iCisp gave n ISHaFe.O,. Fc=U ls« , 
Hl’tlifla required :i'£T 2 «o.c. X |H Su t 
for conversion into ammonium sulphate. 


{CH ; ),\ t =24t 

■Sample If 

t ■ r 751 gave O -152SFy I) . Fe=0-1 
4fj»7 required :t \ 94<■ c. X lH.SU 
for Oonversion into ammonium Sulphate 


and 


[Cif 

— [CI*s") "] * ” 

^ NO I ’ 11H 0 requires Fe=fr3 > 

(<3B i },N 4 ^3S‘3% 


Compound of potoHitm ftnicyan&U o»d htsamethyUneutrimine. 

Preparation -When a saturated solution of potassium ferric van id* 
« a* mixed with a saturated solution of hexamine, beautiful golden “yellow 
crystal* of the double compound were obtained. They were thou 
drained, washed with a little water, afterwards with aqueous alcohol and 
ivpre thi n dried in the air, 

.4»!%™.-The determination of potassium ferrioyanide was carried 
nut by ignition with strong sulphuric acid and estimation of iron. 


■ Bs^. Ph, z., sr*i (juoj). 
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Hexamethylenetetramine was fstimnttd as in the previous compound 
precipitating off the ferricvanidinn a* caff mi urn ferricyanide with a 
solution of cadmium sulphate. 

Sample l. 

it-34Utt gun? iMH57Fe p , Fe=fl 1% 
o i031 required I*0l 7o.o, N T IH SO t 
fur titmvarnimi into ammonium sulphate, 

Sample J l< 

0 4 537 gave 0 0MeFc- t O , Fe —9 ©5 
0 2315 required 1*73558,0, N IH SO* 
for omivi-rHion into unmrnmiiim sulphate, 

(bViJ,N,-3W3% 

K |Fr(CN)J, (OH,),\\, 9H,0 requires Fe—and (OH i„S 4 

=22 2 per cent, 

('■ujipw/.iri of prjttiMium cafyaUu'ijanid? with htxamethttU.wfrirtiMinr-- 

Vr*ftnvn!i"ti Saturated solutions! of potn^him cabal tie vankle itud 
hexamine were mi xml together. The compound was obtained as f, 
white crystalline precipitate The crystal* were then drained p washed 
with a tittle water, afterwards with aqueous alcohol and finally with 
nhanlute alcohol They were then dried in vacuo over sulphuric auid. 

A*taiy&i#.—OQb&\\ wan cal-i mated. after ignition of the compound 
with concentrated sulphuric acid, by precipitating it from the solution 
us cobaltia hydroxide by meana of bromine and caustic potadh and 
hnally igniting the precipitate in a current of hydrogen and weighing a- 
metallic cobalt. Hexamethylenetetramine wm estimated as in the 
previous wise after the removal of the eohaiticyanirlion ns cadmium 
cobaltioyanide with a solution of cadmium sulphate. 

Sample L 

0-5B80 gave Co, Co=]»T% 

mm2 required 1TS37 e.c. N iH t SU* 
for conversion into ammonium sulphate, 

(CH^K 4 =23o% 
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Sample 11 

O'303) gave 0 0373Co, Co= 10-2% 

0 2103 required l 4032«.c, S/tH^SO* 
for conversion into* ammonium sulphate, 

(OH.W^-M-1% 

K [Co(CN).f, (C*H j.N,, BH.n requires Co«=10 17 and (CH,)*N, 

= 24-16% 

tflWjfwiDHf <)/ potassium throw i f.ijn»td u. «tut h&XQrntihyl* 

Preparation.—Saturated solutions of potassium chromiey snide and 
la-Kami in wore mixed together, The double compound was obtained as 
a light yellow crystalline precipitate. The crystals were then drained, 
washed with a little water, then with alcohol and were dried. 

,-l tiaty&is. -t hromium was estimated a« CrO niter decomposing 
the compound with concentrated hydrochloric acid. Hexamine was 
estimated as before after precipitating off the chromicyamdion as end- 
niiitm chromioyanidc with a solution of cadmium sulphate. 

Sample I,—(air-dried), 

0-2206 gave 0 02440 0,, Cr = 7’4% 

« 2005 required l?8 o.e, N/lH t 80 4 
for conversion into ammonium sulphate. 

(CH t ) 4 N^27«% 

3K lCr(CN)J, 4(CHJ,N ( , 30H.O requires 0^=7 5 , (CHJ.N, 

=270% 

Sample If.—(vacuum dried). 

0*3383 gave 0-0405 (T O . Cr=f*T8% 

0-2257 required V877 o,c. N/1H ; S0* 
for conversion into ammonium sulphate, 

(CH t ),N 4 ^23-9®% 

3K f'/r(C\«j, 4(f'H ),N., 24H O requires 0=7-83, (CH i,\ 

—28 0% 

Art ion o/ hexamUhylcntMramine on pofasaiimj /srroejunidr. 

A saturated solution of potassium ferrocyanide was misted with a 
bimUar solution of hexamine. Yellowish white crystalline precipitate 
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separated out in plltfS, They were then drained, washed with a little 
water and dried in the air 

A n — 1 run w as esti m a ted as Fe t O T after decord pos i n g th e 
compound with concentrated sulphuric add, 

0*5454 gave 01 US F^O,. W*= I4'2tt% 

0 *7lrt gave 0 0553 Fe ( 0 (J Fc= 14 2% 

KjFefCNjJj HHjO requires Fe=l4'l8% 

C&mpauTui# of hmmeih^lfnei^tramiw with hydrojtrtocyaiiic acid. 

Preparation .—A solution of freshly prepared pure* hjdroferrocyanle 
acid was made ami was mixed with a solution of hexamethylenetetra¬ 
mine. The compound aopsrated out as a milky whits crystalline pre¬ 
cipitate. The same compound is also obtained on acidifying a mixed 
solution of potassium ferrocyanide and hraamine. The crystals were 
rapidly drained, washed with n lit lie water, then with aqueous alcohol 
and finally with absolute alcohol They were then dried in vacuo over 
sulphuric acid. When perfectly dry they arc fairly stable but in moist 
air the $tib$fanc* gradually develops a yellow tint and after some days 
becomes green owing to slow decomposition with the formation of prus- 
dan Min\ 

With an excess of bexamirta solution, however; no separation of the 
above crystal* took place The solution turned slightly yellow and the 
colour intensified on keeping. On evaporating the sduhem in vacuo 
over sulphuric acid. Lemon yellow crystals 'were obtained* These were 
drained, washed with a little wainr, then with aqueous alcohol and 
finally with absolute alcohol. They were then dried. 

Analysis af the. white row pound ,—Ferrocyauio acid was determined 
by estimating the iron alter decomposing the compound with strong 
sulphuric acid, i [examine was determined as in the case of compounds 
of mctaUooyaiudes with hex a mine, after precipitating out the ferrocyaui- 
dion m cadmium f^rrocyanide with a solution oF cadmium sulphate. 
Fhe amount of sulphuric acid liberated in this reaction was calculated 
from the percentage of iron previously determined and this wah taken 

* 

4 A -cilution of i^tudiura jtrrvryAnid^ « u ftJt-ulifte*U *illi coni^i-ntrAtcii h^drocfilorif 
arid, iln- |ifEcipi!nM pnlajuritim diturklo wins diiiatvd by tiif A,iJdiIkjn «f more «f»nt 
FsfffKViftliD icid tlii-Ek prwipilttid by inMim ol eihi>r. Th* rry.'Ljili wejm I him 

drained und wiiahtsd with hydfocblpria field mid t*lhcrT. limy wwnt ftftPrwarri* duftclred 
in riflul.ite nlcohnl. filtered *nrl repr^njnUUed with *th*r. 
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into oomido ration in ealouhittDg tlie percentage of hexamet hylenetetr 11 - 
mine. 

■Sample I, 

0:3r>4 4 gave 0*060? Fe 0 ,Fp= 11*79% 

0 Ift4fi required l'9H?o.e. X Hi SO*. (0H,),X 4 =37'6. 

Saui pie 1 [. 

0‘**030 gave 00007 F^O Fe*=ll-?% 

0’ 3 433 required 3-5007 e.c. X I FT SO, , 
for conversion inlo ammonium sulphate, 

(CH 1 ),N,-37-2% 

3HjFe(CK),j t 4(CH,)*N, 1311 O requires l-Y = 11 on ami (CfM,X, 

= 3**8% 

Analyst# of Ike yellou' compound — The sa me procedure was adopted 

a* in the previous oast*. 

Sample I .—{air* dried j. 

0-2967 itftve 0 0461 Fe= 10*87% 

0 1333 required 1778 0 c. X 1H Sit 
for conversion into ammonium sulphate, 

(0H J ),N 1 =.U4‘\, 

3H,[FetCNlJ. 5(0Hj»N t , l0H £ O requires Fe= In sr, and (CH )*X\ 

=46*8. 

Sample I (.— (vac mini -dried). 

0-5034 *ave 0*0003 Fc I) , Fe^ll‘7% 

0- 2087 required 2- 03*1 c,«. X, j H SO 
for conversion into ammonium sulphate, 

(CH t ),X t =40-4% 

3H,| l-efOX),]. 6(<*H r l,X t> 4HI O requires Fe=lt "5 and (CH ),N, 

= 4 00% 

Compound of hydro fetricyanic ttcid and h^am«ihyhmt€tr<tminr 

A solution of potassium fetricyanide wan mixed with one of 
hexaraine, Xo precipitation of the metallocyanide compound was 
pnsaibic at the dilution employed On acidification with dilute hydro* 
chloric acid bright yellow crystals (separated out from the solution The 


mumlTMUs KBX’kilBTJI^LENttTIlTRAMISK. 143 

crystals were drained, washed with a little water, afterwards with 
alcohol and were than dried in vacuo over sulphuric acid. The subs¬ 
tance h quite stable in dry air, btit in the moist air slowly decomposes 
after a long time, 

Analy&i*, -Iron estimated after decomposition with concen¬ 
trated sulphuric arid, Hexamme was estimated in the same way a* in 
th ft ease of the farrucyanic acid compound after precipStating off the 
ferracyanidfon as cadmium ferricyanide with a solution of cadmium 
sulphate 

^ if3542 gave tMJSftftFeA, Fe—H'30% 
iu-SflM gave frQ.48]l»\O w Fe=ll-22% 

0*1654 required 173^4 c,r. N 1H SO t 
for eon version into ammonium sulphate, 

o(J° 0 

3U [Fe(CXj 4 j p 4(CH|) 4 N^ ItiH O requires Fe—11*25 and 

UoMftotiTui of cobalt icyanic fit id with kexamtthyUn&Utranrin*. 

Preparation . — A solution of potassium cobalti cyanide was mixed 
with a solution of hexamethylenetetramine, no precipitation taking plane 
at the dilution employed. On acidifying the solution with dilute 
hydrochloric acid white crystalline precipitate was obtained. It w m 
then drained, washed with water, then with alcohol and were dried in 
vacuo over sulphuric acid. 

A mly&i #.—Cobalt wm estimated a a in the case of the potassium 
cobalt icy a nide compound. Hexatnine was estimated in the same way 
m in the previous inetaNocyanir acid compounds, idler precipitating out 
the eobalticyanidfou ns cadmium eobaltieyanide with a solution of 
cadmium Hiilphate. 

0‘2flSH gave 0.n375 Co, Co= 12 
ip L54if required I'SSIfie.o, N/lHjSO^ (CH,kN\=42 j 3°„ 
3H[Co(CN)J h 4(CH ) x S t OH O requires Co = 12 Sfland {CHj,N, 

= 40 * 7 % 

QmdwHmts Measurements, — Electrical conductivity of a solution rtf 
bexaminc in conductivity water oh well && of solutions of some of the 
jibove compounds were measured, The results ure given below with the 
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molecular conductivities of same of the metftlJwvimides and metdlo- 
cyanic ncids for comparison. * 
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* * “ O MU ® 0f the forri - or cohultioyaiiic acid compound 

contain* three acid molecule*, the dilution for a molecule of these 0<im 

pounds correspond* to one-third of thai for a molecule of the acid 
For example, the dilution of 1390 litws for a molecule of the v.>Ho W 

ferrooy&mcacid compound corresponds to •- y ■. j. e . tmfnr the ferrooy 


* T- Chtm. Soc,, IBlp. US ind 116, J13I. 
t From Kohlr»uwrli‘» Tibkn, 
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an sc acid. The value thus obtained, fairly agree* with that for the free 
hydroferrocyamc acid at the corresponding dilution. 

The results of these measurements confirm the additive nature of 
the compounds obtained and establish their molecular formulae as 
arrived at from chemical analysis. 




THE COAGULATION OF .METAL SULPHIDE 
HYDROSOI.9. 

JsaSEXDR* Xa PH JlUKHBiwt, M.Sc,. frcturw i* Ck$wi*tr(t. 

Univf.mUy of CttleuUti 

The* condition* determining the formation and precipitation <>f col¬ 
loidal elution* art' of fundamental importance in colloid-chemistry. 
Of the class of colloid* generally known aa susponsoida or irtevendble 
colloids, amemooa sulphide hydrosol has been investigated more thor¬ 
oughly than others, and some o! the main generalisations mm riling thi« 
ela** of colloids rest mainly on experiment* made with it. 

It is now generally held that the stability * of these sols, that is, tin u 
continued existence in u stale of fine subdivision is intimately connected 
with the electric charge of the particles. Some refer it to a kind of 
protective action which the electric double layer {supposed t<> exist .it th*' 
interface) exerts on the particle*. Ki j yarding the origin of the charge we 
have no clear idea though different suggestions have been made The 
different views may be roughly indicated as follows: — 

(1) The charge is due to a sort of contact electrification the col¬ 
loidal particle* carrying charge of one sign and the adjacent Tiquki tftvei 
having an equal and opposite charge. 

(2) The colloidal particles are ‘‘macroscopic" ions resulting from the 
dissociation of complexes with ordinary ions of opposite charge. 

1 3 ) The charge is due to a Hcetivo adsorption of ions existing in 

the liquid. 

The only theory that attempts to give a connected account of the pro¬ 
cess of coagulation is that due to Freundtieh, The 1 adsorption theory as 
this is called reals on the dose connection between adaorbnbilifcyofan ion 
arid it-? coagulating power showed by Freundlich and hi* collabomtoi- 
The theory assumes that the same rate of coagulation is due to adsorp¬ 
tion of equivalent amounts of the oppositely charged ion. The adsorp¬ 
tion theory doe* not attempt to explain the mechanism of coagulation 
and it has been put forward that coagulation is due to an asymmetry 

•Tht-W *i»|i are mu orftinnnly m rim* thBlin wlynamlt! ouw. 
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in tin- -charge of different particles* Smoluehowsky hold* Unit tins k 
rather improbable. He has formuLiter! the process of coalescence of the 
particles in terms of their Brownian movement or diffusion t He doe? 
not attempt to connect theoretically the electrolyte concentration with 
the rate of coagulation. 

It was pointed out by Hardy that the colloid separates totally from 
the sol at the ko-electric point, that k 4 when the colloid particles carry 
no elec trie charge Barton Sn bis book Physical Properties of Colloidal 
•Solution mention* experiments supporting this. Work on the migra- 
lion velocity of colluidal particles in an electric field has shown that 
even when coagulation take* place immediately after the addition of 
an electrolyte the particles carry electric charge. It would appear from 
the sequel that instantaneous coagulation can take place lief ore the 
uo-etectric point baa been reached,^ regards the forces that cause 
coalescence to he similar to tlirioe which give rise to surface tension 
and holds from the analogy with the well-known <*ase of mercury 
that with decrease in electric charge these forces should increase in 
intensity and the maximum is reached at the tao-deetrio point. One 
may conclude from thin Hun substances which diminish the surface 
tension would help coagulation, Kruyt and Ouin$ carried an experi¬ 
ment with substances like alcohol, phenol and others and arsenious 
sulphide sob but did not find any definite evidence of such an effect, 
ft is necessary to point nut that these so-called Kapillaraclivi 3U 1>. 
stances ditginkh the tension of liquid-air surface and no conclusion 
con be drawn as to what influence they may have on the cotloidliquid 
interface, 

It would appear from the sequel that the quality of the hydrosol is 
of great interest and that sufficient attention has not been paid to this, 

Methods of Measuring the Coagulating Power nf Ekotrolytea. 

it has beau pointed out ] that the order of the coagulating powers of 
electrolytes given by Linder and Pie ton and by Freundjich for arsenlous 
sulphide sol does not agree. The methods used by them for measuring 
the Mingulative power an- defective, A simple and sensitive method 
consists of noting the times fit winch definite changes in the j*o! take 

* Ftfuiijlit-h fffljw, * Futmltf Jiar- , ^ I M.i|3.. 45 
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place. This procedure is also free from ' h® defects of previous methods 
Xt is interesting to note that results obtained in this way have been 
00ttfirmed by later work * usiuu other methods 

Vunditima 'tffectinij th* rate i>f VuagulaUon 

(<t| The distance between the particles of the sol- 

Linder and Picton and Freundlich showed that the greater the 
sulphide content of a sol the greater the quantity of electrolyte necessary 
for coagulation. This has been adduced in support of the adsorption 

theory. * . 

It is assumed that the greater the amount of sulphide m a given 
volume the greater h the sulphide-liquid interface. An increase in 
surface required that a greater amount of the coagulating ions is neces¬ 
sary to produce the same surface ounoentmtion, Relatively high c °n 
ocutrations of uni-uni valent electrolytes are necessary for coagulation 
The amount adsorbed being small, the concent ration of electrolyte ne 
cessarv for coagulation would be independent of the sulphide content of 
the sol, This is generally stated to be tho case. For electrolytes with 
multi-valent cations, very dilute solutions sulfice for coagulation. The 
amount adsorbed is comparable to the total quantity of electrolyte 
present in these coses. In agreement with this it has been observed 
by Freundlich and others that the amount of electrolyte necessary for 
ooftgulation ist roughly* proportional to th-c colloid content. 

It has been shown hi we vert that the** statements arc not jus tided 
by,facts and that the distance between the particles have an equally 
important effect. These two factors have opposite effects. With copper 
sulphide and mercuric sulphide hydrosol* high concentrations of coagu¬ 
lants are necessary for instantaneous changes In the sol. The amount 
of electrolyte adsorbed is negligible in comparison to the total amount 
present. In these oases changes in surface have no perceptible effect and 
the distance bet ween the particles have a marked effect. With erseninm 
sulphide sot under suitable conditions the distance between the par¬ 
ticles lias been shown to exert a greater influence than the change 
in surface even with an electrolyte like IinL'1 which require* it 1"'' 
concentration of electrolyte for coagulation 

• Vnuagaod p^,.. r . KU7. HI, Knm *■>.* Spilt. K'H ZtU-, tsm» 
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The fact that on increase in distance between the particles m 
rreaeee the stability of the sol leads to several interest ing conclusion*. 
Woudotra * pointed out that the Brownian movement of the particles 
heinn (lit* cause of collisions between the particles, a change in distance 
would mean a change in the frequency of the collision* of the particle* 
An increase in distance between the particles will reduce the number of 
collisions in unit linn* and thus reduce the facilities for cool'wwnce. Thi* 
can be calculated from Sm**Un-how ski's equation.-f 

Further for ursenion* sulphide *ol> there is an rkfitnlvtc roii' 
t'eiHrntion which produces instantaneous coagulation, Shut is, the .-epji 
ration of the colloid in visible big tlakes This undoubtedly shows 
that the collisions under ordinary condition* are very large in number. 
Consequently the time taken for the formation of big flakes frpm i 
large number of particles is practically nil. On inereasms? the dis¬ 
tance between tin* particles (say by dilution) instantaneous coagulation 
f-till takes place though the minimum electrolyte concent rat ion is 
higher in this <*«»*. The possible explanation is as follows:— 

The minimum concentration of an electrolyte necessary for im¬ 
mediate coagulation will he called the coagulating concentration 
If X he the number of collisions between two particles of n sol 
at any moment we have that X is n very large number. The truth 
of this will he apparent if one looks at the panicles under an ultramL- 
erosenpe. Let. tts assume I hat -m diluting a sol, the individual particles 
do not change in any respect except that the distance between the 
particles increases. The number of collisions will change from -N 
to N, though N is still a very large number os instantaneous 
coagulation is possible. Und»*r ordinary conditions the majority of 
these collisions do not lead to « coalescence of the particles. With 
increasing concentration of an electrolyte, the percentage of collision*, 
resulting in coalescence of the colliding particles, increases rapidly 
till they become so numerous that the coagulation w instantaneous 
Let m denote this lowest value of auona&sful collision* that- produce 
the observed effect of instantaneous coagulation |,y Ti lr pf , T _ 
ventage of successful o nil is ions is determined by the potential of the 
double layer at the surface of the particle ; that is. by the electrolyte 
concentration. Considering the same set of part Ides and the name 
electrolyte the higher the electrolyte concentration the greater the 
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percentage. If and C hi- the coagulating concentrations ins 
defined above) cuiTaapcmdmg to the sols having N, and X number 
i<f collision* at any moment then we have that both have the same 
number of successful collisions, that is, n. And if l 1 and P. be the 
percentage of successful collision* corresponding to the dec truly U- 
eoneontrations C, and C (in the bulk of the liquid), then P,N, -=* 
P,S = n 

Since N < X we cad sea tlmt 0, > C,. In short the explanation 
IS that the smaller number of collisions on increase in the distance 
between the particles is balanced by an increase in percentage of suc¬ 
cessful collisions din- to an increase in the electrolyteconcentration. 

Evidently the neutralising effect <»f on Increased concentration 
.if clectrolvte i* inexplicable if coagulation takes place at the iso- 
electric point, t-'rom the adsorption theory alone id so this cannot be 
explained as mentioned before These have been confirmed by Kruyt 
and Spek* and they have pul forward n similar explanation. They 
dn not draw tin- important conclusion that instantaneous coagulation 
lrtki-s place before the iso-electrk point i* reached. Moreover, it is 
apparent that there is no 11 definite critical “ value fur the potential 
of the double layer above which the sol i* -laid-.- and below which it 
is unstable but that the coagulation time is simply governed by the 
total number of successful collision-, 

(b) The anotualnus role of dissolved hydrogen sulphide, 

It is well known that the sulphide sols are generally prepared with 
hydrogen sulphide and sols rich in sulphide coagulate in it* absence. 
In view of these farts it is difficult to explain the complex effect that 
dissolved hydrogen sulphide bus on the rate of coagulation of these 
.-ole with electrolytes. The electrolyte and the sulphide both play an 
important part in determining the influence of hydrogen sulphide. 
In the following table the results am given. In some coses the pre¬ 
sence of hydrogen sulphide requires a higher concentration of electrolyte 
for coagulation, i,» makes it more- stable, In Other eases the reverse 
i* the eaga jt is needless to add that the Mate thing happens if the 
times for coagulation are noted. 
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Sulph » 5 p. 

\. Ar^ninii* Siilphiil* 

- AImsuiHc ^ijtphiJr 
ll Cupric Sulphnlt 


Table 1, 

Kte* mrlyfcy whidi 
uirpAlf-r mnljHiKy wh* n 
hydrnvpa suilpbiJi* u 
piv^ni. 

KCL HCL \H*CJ. LIC1, 

Al. i-SO^s. 

^^--L Al|f8Cl|,h „ , 

8*0* 


KJ.-.'lrulyf.^ which 
■how lam ■iflbijity when 
Hy?Jro(jcn -uEpliitl* j- 

prcwdfc, 

Hm % r C*C\ tw 8rCI#, 
Msso, 

.* BmCIj, 

- KCI. AK^iSO, , 


riiin anomalous effect of hydrogen ^ulphidi is without pmUM 

Sn *0 tar ns it is the substance which is lifted in the preparation of all 
these sols. 

On the other hand, experiments with slight trm e* of alkali and 
some other substances of ft complex nature show the same protective 
‘fleet for the electrolytes examined. 

A detaUed discussion Of these complex observations is not possible 
unless certain ou-related facta arc known. These are the changes di- 
solved hydrogen sulphide brio? about in the charge of the particles 
their size, number and lienee the total surface of the colloid l| particles 
But certain conclusion* can be drawn from the fact* already known 

The possible influence* of dissolved hydrogen sulphide nmv be divided 
into two classes :■ — 

ill The nature of the cnlluhi i, ohutgad. Thia h«. a WnI11011 

influanee on th« process r™ g nlati„„ indepandwt ,.f the ntil, ire „l 
the electrolyte 

,2 > The coagnlaiire power of the ion is changed. 

The different behaviour of the coagulating ion* can then be ex- 
plained by assuming that their adaorbability changes in the presence 
Of hydrogen sulphide. Adsorption being selective i„ nature it is 
<jujtc possible that the change in adsor liability is different fur the 
various salt*. To explain the opposite effects shown by the same elec¬ 
trolyte with two different sulphides it will be necessary to assume that 
the chance in ndsorplion is different for different sulphide That f* 

■f m presence of hydrogen sulphide the adaorbabilitv of potassium 
chloride by copper sulphide increases, it is quit- possible that it de- 

****** ,hf> case of su )p^ide Such explanations show 

simply that nothing definite is known of t he nature of the ndsorption 
proreKH and anything may b 0 expected. They also show that the 

^-called adsorption theory fails to give a definite idea of the prw-eas n{ 
coagulation. “ * ”®°* 
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\cj Temperature. 

The influence that change" of tom pi-rat lire may have on the mte 
of coagulation is nf import mi re for a correct understanding of its 
mechanism. Unfortunately nothing has been done on the subject. 
In a recent communication to (he t'hemfcal Society (London) it has 
been shown that temperature has an anomalous effect si mi hr to that 
observer! with hydrogen sulphide, but the effect is more com plica led 
The electrolytes cun be divided into three classes: — 

i 1 * A higher concent ration of the electrolyte is necessary for the 
same rale of coagulation at a higher temperature. Po¬ 
tassium chloride, potassium sulphate, potassium nitrate, 
lithium chloride, sodium chloride nil show this effect, 

(£) At the higher temperature a lower concentration of the i lct- 
tTolyte is necessary for the same rate of coagulation, Ba- 
rium chloride, calcium chloride, strontium chloride and 
magnesium sulphate belong to this group, as also hydro¬ 
chloric arid and sulphuric acid 

(3) The observed effect is complex and varies with electrolyte 
Concentration, quality of the sol and the range of tempera¬ 
ture change. Aluminium sulphate and thorium nitrate 
hplonu to if,is class. Sometimes a higher concentration i- 
nrceMary sometimes a lower, 

Experiments showed t hat hydrogen sulphide produced by increased 
decomposition of the sulphide at higher temperature cannot explain 
the facts A change in arisorhabtljty CAnnot also explain the different 
effects observed with different concentrations of the electrolyte or 
with a variation in the quality of the sol. 

These complicated results show the inadequacy of the adsorption 
theory 10 explain them. Only a thorough investigation of the process 
of coagulation in all its aspects can lead to any satisfactory explan¬ 
ation of its mechanism. 


ON THE DISINTEGRATIVE FUNCTION OF 
ATTENTION. 


N. N, Seswptx* M.A., Pr.D, (tforwmj), 

Actfpir^r i># P*ych0fogy § ttnimttitg of ( aimtta. 

Attention, according to Wundt is n process essential to uppmcep- 
Uan, Our consciousness of meaning in its most complex formation, is 
apperceptive at. its Ijja^eh. It follows then that attention to any fact 
would lead tn the enrichment of its significance This is the general law 
governing the relation between meaning and attention; and ii is in¬ 
dependent of the validity of Wundt's assumptions concerning the atten - 
tional process, inasmuch as it is verified by a large mass of facts even 
in our every day life. „ 

The very certainty of this general law makes it imperative for 
us to study any fact that stands out a- exception. The purpose id 
this paper is to study an exception of this sort. 

Many of oh have noticed that a prolonged fixation upon n mean 
ingfiLil word renders it meaningless and transform* it into a group of 
meaningless lotter-H. Sometimes even the letters grow strange and 
unfamiliar. Such phenomena occur in the Bold of visual attention 
no loan in the case of auditory attention, ft is our purpose in thitf 
paper to present h preliminary study of thin fact. 

Though a matter of common occurrence, the phenomenon has 
received hut scant notice. The only study which we have come arrows 
is by Washburn and Severance in the American Journal of Psychology 
lf)U7 + * The materials with which Washburn carried on the study 
were six-lettered words, in long primer type rut out of the same 
periodical. Those wore placed on a white back ground. There was 
no capital letter. There were six subject* all trained in Experimental 
Psychology. Each subject had to fixate the word presented for 
three minutes at the end of which introspection of the changes was 
taken, The time of " toss of meaning* waa recorded by a atop watch. 
The average time, as calculated from the dats given in the article 
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inferred io p for three oases h 223 tree* There are four significant 
changes noticed by Washburn : (i) after a few seconda 1 fixation, 
the letters constituting the words arrange themselves Into two or 
more group*; aamatimea, a letter or two pass out of notice ; (2) some 
of the letters undergo spatial distortion; eomo of them, such as p r d. 6 P 
pfo., turn upside down, while others such as 1% l t / p assume a slanting 
posture; (3) attention b focussed on the artificial groups of letters 
mentioned above; (4) foreign Meooiation* crop up and temporary 
meanings are attached to the groups of letters thus rendering the 
total word meaningless. 

The following conclusions are drawn by Washburn from the data ; 

(]) The logs of meaning sets in with a visual re-arrangement of the 
letters. With the visual re-arrangement come it^ auditory—motor eor- 
rospondetita, ff the normal visual arrangement corresponds to the 
auditory-motor factor, there b a prolonged meaningful state, 

12) Some of the letters ami syllables turn out prominently—they 
give a turn to the words. 'Thus a, m become prominent. 

When a word is unphonetreally spelled it suggests the sound 
of letters rather than of the total word. 

[4) Meaning is dependent upon the continuance of the total sound 
image of the word. 

(5) The sound image disappears with the shifting of visual atten¬ 
tion. 

The experiment dcserilwsd above is capable of improvement in 
many directions. In the first place, if the vbual factor plays an 
important rfile in the causation of the phenomena, it is but natural 
that the spatial interval between the constituents of a word would 
he of great significance. Secondly, the number of latter a would surely 
affect the process of fosis of meaning. Thus, the stimuli should be 
prepared so as to form a graduated series with respect to these factors 
Again, the time required for bringing about the state of iiiguningless 
ness would indicate how far each of these factors is important for the 
phenomenon. If the time needed fie the same for three-lettered word* 
as for the four-lettered ones, it would mean that the number of letters 
b not a determinant of the process. If on the other hand, we find 
that corresponding tp a graduated series of words (with respect to the 
number of letters] there is a ufadu&ted series of times, the number 
of letters must lie regarded as being of importance. The same thing 
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hold? true of spatial interval between the letter* of a word. Lastly, 
if the phonetically and min-phonetically spelled words, consisting of 
the same number of letters do not differ as to the time required for 
bringing about a state <>f meaninglessness, it would mean that the 
sound image of the words does not play an important role. The follow- 
rug study is calculated to throw light on some of these problems. 

Materials* -{ 1 1 Two series of words for exposure were prepared. 
Each series consisted of five sub-series of three, four, five, six and eight- 
foitered words. Each sub-series had live words for exposure. Two 
words in each sub -aeries were phonetically spelled Jasferow's Memory 
apparatus was used for exposure and time won recorded bv means of a 
atop- watch. There wore four subjects nil trained in ex peri mental 
work, 

(2) Four scries of words for exposure were prepared. There were, 
ns before, three p four, five, six and eight-lettered words—live of each 
kind in a series. There were a ho twelve phonetically spelled word* 
in each series. Each series was divided into five a 1 , 1 b -scries, but the 
constituents of a stih juries were not words with the same number 
of letters* There were throe, four, five, six and eight-lettered words 
in each sub -series. Their order of presentation was irregular* 
frrow's * memory apparatus' was used, as before, for exposure. The 
time was recorded by stop-watch. There were three subjects who 
had studied Psychology, but were not trained in experimental work, 
i'i) Two scries of six-lettered words were prepared for studying 
the effect of the apace interval between the letters. Normally there 
was a space-interval of 2 rain, between the letters. In one of the series, 
this normal interval was u*ied ; but in the second an interval of 
4 mm, was given. The same words were weed in the two series. The 
order of presentation was irregular. The words used were written 
m ink in capital letters throughout the investigation. Only three 
subjects, E t F 9 fw r worked for this* part of the investigation. The 
number of words in each aeries wan ML 

Procedure .— The subject sat before the exposure apparatus with hia 
eyes closed, A stop watch was placed in his hand to be started as soon 
as he haw the word exposed, and to be stopped a* scon as the los* 
of meaning eet in. Another stop watch was used by the experimenter 
for recording the total time ct exposure. This procedure was followed 
throughout the investigation. Jntroipautian was recorded after the 
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exposure aperture of the- Memory apparatus had been closed. The 
subject was not allowed to sec the time recorded by him. An irregtj* 
lar interval, in no cose less than three minutes, was allowed as respite 
between exposure** A few practice exposure* were given on each 
day. Not more than two sub'Series was given on one day. It wn~ 
a " procedure with knowledge.” 

/)a/<i + —|S) The figures given below indicate the mean time (in 
seconds} to the nearest whole numbers required, in the case of the 7 
subjects of the experiment. For the setting in of the loss- of meaning. 
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The M.V/s are also given to their nearest whole number*. The firat four 
subjects participated in the first part of the investigation. Thus they 
had only two exposure-series or fifty words each. The last three had 
four exposure-series or LOO expo sure-words cadi. It will be noticed 
that the M.V/s are not small enough to guarantee a good average in 
eaeh mm. ?>tilj p considering the complex nature of the operating 
fuetora in such experiments, they are not abnormally targe* The 
M-V.'a in Washburn's experiment too were larger than J0% of the 
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averages as calculated from the figure* given in the published report 
of the experiment, 

(2) The figures given below indicate the difference between the 
averages of the time required for the loss of meaning to set in the CflftO 
of phonetically and non-phonetic ally spelled words. 
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h will be seen that the difference in most eases forma , but a ^uiall 
percentage of the total average as given in Table l. Thus, it might be 
said that the phonetically and the non-phonetically spelled words differ 
hut little for the purpose* of this experiment. 

(3l The following table represents the variation in lime due to the 
difference of space-interval. The time is given in seconda to the near¬ 
est whole numbers 
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(4) Introspective data ■— 

(i Certain visual effects appeared very frequently during the period 
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uf fixation, All the sohjrets have notipod lheat- pheno¬ 
mena 

(а) In tin' first place, the apace between the letters either en¬ 

larges and the letters stand apart from our another; or 
it diminishes art that the letter* approach one another 
and assume the shape of diphthong syllables, In both of 
these cases, the loss of meaning sets in. 

(б) Secondly, the letters, especially k,t, I, etc,, assume a skinting 

posture. 

(e) Thirdly, the letters appear on different spatial planes, 

(fi) Fourthly, there is a peculiar spatial distortion nf certain 
letters: p,b,d t etc,, appear turned upside down, This 
has also been noticed by the subjects nf Washburn’s ex 
periment. 

i/) Lastly, there is a confusion of frequent occurrence between, 
ff and q, f, and f, etc. This confusion is of it visual char 
acter and " seems to he the outcome of imperfect fusion 
between the image of the letters q, i, etc., ami the per¬ 
cepts of ij, t, etc. 1 ' 

(fi) Certain sensations of tension cHprcially from the region, of eye 
were often noticed. 

(iii) Certain letters stand clearer to attention than other letter*, 

e.g, <t, t, and the first letter of the word. In those ease* 
where these “prominent' letters are in majority, the other 
letters arc not noticed often, only that part of a word in 
which these prominent letters occur, is in the fncus of atten¬ 
tion ; the other constituent letters are absolutely ignored. 

(iv) The rdle ol asandational processes in connect ion with this 

phenomenon appears to be very important. Perception of 
any part of a word, even of single letters, appears to give 
rise to a number of associated images and ideas. It was 
almost impossible for the subjects to inhibit the aasocia- 
tional processes. At the name time, associations in their 
turn, determine the groupings of letters into certain syl¬ 
lables. The loss of meaning was found to sot in along with 
the assooiational processes At times, the total word after 
losing the meaning for a time, regained it as the assoeifi 
tions appeared. 
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(r; Sound images were not often noticed by the subjects, The 
conclusion reached by Washburn, thus, i* not borne out by 
the record* of this experiment. The differences between 
the averages of the phonetically and non-phonetically 
spelled letters as given in Table 2, also go to show that the 
auditory motor factor is not important. 

Con«in&\nn. 

(1) The visual effects very largely set in through the changes in 
accommodation, eye-movement, fatigue and adaptation. Thus, certain 
syllables arc formed out of the letters of the word quite automatically 

(2) The space-interval between the letters enhances this effect. 

(3) The larger the number of letters, the easier it into form groups ; 
and the larger the possible number of groups. 

(4) Associations arise in connection with these visual groups. 

(5) The loss of meaning is brought about, through the shifting of 
attention from the visually presented word to the smaller artificial 
groups and to the associated images and ideas. The larger the number 
of the possible syllables, the greater is the chance of shifting of atten¬ 
tion. 

l ft) The phenomenon under investigation is thus a product of two 
factors : ft) the visual changes and (it) the simullaneoufily occurring 
association a I processes, [t is brought about through the shifting of 
attention from the total word to one of these 
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AUDITIVE AND CONDENSATION PRODCHTS (>]’ 
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Rasik Lal Datta, 1) 6k:,, Awt. P*of«*>»»' nf Chtnn#tf'ji, 

Calm Uti Un iversitjf t 

AS D 

Loknath Misha, M.Sr., Btirnmatrator hi Bh? wintry „ RautfwftutP 

Cntlegr, GuM&ri. 

Although otir knowledge of the molecular compounds formed by 
picrio acid and is-trirntrobettietie with other organic substances is fairly 
extensive, Utile work has so far been done on similar compounds which 
may bo formed by the analogous trinitro-wocrt^oL Noel ting and Salis* 
prepared the additive com pound of naphthalene with trinitro-wMsrcaol. 
The object of the present investigation fa to make a systematic at tidy of 
the additive compound0 of trinitro-m-ofesol with various classes of or* 
game compounds. 

The results of the investigation show that the trinitro-tw-oresol 
bke other poly-nitre aromatic compounds readily form coloured additive 
compounds with aromatic hydrocarbons, phenols, different classes of 
aliphatic and aromatic amines and then- derivatives. These compound* 
have generally been prepared by mixing together the two constituent* 
dissolved in *11 itable solvents, Thu additive products arc generally very 
* table towards most solvents and ^otne of them can be crystallised even 
from hot glacial acetic acid without any decomposition. These arc all 
coloured and possess very beautiful crystalline structure, Thu result* 
obtained may be summarised as follows: 

Hydrocarbons of the benzene series do not deem to yield! any addi¬ 
tive compounds. While naphthalene yields a yellow additive compound, 
acenaphthenc, re tern* and fluorine yield deep yellow additive products 
Diphenyl, di benzyl and triphenyl-motlmno do not appear to combine 
with trinitnw/i-crwol. 

Phenol* of the benzene series such as phenol, crewl* catechol, resor- 
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einftl (ind pyrr+gaHol st?era to form no additive compound# with trinitfo- 
m --CfteoL Qnly quinol seems to eoinbim 1 with trinitro-m cceaol as shown 
by the intense red colouration of the solution when both ure mixed in 
hot alcohol, but on cooling only trinitro-tn*oreso 1 sepfttatee out perhaps 
owing to decomposition The phenols of the naphthalene series a# 

fi nntphtliob yield orango-o doured additive produgte 1 he colour of 
the product with the hitter in deeper than that of the product with the 
former, 

Aliphatic inline# and ammonium bases ft* ally la mine, ethylene 
and trimethylene diamine# and neurhie IlydrooMoiide yield deep yellow 
additive product# with tniutro-ui-ercaol in molecular proportion# of [ l : 1 ) 
excepting lillytamine which Forms an additive product with l mol. of 
the base combined to it moll, of trinitro-i^-cresol. The cyclic ha#e 
pipenmur yield# a deep yellow additive compound with trinitro-»i*cr<^ol 
in molecular proportions of one of the former to hvo of the latter. 

It is very interesting to observe t!mt the aliphatic amines hexyl and 
hoptyl amine# and aromatic mmiuea a* aniline, the three toluidines and 
nitmtoluidine (CH : NO : NH A — *1 i m 2 :4 J yield light to deep yellow col¬ 
oured compounds which are not more additive products, Thi* is shown 
by the fact that un analysis they give abnormal values, which can only be 
explained by assuming a Hurt of condensation to take place between the 
phenolic (OH) on the one hand and the hydrogen of the Nil group on 
the other + a molecule of water being removed, substituted triii'tro-ia- 
tohiiciinv* being formed thereby 



Such a reaction might he possible a* trimTm-m-toltiidine itself h 
prepared by the action of alcoholic ammonia on trinitro-mmresol ethyl 
ether * and on 3-chlorot and Sdrrnmo^2 a 4j-tn«itro-^-toluene a molecule 
of alcohol biting liberated in the Hr^t oaae and a molecule of halogen 
acid being liberated in the second and third. 


* ScNSltirtg utwi Hrr r , i*\ J H iS-C I \ SH2). 
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F, Rgvnrdme ;md A . Deletrti* prepared the compounds of the above 
type by boiling m alcoholic solution of triditto diloro toluene with 
each of the Base* aniline, /> tolmdhie, p'Ornidophcnpl and p-phenykne- 
diamine, a module of hydrochloric acid being removed in e&eh oo»e. 
Bui while the condensation products prepared in this way with aniline 
and jj-toJuirhnr melt respectively at ISO and 127° .the corresponding 
compounds from trinitro-m-eresol wjtb the same bases decompose 
between L6A-171 and l75-t7s» respectively. showing that they are 
different from one another. 

Again J, Sudborough and N r FictOnf prepared an amilogous aeries of 
condensation product* m a similar way by boiling an alcoholic solution 
of pici 3 '1 chloride with an excess of a base, a molecule of hydrochloric acid 
being removed in each cane The authors have found that this type of 
compounds form (Ij a mono-potassium salt with methyl alcoholic KOH, 
(12) yield no acetyl derivative with acetic anhydride or acetyl chloride, 
(3) a tv very stable towards dilute or strong mineral acids, if) form 
additive compound* with aryl Bitting and 1,5) &omo of them exist in two 
isomeric forms. But the analogous condensation product* obtained 
from trinitro-m eroeol and the bases have none of these properties and 
seem to be decomposed when treated with the first three reagents show¬ 
ing that the)' belong to a different type 

Ilf ei conclusion might be ventured it cannot be denied that 
triuitro-m-cresdl behaves differently from triuitro^oro4oiuone in thin 
respect and the difference should be one of a structural nature. This 
difference in structure can be explained lei the following way 

Stidboroughf holds that the red variety of the condensation product* 
of picryl chloride with aromatic bases such ns the naphthy lamina* possess 
an ortho or para quinonoid structure and represents them &■ 



Applying similar conception to RevenUn's§ compounds we can 
represent them in the following manner:— 


• La*. cit 

1 Hid, 
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As lltw© compouadt differ from similar compounds obtained from 
trirutro-K*-oreaol tin* form (it ion of the in t ter tieries of compound* may 
be s0|j(ios<*tl to take place differently. 

According to Armstrong's views iTinitro-Ki-cresol should have an 
iXjuinonoid structure nod in tins form it reacts with the a mi tic giving 



rise tn condensation products of the type 


Phi 



with the elimination of ft molecule of water. 

A l though such a view of the constitution of the end products in 
the ease of trinitr®-m-creaol well explains their instability and the 
beautiful colour which most of them possess yet the aonstitufcion 
cannot be held as established and much work has to he done to clear 
this point. 

In spite of their anomalous behaviour if these compounds be real 
condensation products they are no doubt remarkable as*they’ show 
conclusively that additive compounds indicate the affinity which exists 
between the substances. In some cases the compounds remain side by 
side, in others chemical reaction actually takes place. However it is 
hoped that further investigation on the subject will throw much light on 
the exact nature of additive coni pounds in general. 

A comparison of the other properties of these oomponnda show 
I hat. a single methyl substituent in the arylamine molecule increases 
the stability and deepens the colour of the combined product especially 
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when the substitution take* place in the pam position* For example 
in the toluidines the colour deepens from the ortho through met a to 
the para compound RmEyhmine also forma a deep yellow additive 
compound. 

Single negative substituent^ such as 0l t Br, I and NO m tin 
nryhimme molecule in the p-posifion to XH group do not prevent the 
formation of additive compounds. It is interesting that judiloro-, p 
bramo- and p-iodo-uni lines form additive products with triuitro-m-cre^l 
in the proportion of one molecule of the base to two molecules r>f the 
latter. While m - and p-nitrnanilines form additive compound- with 
trinitro-iM ereaol the ortho compound does not. appear to yield any 
additive product in accordance with its behaviour with picric acid. 
The same effect of the NO group in the o-position to XH ^rnup i> 
seen in I p 3, 4-nitrotoJuidine (CH NO* : NH 1:3: i) These cages 
itre perhaps due to ntoric hindrance and further supports indirectly tin- 
view that the phenolic (OH) of tri nitre-men-sol has tin attraction for 
(NH j group at least in the additive compounds of the aminos. 

The introduction of another NH group into the arylrmiine molecule 
as in m-phenylen*' diamine deepens the colour of the additive product 
Tli amines of she naphthalene atTic*. as naphihylufnim- form nn-n 
deeply coloured and more stabh additive product than the amines of 
the benzene scried. Cun&phyl and menthvhimine' form deep yellow 
coloured additive products in the proportion of one molecule of the 
base combined with two molecules of trinltn>m-cresoi. 

The formation of these ebsiijwteri&tic derivatives with trinitro-m 
etesol can be u^-d for the detection of small quantities of various 
amines and it is highly probable that the compounds will prove of use in 
the purification of a number of different amines, as most of them 
crystallise remarkably wdL arc readily obtained in a state of purity 
and can in many eases be decomposed by mineral acids, 

fixFERltfBjrTAL. 

Preparation of 2, 4, 0-TRtNiTKo-m-( T HESOL. 

2 + 4, Gtrinitro-m-r resol has been obtained in good yield by 
adopting the principle nf Noeltiog's method* with some modifications. 

A weighed quantity of m-cresol was taken in a round-bottomed 

* Xndting and SaIln. tfrr,* H, l&nt (I8S1). 
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tlank jiikI ft titties its weight of rone, lit 80 + wan added to it. If was 
heated for 10 tn 15 minuter on the water-bath and allowed to ^tand 
for ft to 4 days in n warm plane, Before nitration it is tested whether 
any er^sol separates out on dilution with water. When She sulphonation 
is L-ocoptete the eteso! huI phonic arid is diluted hy adding twice its 
volume of cold water. The nitration is commenced hy adding smfrll 
quantities of dll. HNO and the mixture fa heated on the water-bath. 
When the first violent reaction is orer, more cimo. UNO fa added till 
the nitration is complete. Then it is poured into a basin and eva|mrated 
on the water-bath to about half its volume. After some timer prac¬ 
tically all the trinitro-ffl-crefiol separates out in Hakes on the aurfuee. 
These are secured by suction, The filtrate fa further ova pointed when 
a farther crop nf crystals is obtained. These 1 are drained at the pump. 

The crude trinitro-ta*eresol thus obtained is then bulled with a 0mail 
quantity of water on the water-bath in order to free it from a little 
u^alio sudd and picric acid, ft is then freed from adhering liquid by 
Huofckm and reerysLall bed from hot water It fa obtained in fine pale 
yellow needles rue I ling at 105" 

Additive Comiwnds. 

A<'KK A V wm l*N k TrI NITRQ*KE*SUDATli. 

Saturated hot Ijenwnc- solutions of rquiutdevular quantities of 
steenaphtheno and trmitra^-crcsol were mixed together when the 
colour of the mixed solution became deep red, On cooling n yellow 
product was obtained. This on tecryntnl] faction from absolute alcohol 
melts sharply at 120 It fa m been found to be ace naphthene- trimtro- 
ut-urosokte. 

P 030:i gave 4 3 e,e. X at SO and 75H ttim., X= 13-04 
Cnh . for C |i e tllJ SC 4 H, (CH ,)(OHMXOj, ; N- 13-13 

The substance fa easily soluble in alcohol and benzeno. Water 
seems to decompose the substance into its com-poncntH even when the 
former b present in small quantities in alcohol. The a raw late fa ob¬ 
tained hi yellow feathery needle* from alcohol. 

Fluor bs b-Ts is i tro^ wt-C n isauTis, 

Hot saturated benzene solutions of fiuorene and triuttro-m-oreso] 
were mixed together in molecular proportions and the deep red colours! 
solution thus obtained wm allowed 10 cool slowly. A yellow crystalline 
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product was thus obtained which m\ crystallisation twice from hot ben¬ 
zene melts aharply At tOfl^ Tliin has been found to be Huorene-tririitro- 
-wp-e regulate. 

O' Hun ga v [> !0’2 e.c. N at 30 and 753 mm*; N — 10'f)4 - 
Calc, for 0, HjnpC^U, (CHjj)(0H)(N0 ) : N = 10 27 
1 1 is easily soluble in ether, alcohol ami benzene, but insoluble in 
water and is decomposed by warm aqueous* alcohol M is heat rerrys- 
talliaed from benzene from which long deep yellow needles are obtained. 

A i JjY la mf n k-T bin n no - m - i bboLate . 

Hut saturated sofotiona of allylainme and tfioitro-rfi-bEieaol in ben 
zim c p the former being taken in excess, were mixed together when a 
yellow product was at cuice burned which is soluble in hoi benzene 
mixed with a little ally limine. By spontaneous evaporation of the 
benzene solution yellow cubical plates were obtained from which traces 
of ally I amine were removed hy drying on ri pnrnn< plate and sub 
sequently by washing the cryitals twice by means of hot benzene. 
It wa* filially re crystallised from ■■ mixture of benzene and alcohol 
when a product melting sharply at I Err' was obtained. This has been 
found to In- allylaniini 1 trinitro-^-crcsoliite. 

0-0556 g*VC 9 9 c.e. X at 235 and 709 mm,; X T —20 32 
0-0 SAT gave lb I e.e, N a at 24 and 765 mm „ ; S = 20'27 
Cab. for i0 H K > C^a.(CH,>((lH)(XU.),; X— 20-27 
The cresolute m insoluble in ether and benzene. It soluble mod¬ 
erately in water and highly in alcohol and in gljudal acetic acid. The 
most suitable solvent for it is a mixture of alcohol and benzene 
from which the crystals of the c read ate arc obtained in shining yellow 
cubical plate* 

RENZVI.AMINIv-Tltl^tTlUl MI-CrESOLATK, 

To ^ hot saturated aqueous solution of benzylamme hydrochloride 
a *aturMed aqueous solution of trinitro-ni-crerol was added s\nd the 
mixture was allowed to cool slowly. After some time small golden 
yellow needles separated, ll wa- recryatallfecd twice from hot water 
when it melt* sharply al 134-185 . This has been found to be benzyl- 
a m i ue-tri nitro-m-cresol ate. 

0 1200 gave 17 4 i\t\ X at 30° and 700 mm. ; X = 15 93 
Calc, for C II,X, G,H. (CH 1 J.(OH)(X0 1 ) 1 ; X = 10-00 
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It is cattily soluble in water and in alcohol. On recryatidliaation from 
hot water small golden yellow needles were obtained which melted 
sharply Rt 1^4-185®. 

KTHVLKSEDIAMISB-TRIStTROni-CRBSOMTB 
A hot saturated aqueous solution of the hydrochloride of the base 
and an aqueous alcoholic solution of trinitro-m-c resol were mixed to* 
aether in eqiximolecular proportions. On cooling small yellow needles 
were obtained which on reerystullisation twice from hot water decom¬ 
poses at 200-2ft4°. The product has been found to be ethylenedi- 
a m i n e-1 riii i t m-»ec resol ate. 

0 0524 gave 10 6 o.o X at 2fl and 70H mm.; X = 22*TS 
Calc, for C H,X . C,H <CH KOHlfNOj,; X =. 23 10 

The oresolute is soluble in hot water and in alcohol. It consists 
of small shining lemon yellow needles which decompose slowly above 
20ft . the yellow substance turning brown. The produel decomposes 
completely at 201 with frothing and charring. 

TmMKTIIYI.KKKIH AMIS'E-TRjaiTil0‘al-CRJt80r.ATK, 

Tri met hv toned iamine and trinit to- m-cresol wore weighed um in 
equiiuolemilar proportiona, the former being taken in si little excess 
Saturated solutions of both in ether were mixed together. A vi lloiv 
product was formed at once and this on rocrystnllination from hot w ater 
was obtained as a pun* subsumes* melting with decomposition. This 
hoc been found in be trimetbylenediaraine- trinitro-jo-eresoiate 
0 0545 gave IU’6 e.c. X at 20 5 and 763 mm.; 

Calc for C 1 H |n N fl C,H ;S^22M 

The cresolate is soluble alightly in ether, moderately j n water and easily 
in alcohol. It consists of yellow granular crystals and decompose* 
slightly above 800% the decomposition increasing with temperature and 
being completed between 205-S|IP. ft melts with charring and froth- 

IIIL£ lit . 

Cam pii y LA«rNE-TRii(iT*| M >,,, ( *c fi8satiATE 
A hot saturated solution of trinitro-ia-cresol in water was mixed 
with a little excess of tmuphylamine dissolved in dilute HC1 The 
mixture on moling yielded a product which on ^crystallisation WMlll 
times from hot water melts sharply at I S3-. This Las been found to be 
m m \ >hy Jn m iuo -tri n i t ra-m -creso late. 
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(VOtt+S gave* H‘7 c.f tf at 23 and "tS6 mttt. ; X=*UV37 
f'OS30 gave 11-1 c.c. X lit 20* and 703 mm,; N=) 4'05 
C«l<\ for C,.,H X 2CJI ; N-10’33 

The desolate is moderately soluble in hot water and in alcohol, but the 
substance seems to decompose stightly in the latter solvent. The pro¬ 
duct is obtained as line lemon yellow needles from hot water. 

MkNTU T LAMINE-TjUS iTRO-Wl-Cfi BSOLATK. 

Saturated hot aqueous solution# of the hydrochloride of uienthyla- 
mine and trinitro-TA-cresol , the former being taken in little excess were 
mixed together and was allowed to (tool slowly when long yellow needles 
were deposited This on recrystallisation from hot water melts at 2t>4 
with decomposition. This has been found to be luendiylamine-trmitro- 
m-cresolate. 

0*0710 gave 9*5 e.c, X at 22 S’ and 700 mm ; N—lfl‘34 
Calc, for C,H ,N. 2C„H , (CH JtOHHXOj ; X-15-20 
The qresolate is highly soluble in alcohol , but very slightly in cold 
water The product is obtained us long lemon yellow shining needles 
from hot water. Jt decompose* slightly above 200°C. and melts with 
charring and frothing at 2rM p C. 

X HU RINK H V I) II OH " 1 11.0 R IDE TRINITRO-TO-CbBSOI ATE 
A saturated solution of one gram of trimtro-m-crveol in aqueous 
alcohol was mixed with a saturated solution of one gram of no urine 
hydrochloride in water, both in the hot state, t hi cooling, long lemon 
yellow needles separated, which on recrystallisation twice from lint water 
melts at 102 . This has been found to be neurinc hydrochloride 
trinitro- -creaolate . 

0-0046 gave 'J o.c. X at 32^ and 750 mm, ; £f = is 17 
Calc, for0,.H lt NCl . C,ll . (CH )(OH)(NO ( ) A ; N = 15'3« 

This is soluble in water and alcohol. 

Pipe ra/,i n e-Tri n it ro-/h -Crksolate. 

A saturated solution of more than the calculated amount of the 
hydrochloride of the base piperazine in hot water was mixed with a hot 
saturated aqueous solution of trinitro-m-cresol. On cooling deep yellow 
needles separated from the mixed solution, which on recryatallisatiou 
from a hot mixture of alcohol and water (1*3) gave a pure product 
C 12 
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decomposing at 220- m r , This has been found to be piperazine 
tri ni Lro-jjj -v resol rite. 

<>■0366 gavo ; st,c, X at 33°C. end 5 mm.; N = 23‘2S 
o imyj gave 16 r.c, N at 31 C. end 757 5 mm,; X = 23 70 
rale, for 2C,H X . i\H . (CH .)(OHl;NO J : N=33<fl| 

The emulate is moderately soluble in water and readily in alcohol. 
It consists of fine lemon yellow shining needles The product decom¬ 
poses between ^St) 22 5 . The decomposition however begins slowly 
jibove 200", the colour of (lie substance efuntrinji from deep yellow tr> 
brown. 

Wt* Pi I E N V Jj B> K111A MI7f K-Ttt I S I THl >-J4‘ CrBSOI AT K 

M-Phenyleoediamine hydrouhhride anti trinitro-in-crBWjt were 
weighed out in equi molecular proportions and saturated aqueous solu¬ 
tions of Loth were wanned in a round-bottomed flask. The mixture 
was then allowed to cool very slowly from which n dirty brown product 
-epjirar.'d on cool ini- It was rierystnllisi d from hot water until a pure 
product was obtained. This Iras been proved to be m-phenvlenediamiiie 
t tin i l ro-f n - eresol ate 

0 0R4U gave 15 3e.c. X, at 31* and 754 mm,, N=I9'73 
Ca!c. for C t R (OH HOHuNOJ,; N_I0 f>4 

1 he ofMokts is suluhlo in water and alcohol Dirty brown shining 
plates arc obtained from hot water, which itielt at Itl6 4 with sudden 
frothing and charring. 

* 

a- Na l-THV t Jt k-Tiiin ITat) m -Dk KSOLATB. 

The hydrochloride of the base was first prepared by dissolving the 
base in just sufficient amount of dilute HCl and warming. Then n hot 
saturated solution of tiioltfo-m-aresol was added to it Dirty yellow 
needles separate on cooling, which on recryst alii nation thrice from hot 
water melt with decomposition. This baa been found to be -naphthyk 
niine-tri nitro* m - l- rtso! a te , 

H"Q5*16 gave 7 3 c + cl N. at 112~ and 7o5 mm.: N = 14'BI 
0-0771 gave 10 c 0, N ft at W and 7il4 mm,; N=I4 2*1 
Caic, for C Jl k N . C,H . (CH,)(0B)(N0,)*; X^l4 51 

The cresolatc is soluble in water and alcohol. The pure product mulls 
with decomposition between 105 170", the volume suddenly ex pan din" 
at 170°, 
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/t-CHLOBAStLlNE-TKIM-ritO-Wl-J^RESnuTi:, 

Equimolecnlar quantities of p-ohloranJUne and trirufcro-Mt-cresol 
dissolved in benzene were mixed together, when combination took 
jiinee vigorously with evolution of heat and a yellow product separated 
tint Thin on moty stall iaatioti from hot water melts at 170-172 jt 
has been found to be p-chlnr&mlinc-trinitro-wj-desolate. 

ft (»588 gave 10 e.o. N. at 2(i and 7(10 mm. ; X — 1012 

t.^ale. ror C„H h NC 1 . 2CJ1 . (€H ,)(OH)fN<) y : \ = ten* 

fin product is very slightly soluble in benzene, insoluble in ether, fair¬ 
ly soluble in water and readily in alcohol. The cresolite i* obtained in 
beautiful fine lemon yellow spoony needles from water. 


m-Xitjun tr.iK k-Tri nitro-m -Cr kso UfB. 

Saturated hot aqueous solutions of tn -nitr aniline and trinitro-m- 
oresol were mixed together in molecular proportions hy weight nud the 
mixture was then allowed to cool slowly when a yellow product ap¬ 
peared on cooling. This was recrystalliaed thrice from hot water. The 
pure product has been found to be jj j- n i t ran i line-1 ritdttt>rn-desolate. 
0 118* gave 8(Vfi o.q, N, at 32 J and 751 mm ; N = 1878 
Calc, for OyR^O,, C,H . (CH,)(OB)(NOj.; N = 18*37 
The cresolatc* is obtained as long yellow needles melting sharply at 
111‘. It is moderately soluble in water and easily in alcohol. 

p-XlTRANlMNE Tp l MTKC) - WP -C R.ESO I, ATK. 

Hot saturated aqueous solution? of equi mo locular quantities of p- 
t»i Irani] me and trinitro-wp-eresnl were mixed together. The mixture 
was allowed to cool slowly. The product thus obtained on neoiyatatli- 
-ation twice from Imt water and finally from a mixture of water And 
iilcnhnl (3 : 1) melts sharply at il(3 This Ims been found to be p ni- 
! ranitine-trimtro-m-crcsolate. 

0*0838 gave 10*0 u c. X at SiT and 755 min. ; X = 18*88 
Cftlo. for C,H,X.O., C,H . (CH ,)lGH)(XO.) ; X— 18-37 

Jt consists of long deep yellow needles soluble both in water and 
alcohol, but it seems to decompose slightly when it is boiled w ith water 
for a long time. 
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«-N aTHTHpl-Tiu y IT F10 - w - Che isolate. 

S;itumi ed solutions of u-naphthol and trinitro-iit~ere*ni in hot 
aqueous alcohol were mixed together in molecular proportions. The 
colour of the solution changes to deep brown and on cooling orange 
coloured needles crystallised out. The product was recrystallised from 
aqueous alcohol when it melts at I6t°. This has been founrl to he o- 
naph thol- trinitro-m-o resolate 

H' 12SS gave 13-4 e,c. N, at 30° anti 75 f ram. ; X — 11-24 

Cate, for C„ .11.0, CJT (GH KOHjflKU ; N= ln*S5 
'rheee orange yellow coloured silky needles are slightly soluble in 
water and easily in alcohol The pure product melts sharply at MO". 

/M^ T A PRTHO I. TrJTTITR 0-JM ‘Cr KSOt .ATE. 

Molecular proportions of 0-naphthol and trirntro-m-eresol in hot 
saturated aqueous alcoholic solutions were mixed together and was 
then allowed to cool slowly. After some time orange coloured needles 
were deposited which on reoryatollisation twice from aqueous alcohol 
melt sharply at t£ ( . This has been found to bp 0-n a p h thol-tri nitre ■ 
m'Oreflolate, 

0 Ofts-) gave 7-2 o.c. N at. 30* and 753 mm ; X = 11*42 

(I 1 Of! 153 gave 71 c,c. N. at 34 .7 s and 7*3 5 mm. ; X=l|qt 

Calc, for C |n H,O f Cjf , (CHJ{0H)fX0 f ) ( ; N-10*85 
It is moderately soluble in water and readily in alcohol. It. is also 
soluble in benzene and ether It consists of orange coloured silky 
needle*, melting to a red liquid, 

p - f o no as tli v e Tai n trtto- m Cr es o i , ate . 

Hot aqueous alcoholic solutions of p-iodoaoiline and trinitro-w- 
creso] were mixed together the former being taken in excess, On 
cooling a yellow precipitate was thrown out. on recrystalliaing which 
twice from hot aqueous alcohol pure yellow needles were obtained 
melting sharply at 115 2 . It has been found to be pdodoaniline-trinitre* 
Hi-cresolate. 

d‘0013 gave 11*4 o.c. X at 34 and 7fil mm,; N = I3*r>H 

riae. for C S H,N[, C,H(CH,H0H}(N0j,; N = I3*B0 
ft consists of fine bright yellow needles melting sharply at 152* to 
a hlack liquid, It is slightly soluble in wnter, but. easily in alcohol and 
benzene. 


FftoBiXrrs of this into m+crehol 
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/J-BROMAPftLnn TftlXJTBO W-CrESODATE* 

To n hot saturated solution of trirntro-fr^cresol in dilute alcohol, a 
hut saturated solution of />-bromaniliiic in water was added, the latter 
being taken in n little excess. On cooling slowly a yellow product 
separated which on being recryatalliaed from hot aqueous alcohol gave 
a pure product melting sharply at 172 5 . This ha4 been found to hr 
jj-bromnniltne t rin 3tro- m cresolate. 

ii'Ofi'03 gave S o.e, X at 30 c and 7&3 mm.; N—U'#5 
Calc, forC^XIk, 2CJiiCU l(OII)(NO J,; X=U ftli 

It oonmst* nf fine lemon yellow granular crystals, It is soluble slightly 
in water and benzene but readily in a loo boh acetone and ether. The 
pure product melts to a dark-brown liquid sharply at 172 5", 

Cos DEBS At 1 JO# PRODUCTS OF T FE IS [T It O-JP*-Ca ESO L WITH A S JUNE, 

A saturated hot aqueous solution of aniline hydrochloride is mixed 
with a hot aqueous solution of trinitro m cresol both being taken in 
ftqtiimolecular quantities The mixed solution is heated in a round- 
bottomed fluak On cooling, yellow crystal* wore obtained. The pro¬ 
duct was reorystalliscd twice from hot water till a pure product with 
constant decomposition temperature was obtained. Its analytical rc- 
-ults can be* explained by assuming it to belong to the type of substituted 
tri n itro ■ m -tain id me* . 

OHlSdT gave 13-0 c e, N at 30 and 7fll min,; X=17*SG 
O'H)0U gave Chi OSS of QQ t and 05B1 H n; C = 49-24; H =557 
Gate, for C,H . CH (NOJ . XfLC.H,; C=i9'GG; H—314; 

N—17-61. 

H in, soluble in water and alcohol. It consists of long whining yellow 
needles. The pure product decomposes slightly above LfltP and com¬ 
pletely between 1S9-1T1 with frothing. It is decomposed by acetic 
anhydride, strong and dilute minora I acids and methyl alcoholic potash, 

I t js different from phenyl-triiiitro^a-tobiidinr prepared by Hevcrdine.* 

Hfftyuluxbk. 

A hot saturated aqueous *obition of the hydrochloride of the ba^e 
wa^s added to a saturated aqueous alcoholic sol alien of tnuitro-m-oresol 


f, Reveal Lot* uml A. ftaJntm, /far., .1?, 30M. 
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both iteing taken in equiraoleeuiar quantities. The mixture wan heated 
in n round-bottomed flask and the clear solution on cooling slow I v 
lie [waited long yellow cry# tab. [t was reerystallised from aqueous 
alcohol till n purr* product melting a I 15tl was obtained. Its analysis 
suggests it to h< hepty 1-trin i tro-m-tol u idine, 

d 077 i gave 1 1‘4 e.e. N at 25 and 763 mm.; X « 16‘fifi 
0 0909 gave O'1692 of Co and 9 0593 II 1.1 ; <j=3t>'7fl; H = 7 L 1 
Calc, for C.H t (NO ) XH. C H: X = 19 (7,(! . 4;c tl , H = 9nn 

It is soluble slightly in water and easily in alcohol and benzene. II 
consist# of long shining lemon yellow crystals melting sharply at 159 
tu a red liquid, it is decomposed by acetic anhydride strong and di¬ 
lute mineral acids. 

£)-TotOTTinCB, 

||nt saturated aqueous solutions of equiinolecular quantities of u- 
toluidine and trinitro-m-cresol wore mixed together, the bust- being con 
verted into its hydrochloride. The solution was heated to boiling The 
clear solution on cooling deposited long needle-, It was raoiyatfllliBod 
twice From hot water fill a pure product was obtained. Its analysis can 
he explained by assuming the formation c-tolyj-trinifcro-in -toluidine, 
(V1927 gave l.i r So,« r X at 28 and TiU’fi mm.; \ = Kl fts 
0 0848 gave 12 8 c.c. X til 27 and 761 mm ; X — lft gg 
0-132S gave 0 2141 of CO ami 00559 HO, 0^4754. H WHJ5* 
0133? gave 0-2339 of 00 aud 0 0531 H.O ; C= I7 «:j ; M = 4 tv. 
Calc for C.H 4 (NO NH.CJI.; 0=50-90; H=3-9> ; X=<!]- 8 9 
11 in soluble in water and alcohol It consists of long light yellow 
needles. The pure product decomposes slightly above 165 and melts 
with charring and frothing at m°C. it is unstable towards acetic 
anhydride and dilute and strong mineral acids. 

m -Tolu j dime 

When a hot aqueous solution of the hydrochloride of the base was 
added to an aqueous solution of an equimolecuiar quantity of trinitro- 
m-cresol a yellow product was obtained on cooling, which was purified 
hy recrystallisation from hot water. The analysis of the pore product 
i« explained by assuming the formation of the condensation product m- 
t<* I yl t rin i t rr>- m ~tol uiH i up 
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o OflOl gave UHl c e r X at 29 and 7H2 mm. : X = 17 05 
o 0S08gave O f 481 of CO and 0*0370 H O; C= 50*00 r H = 5"21 
GUe. foi C ; H,{NO fl ),. XH. C-H-; 0=5960; H = 3 01 ; N—IO.SO 
It coiudste of deop yellow shining needles soluble in water and alcohol 
The pure product melts with charring and frothing between 170-173°C, 
It is decomposed by dilute and strong mineral acids and acetic anhy¬ 
dride, 

p-ToLinnrNK. 

Saturated aqueous alcoholic solutions of the free base and trinitro- 
tMreeol in oqulmolecular quantities were mixed together in the hot. 
The solution was heated to boiling. On cooling a yellow product was 
obtained. On ciyataUiaing it from aqueous alcohol long deep yellow 
needles were obtained which completely decompose at 179 Its analy¬ 
tical result* can be explained by assuming it to belong to the type of 
substituted trinitro - i/f-toluidineft- 

9 0957 gate 14 9 0 , 0 . N at 32 and 791 mm* ; X 17 03 
0 1005 gave 0*1748 of CO, and 0 044ft H U ; C—47 40 ■ H — 4 95 
04142 gave 0 iOaa CO, and 0-0180 HO; C=17'50; H— 4*87 
Calc, forC,H*OH HXO j. NH. f\H t -CH,; K= 18-86, C—50‘6Q; 

H -**S-6L 

It comists of long deep yellow needles. It is soluble in water; a I coho! 
and benzene. The pure product decomposes slightly above 171“ and 
completely between 175-179 with charring and frothing at 178°. It 
i« different from p-tolytltinitro-^-tolnidme.* It is unstable towards 
mineral add*, acetic anhydride and methyl alcoholic potash, 

Nitkotulfi i jink, (OH .: XU i XH - 1; 2: 4) 

A saturated hot aqueous solution of I b 2, 1-nitre-tohii dine was added 
to a hot saturated aqueous solution trinitro-wi-cresol both substances 
being taken in equal proportions by weight. On cooling a yellow gra¬ 
nular precipitate was thrown down which was obtained pure by leery ?*- 
taliasing it twice from hot water. The pure product melts sharply at 
I tG’fr. Its analytical results agree with the formula of the condensation 
product 1*2; 4-nitrotolyl-trLnitro-mdoIuidine, 

(>"0821 gave 10*4 c.o X, at 28 c and 781 mm.; N=18B0 
01112 gave IS O o.c. X at 20 and 701 mm.; N=I9'20 

* F. RtfVfrtiicufK find A. Dflktr*, B*T-. 37, SCSI. 
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01196 gave 0*1968 CO and 0 0*71 H O : 44*87; H = 1-37 

Cuie. for C,H(CH ,)(NO ) NH . CJT iCH HXOJ; M<=1S ; 67, 

0*44-56, H-=2 62 

tt is solubh moderately in water, highly in alcohol, benzene and tflnciat 
noetic acid. From the last mentioned solvent the crystal* are obtained 
by the spontaneous evaporation of the solvent oil a porous plate. It 
consists of granular crystals with a yellowish tinge melting sharply at 
I 18*5° It is not stable towards mineral acids and acetic anhydride. 

Hexyumii'e. 

Et|uimolecular quantities of Jicsylamine hydrudiInride and trinitm- 
ta-eresol arc weighed ant and the hot saturated aqueous solution of the 
former was added to the hot saturated solution of the latter in aqueous 
alcohol. The solution was heated to boiling, The clear solution on 
cooling deposited long yellow needles. It was merest allied twice from 
hot aqueous alcohol till a pun 1 product me I Line sharply at 150 was 
obtained. Its analytical results agree with the formula hexyllrinitro 
m-toluidine. 

0 0993 gave N 06 c.C. N, at 25 1 and 765 mm. ; X= 17 04 
01276 gave 0 2222 CO and 0‘07S4 JCQ ; C=- 17*50. H^>0*N3 
Calc, for C',11 (CH,)(NO 1 . NH. C,H ; X = 17 17, C=47-8fl* 

11=5*62 

It is soluble in water and alcohol. It consists of long lemon-yellow 
shining needles, melting sharply at 156 to a red liquid. Ji is decom¬ 
posed by mineral acid?, dilute or strong, and by acetic anhydride. 


THE A<"OrsTlCAL KNOWLEDGE OK THE 
AXriKXT HTNB I S 


C* V, M + A. p 

Sir Taraknvth Paiit Professor of Phasic* r tlmmr&Ujf of Calcutta ^ 

/ + / u IrOtftiClion. 

Music, both vocal and instrumental, undoubtedly played nu i m- 
portant part in the cultural life of ancient India. San=«krh literature, 
both secular qnd religious, makes numerous references in instruments 
of various kind^ and it K i believe, generally held hy juahaea-lo'dat* 
that k ome of the earliest mentions of such instruments to lie found 
anywhere are tbon contained in the ancient Sanskrit works, tVrtain 
it 1=1 I hat at a very early period in the history of the country, the 
T[incitis were acquainted with the use of siringed instruments excited 
hy pluck inn nr ho wing, with the traijeverse form of Hide, with wind 
mid reod instruments of different types and with permission iu-dni 
men Is. !r ia hy no mean* improbable that India played an important 
parL in the progressive evolution and improve men! of these iusim 
menu end might have served *s ji source from which their knowledge 
spread both eastwards and westwards. It would form a fascinating 
chapter of history to try and trace the gradual development of inusioaE 
instruments and musical knowledge, from the rhythmic chanting of 
the Ryveda in the ancient home of the Aryan race tn the Indian 
nmnk- of the present day, Bui the materials available for the writing 
ol tliias history seem to lie all too meagre. Much of the long period 
over which the gradual evolution must have .spread lies in the dim 
and remote pant of which bui the vaguest glimpses can he obtained 
Jrtuu -.11 eli records an .-xist, Something more definite rcgardiui! the 
acoustical developments in Ancient India might perhaps lie gleaned 
from a study oil I be musical instruments, the models of which have 
been handed down as heirloom* for untold generations. Several of 
the Indian stringer! instrument**, for example, disclose in their design, 
even on a superficial examination, a quite remarkable appreciation of 
the principles of sound-product ion and of romance. A fuller study 
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Hfniied Iikclv to Jearl to results of considerable interest. It was thifr 
hofic that induced me some two years ago to commence a systematic 
examination by modern scientific methods of theanoient Indian musical 
instruments 1 he objects I set before myself were to investigate the 
traditional designs according to which these Indian instruments arc com 
atnwted and the varial ions of these designs that exist in the different 
parts of the country, to discover the raino,, ditte of the methods of 
const ruction employed and to fi„d the special tone-characters which were 
held in esteem by the designers It seemed that such an examiaa 
tion might also prove useful from the practical stand-point by disclosing 
the best designs and indicating the directions in which any improve¬ 
ments might be possible. Various circumstances have delayed the com¬ 
plete carrying out of the projected work, and it is probable that little 
progress might have been made with it up to data, hut for the fact 
that my attention wu recently drawn somewhat forcibly to the musical 
qualities of the ancient Indian instrument* of percussion. Through the 
kindness of an enthusiastic follow worker, Mr. Sivakoli Kumar some 
good specimen* of the Indian percussion instrument* wm , pufeatmv 
disposal and I have been enabled to carry out a scientific examination 
of their acoustical properties The results obtained are very remark¬ 
able and significant and are being described in detail in a monograph 
' On Musical Drums ’’ which will be published by the Indian Associa¬ 
tion For tho Cultivation of Science, I propose in this short essay to in 
dic&te the main result* of this investigation and to show how far they 

til row tight on the state of acoustical knowledge in ancient and mndi 
fieval India. 

*/. Acoustic# of Ptrcu&iifm !nsiruwirntx, 

Hy way of preface, 1 -hall first refer to a few facts regarding the 
vibrations of stretched membranes which are familiar to students 
of physics und Which it is useful here to recall As is well known, 
the vibrntiuns of a circular stretched membrane or drum-head excited 
by impact ore generally of an extremely complex diameter. Besides 
the graveat or fundamental tone of the membrane, we have « large 
retinue of overtones which stand to each other in no sort of musical 
relation. The*- overtimes are always excited in greater or less degree 
and produce a discordant effect. All the instruments of percussion 
known to European physicists in which a circular drum head is em¬ 
ployed have therefore to hr regarded more as noise producers intro- 
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ducetl for marking the rylhm than aa musical Instrument?. This is 
mic c*von of the kettle-drum which is tuned to a definite pitch and 
occasionally a set I in European orchestral music. A* ha^ been idiown 
hy the late Li rd Kayldgh in a paper published some time ngo* the 
air endusdl in the ahull of the kettledrum doe? not produce any 
ad vantage an- alterations os t]je pitch relation? nf the overtone*, 
All the instruments of percussion known to European science arc* 
thiiH essentially non-musical and can only he tolerated in open air 
music or in large orchestra* where a little noise more nr Ic^s nuike- 
an difference* £ ltd inn musical instruments caf percussion however 
attend in an entirely different category. Times without; number we 
have heard the best singer^ nr performers nti the flute or violin accom¬ 
panied by the well-known indigenous musical drums, and the effect 
with a Luxjd m^irumcnt i- Always cJccRlIent. It was this* in fact, that 
conveyed to me the hint that the hidiun instruments of percussion 
po?ne* - interesting acoustic properties, and stimulated the research. 

■'/. Th* Indian Muwrat Drams. 

11 e tiumber of di ffercut tv |jc* of pen-usaion i is sitru menta knnw 1 1 
ami UHcd in India ia almost legion. They represent at very wide variety 
ol stages of development and variations of form tu suit different pur¬ 
posed It does not fall within the scope nf ihia short essay even to 
attempt a discussion of the different Forms, Those who arc cation* 
to see the^ types of drum- can no doubt find 'pecimcm in the 
various provincial Eupfume of India. A specially good collection 
in be found in the anthropological sect ion of the Indian Museum 
at CnleuUa, and some of them rrc denaribed with illuad rations in the 
catalogue of the exhibits available in the Museum > The instrument 
b- the remarkable acoustical properties of which L wish especially 
to direct attention is the musical or concert drum which is racw+t highly 
esteemed by Indians and which figures largely in the Sanskrit litera¬ 
ture, namely the J fjntanga. The essential feature of this instrument 
ni the present day is, first, a massive hollow wooden body in the 
form of two truncated cones put end to end. one of which fs longer 
than the other. Over the two ends of this body arc stretched the 
Uvu drum skins, which are each provided with a tightening ring of 
ten Mi ci and arc kept in a state of tension hy a leather rope which 
parses through Apertures in the rings at 16 equidistant points around 
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the circumference, Eight cylindrical tuning blocks of wood inerted 
lI reaukir mlorvals under the tension- rope; provide tin means lor a 
rough adjustment of tension, The due adjustment of tension of the 
smaller drumhead to equality in the S octant' oF the circumference 
^ carried out by pulling up or pushing down the tightening ring by 
stroking it with a small mallet The large drumhead uivc^ the base 
note, and its pitch 4 mil Lone-quality are adjusted by spreading a tern 
porary bad of wetted r i(a or wheaten dour over it. The mo»t remark 
aide feature nf the drum is the manner in which the second or e mailer 
drumhead is constructed. This membrane as lirsl put on in the 
construction of the drumhead is double, the layers being of specially 
chosen leather of uniform thickness and connected to the tightening 
ring so a* to be in a state of tension. The upper layer in then cut 
nu r fiy in the middle exposing a circular area of the tower membrane, 
and leaving an annular ring of the outer membrane round the margin, 
j>F which the width i* regnUt.-d according to the requirement* of the 
ton equality. The centre of the exposed circle of the inner mem- 
bra tie thus funned \< Loaded eo n etui trie ally in several suede ^ive layers 
of gradually decreasing radii and of graduated thkknoss with n dark 
coloured composition which is pat on at fir^t in the form of a pa^te 
rami i* then rubbed in till it becomes dry and permanently adherent 
to the miuubmne. The composition of thin materia! is finely powdered 
iron filings, charcoal and starch, and whim put on the membrane 
it is flexible In a noteworthy degree. The putting on of the lead U 
carried out in stages, the hOimd of the drumhead being continuously 
tested during the progress of construction* Its final adjustment and 
regulation nf thickness in an art which is banded down from generation 
to generation a* traditional knowledge, nnd acquired by long training 
a ad experience. 

-#. The Aaw*tir f ’hareicUr# of the M fdn h ga. 

A physicist trained in acoustical research n otic in ” the drumhead 
of t he? Mrdangri naturally wishes to know exactly what acoustical 
purpose in intended to be served by the peculiar method of conatructinii 
described rabove This is a question which can only he answered bv a 
physical examination nf the vibrations of the drum-head rand of the 
tones to which it gives rise Such an examination has been carried 
out by me rind hn* led to extremely remarkable results. It was 
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slated above that a perciHBSicm instrument generally given rise to 
inharmonic over (ones. The examination of the Mfdahqa show# that 
it Forms an exception to this rule, and gives rise to harmonic or 
musical overtone- in the same manner ns a strfagcri instrument. 1 find 
in fact that the physical behaviour of the drumhead h in many inspects 
unlike that of n,i ordinarily circular stretched membrane, and approaches 
that of a stretch' d atring In the aame manner ns a stretched fitting, 
the loaded membrane of the 1 frditiiga can divide up and vibrate in !, 2. 
3, i. or 6 pin t - which are separated by rectilinear nodal lines perpend i- 
eulir to any chosen diameter of the membrane and give the respective 
overtone# standing in the harmonic relation of pitch The duration of 
these harmonic overtones is in descending order- of magnitude, being 
quite considerable for the Ural, second and (bird harmonica which ac¬ 
cording! v give a fine musical effect. Tones of higher pitch than the 
fifth harmonic are either not excited at all in the usual manner of pluy- 
ins; or if excited are of too short a duration and too small in intensity 
ti.be perceptible musical tones, in my monograph, i am giving 
a full discussion of the acoustical properties of the instrument to¬ 
gether with illustrations of its mode nf vibration which explain the 
manner in which the loading increases thu duration of the tune.-, 
and gives rise to thu harmonic properties of the overtones. (< 
appears in fact that the loading result- in modifying the pitch of the 
numerous overtones which an ordinary circular drumhead is cap¬ 
able of giving rim.* to and of bring inti them together in groups 
standing to each «t her in harmonic relations. The success of i he 
arrangement depends entirely on the extent and distribution of the 
loading adopted and upon the arrangement provided by which the ten¬ 
sions of the membrane in K different octants may be exactly equalized. 
[ t is in fact made abundantly evident by the investigation that the 
acoustic properties of the instrument arc not the results of more chance 
but bear the evidence of the most painstaking ear.- and skill shown in 
the design and construction of the instrument 

3, Tht TVeAnufu* of Plat/mg the M rd>i n ;ja. 

[f the instrument is in itself a noteworthy piece of acoustic work¬ 
manship, still mon* remarkable is the manner in which its acoustic char¬ 
acters are Utilized in actual musical practice. The drumhead is played 
wit 1 1 the hand and fingers and possesses a highly developed and 
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finished technique, A very fair nmount of practice la require overt 
for acquiring a rudimentary knowledge of the sn&tniuient. but the finest 
technique can be mastered only by year* of training and experience. 
The physical basis of the technique lies in the manner of striking the 
drumhead and upon (he tone-quality„ intensity and duration of the wound* 
elicited I hereby. The strokes Involve the exact regulation of the rcjrinn 
of contact, the softness or hardness of the blow. its duration and for^e, 
Ritd provide for touching the membrane with some of the fingers eit her 
during or after the blow so as to damp nut c rtahi harmonics aud bring 
out certain others, Soma of the recognised stroke provide for bring¬ 
ing out either the first or the second or the third harmonic practically 
by itself, nr in combination with one nr more of the five available tones. 
The strokes on the drumhead may be cither by themselves or may he 
simultaneous with strokes on the base side of tho drum which is Mined to 
one octave below the pitch of the first drumhead Over and above this 
is the fact that the drumming is practically continuous and proceeds on 
a rumple* and varied metre and rytlim of it* own depending »pn the 
accompaniment. All this may serve to give some idea of (he extra¬ 
ordinary degree of development which the construction and use of 
percussion instrument* has attained in Indin, 

H. Conclusion, 

The study of the Indian musical drum ami of the manner in which 
nut nf the most unpromising materials has been built up a genuine mu¬ 
sical instrument which satisfies the most stringent acoustical tests and 
which even now aland a on a pedestal hign above the typ^s of percus¬ 
sion instruments known tn European Music leaver very little doubt in 
oita's mind aa to the highly-developed artistic taste* and iieou&fcia 
knowledge of the ancient Hindus. The high esteem m which the ins¬ 
trument itself baa always been held in India and the exktoner of many 
treatises in the original Sanskrit dealing elaborately with its conn ruc¬ 
tion and technique is not without significance. Indeed, from the refer¬ 
ence* that appear in certain of these treatises, it is clear that the gene¬ 
ral nature of the acoustic results obtained with this instrument had 
long been known, and that the pitch and duration of the different 
tones obtained by striking the drumhead at different points had been 
fully studied The Hindu* were well aware that sounding bodies 
generally give rise to many different tones simultaneously, and the 
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evidence available points irresiatably to fcli^ conclusion that the dove! op- 
nieiil of I he Indian musical drum was the result, nf deliberate and 
probably prolonged efforts to improve the tone quality of percuss jon- 
inatrumeafe by bringing the overtones into musical relation with each 
other. The success of the results obtained remains a striking testi¬ 
mony to the acoustic knowledge and skill that must have inspired 
those efforts. 




ON TAUTOMERIC CHANGES IX THE PHENYL* 
H YD K A ZONES OF 0 RTHO-ALD E H YD f C AND D4 
ALDEHYDIC ACIDS : 


PiiOFtTLLA Chandra MrrTER p M.A., Ph.D., Sir IftwAAeAari GAojA 
i*ro/&ffsor 0 / OAcffH£trgf t 
and 

JtrDiiiaTiiiR Cjtandra Das p MJta 

It waa diown by one of m* that aromatio orthcMddebydio acids 
like opiartic and nitfo-opiauie: add react in ethereal solution with free 
phenylkydrasine base with the formation of phony] hydra?.ones which 
subsequently tan to me rise to phenyl hyflratso-phthalides. On oxidation 
with mercuric oxide in acetone solution, the phenylhydm^o-phthalidcs 
arc converted into phony)-azo-phihalides, It was tfuhseq neatly shown t 
that on adding a solution of phenyl hydrazine hydrochloride to a 
nearly neutral solution of an aromatic orthonldohydio acid like phthiU- 
aldohydie acid h phenyl hydrazo-phthalide is obtained which can be 
oxidized to ph&nyl-axo-phth&lkle The oxidation is best performed 
with mercury acetamide in acetone solution. 

Treatment with noetic acid converts the phenylhydrazo-phthal¬ 
ide into a phony l-phthulatone in each case. 

Thus; 
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The similarity in the constitutions uf aromiit lc crtho-aldohydic acute 
and I ’ 4 aide Lijdocarhoxy lie acids in the aliphatic aeries ted m to 
investigate the action of phonyIhyrtra&ino on miicabromte and phenosy- 
mucobromic acids and to try the action of mercuric acetamide on the 
bydrazonisrivatives that are formed in the iirst instance. A* was 
anticipated, phenyl-hydraio-furfuranea were formed which on oxida¬ 
tion gave phcnylazo-lurfu rimes. On treatment with glacial acetic &eid 
on the other hand, tte phpDyUkydrnzfj derivative? gave rise to pyridn- 
stoneo. 
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(VIII) 

The action of phenylhydrazine on mucobromic and phenuxv- 
macobromic acid* wna studied by BUtrzyeki atidSimonia * and tater 
by Bistrzycki and Herbert + who obtained mucobromic acid phenyl hy- 
drazono and plicnojcy-mucoh comic 1 acid pbcnylhydrazonc identical with 
a—Ketc—» phenyl by dr mo— ftp' dibrom—«a' dihydro furfurane, and 
«—Keto—*' pbenylhydrazo—0*j»benoxy —&' brom—“V dihydro fur* 
furanc described by ua. 

The starting materia) for the preparation of mucobromic and 
phenoxy-mucobromicacid is either furfurol or pyromucic acid, and it is 
interesting to note that the fur in rant.! ring which is opened up by 
bromine is dosed again with the help of phenyl hydrazine. 
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t Btr„ 34, 1012 (1001). 
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EXFKUIMEXTAL* 

/nteraclinn of mu^obromic acid and phenythydrai me, 

Mucohromic acid is very soluble in ether. One grm, of mucobromic 
ncirl was dissolved in 2 ce. of ether and the ethereal solution of 
plidnylhydrazine liberated from 5 gr* of phenylhyd rapine hydro- 
chloride by sodium hydroxide was added to it with ice cooling. It 
was allowed toatand fnr half an hour. On evaporation of the ether, x 
reddish yellow mass was left which on crystallisation from slightly 
warm alcohol was found to melt at lfl£ -ICKPC 

A? the phony Hiydr azo-compound Is very soluble in ether p it wa> 
prepared by the foil owing method.* I grin, of mucobromic acid was 
dissolved in 3 e.o. of water and to it m 2 grm. of crystallised sodium car¬ 
bonate was added. This solution wa* cooled in ice bath and to it a 
clear solution of o grm of phenylbydrazlno hydrochloride was added. 
At first,, the solution became greenish yellow, and then a yellow Hooky 
mass came down. It wa^ then filtered off^ and washed with cold 
water and dried on a porous plate. 11 was found to melt ut 102 s - 103°C. 
It is easily soluble in dilute sodium carbonate, sodium hydroxide 
and also in sodium bicarbonate solution, It goes into solution in 
glacial acetic aeid t alcohol and ether, eUn Nitric acid and hydrochloric 
acid produce no col oration. Even strong sulphuric acid docs not give 
any colour with the freshly prepared substance, 

0 1528 grin, gave IQ"2 c.c. N at 20 C. and 7!K> m.m. 

C,HAN f Br r 
Calc,, N—Sm 
Found, N=7 53. 

Oxidation of tht Compound + 

One gnu, of the phenyl by drums derivative wm dissolved in 10 e.e. 
dry acetone and 0-0 grm, of mercury acetamide was added to it. 
The mixture was heated under reflux on a water bath for 0 hours, 
11 was filtered and the filtrate was kept in a vacuum desiccator for evap¬ 
oration of the acetone. The residue was washed with dilute soda 
solution and then with water and crystallised from acetone. The yield 
was 0 h 2 grm. 

The substance melts with decomposition at 130*0, It dissolves 
* Bw >t 34, 1013 ( 1001 }. 
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readily in fleet one, ether, alcohol, chloroform ami benzene. The colour 
of the substance js brownish yellow. 

It givm all the reactions of an a go-compound. With eon centra tod 
sulphuric acid it gives a blue-violet coloration. An alcoholic solution 
nf the substance gives a pink colour on the addition of a drop of al¬ 
kali solution. 

O il 10 gnn. gave 0"1413 CO ; 0 0 1 63 II O ; 

0 1146 gave S'2 c.O. of N at 2a D C, and 760 m>m. 

C, (1 HA^l* r i (Formula 7), 

Gale., C— 34-68: H—i*73; N—S J 09 + 

Founds C=34*44; H—i flS; N—B-01 

Preparation of t-pktnyl tfi-dibroino pyridazmt- 


PH 

0 5 grim of the hydvmo compound was dissolved in 15 c.c, of 
glacial acetic acid, and the solution thus obtained ivas healed to boiling 
for a few minutes. To the hot solution* hot water was added, till 
it become turbid. On cooling white flaky crystals came ont and were 
found to melt at 144°C* It is insoluble in aodiuiu carbonate and 
sodium hydroxide and does not give any coloration with strong 
-ulphu ris acid. It is the ring compound of Bblrzyaki and Si molds.* 

It is insoluble in sodium carbonate and sodium hydroxide, but 
soluble in alcohol, glacial acetic acid and ether, 

Q-0710 grim of the substance gave at 2G 3 C. and 760 rmm. 0 h 5c,c. 
oE nitrogen. 

C,A 0 N,Br x 

Calc., N =8 r>n. 

Found, N=7-65. 

Jcffon of acetic anhydride upon the htjdrazo compound. 
Formation of 

BtC-CH -N (Ac) . NHPh - 
II >0 
BtC-CO 


.ct* 

*1 '"i 
•'Sif 


* 5fr., 3* p SS7 mm. 
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One grin of hydrazo compound was treated with a flight excess 
of acetic anhydride and this was alb wed to stand over-nigh i\ Some 
reddish brown crystals were found to form. To this water was added 
and the crystal U were filtered, wits lied with water and was treated 
with alcohol. Golden yellow crystals insoluble in alcohol were ob- 
tailed. It melts at 140 to 141 C. It i.s insolubb in sodium carbonate 
and sodium hydroxide A little of the substance was taken and eva¬ 
porated to dryueta with sodium hydroxide on the water bath. Tin- 
whole of the sail was heated with ar&enious oxide in a test tube and 
was found to give the smell of cacodyl. 

0-1106 grm. gave 0-1015 grm GO. 0-0542 gnu. IT O 
C^H.ONjBr^ 

Calc*, C—36-93; H — 2'57. 

Found, C=:17 53: H— 2 *2, 

Action of Arzir/l chloride upon thr phenylhydtazinc derivative. 

One grm. of the phenyl hydrazine derivative wan dissolved in ether. 
It was added to an ethereal solution of J 3 grrn. of acetyl chloride, and 
kept at the ordinary temperature for an hour and a half in a desiccator 
over sulphuric acid, GCl gas waft found to evolve. Then the whole 
was heated on a water bath to drive off the ether and acetyl chlo¬ 
ride, A white crystalline mass wm left* It was dissolved in boiling 
methyl alcohol and on spontaneous evaporation, crystals began to 
come out* It was then filtered and the reridue dried cm a porous 
plate. It melts at 138 5 to 13ft 0 

It is insoluble in sodium hydroxide solution, hot or cold. A 
little of the substance was boiled with sodium hydroxide, and then the 
whole mam was evaporated to dryness. On heating with arson ions 
oxide the atueU of cacodyl waa perceptible. The analysis of the sub¬ 
stance showed that it is the diacetyl derivative. 

BrC—CH ■ K (Ac) N (Ac) Pfa 
>0 
BrC-OCT" 

O'1126 grm. of the substance gave 0180ft grm. of CO0 (1332 
grm. of H.,0 
0 lt H lt 0ABr r 
Calo„ C=3S'8B; H=2‘H2 ( 

Found, 0=38*97 : H=3-28. 
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Adhnof Fhenylhydmzine ujson Phinozy*muaAromic arid. 

Two grras. of the sodium salt of phennxy-mucobromia acid was 
dissolved in witter. This ant at ion was cooled in ice bath« and a clear 
solution of 2 grm*. of phonyIhydraaJne hydrochloride was added rapidly, 
A I- first a greenish yellow solution appeared and th -n si light yellow 
crystalline mass came down on stiring This wna crystallised from hot 
alcohol and was found to melt at 119 5 to L2«i C. 

It is soluble in sodium carbonate solution, sodium hydroxide, 
and in alcohol, acetone and glacial acetic acid from which it gives, the 
pyrtdazcme derivativc H Sulphuric acid produces a red colouration. 

O' 1192 grm. of the substance gave 0 2332 grin, of Cu iB *0355 grin, 
of H .0. 

C n H, .O^Br. 

Calc., C—S3"34; H— 3-3 h 

Found J C'= 53' 1 ft ; H—3 60. 

Oxidation of iht phinythydrazirte derivative. 

One grm, of the pheny(hydra7jne derivative was dissolved in 25 e.c 
of acetone and T3 grm + mercury acetamide was added to the solution. 
Then the whole was heated under reflux by steam from a water bath 
for six hours and kept at ordinary temperature over night. It was 
then filtered and the acetone evaporated A crystalline mass was- 
obtained. It was washed with Siot water twice and then treated 
with dilute sodium carbonate solution for half an hour to free it from 
any u no handed hydraao compound. Afterwards it was washed several 
times with water and thou rocrystallised from dilute acetone* 

The substance melts at 158* to 159 6°C 

It is an orange yellow' crystalline substance, soluble in acetone 
but insoluble in sodium carbonate, It gives with concent rated sul¬ 
phuric acid a greenish blue colour. 

To the alcoholic solution of the substance was added a dro, 
cf sodium hydroxide solution. A pink colouration was developed 
disappearing just on the addition of more alknli, 

6-1196 grm. of the substance gave 0*233ft grrn . of CO 0*0361, grm. 
of HA 

n 1257 grm. of the substance eave u c .c. of N at 26 6 C C and 
760 m.Qi. + 
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Calc,, C*= S3'4S ; H=3O0; N»7'W. 

Found, C—53 31 ; H—3~3«; N— 8 0S, 

Preparation o/ i-firomo o-pAe^oxy-pi/rit/^tOfl^, 



O'ft grm T of the phenylhydmzino derivative was dissolved in gj*cial 
aoelio acid and heated to Inuling for a few minutes, Then on diluting 
with boiling water till the solution became turbid and afterwards on 
cooling a white crystalline mass appeared. It wa* found to melt at 
113° to ll-TC 

It is insoluble in sodium carbonate or even in sodium hydroxyde. 
It is identiCEil with the ring compound obtained by Bielraycki and 
Herbert.* 

O'1900 g flu. of the substance gave I2 r 4 cc, of nitrogen at 24 C and 
71JO m.m, 

C^H^N.O.Br. 

Cali'., N—S16. 

Found, N=7 _ 4£. 


* ttrr . 34. 





P ASP ALUM, DHUTAR1A AND ANASTROPHUS ; 

A STUDY. 


Dit. P + Baffin,, D,$o. p F.C.8., F.G.S., LS*Q. + 

/Vo/^sor 0/ Zfcjfnn^, OWiKT*i£;p 0/ Cofeiito- 

The prosMnt paper is the result of a detailed examination of the 
collection of the material of the go mi s Paspalom, inch Digifcaria and 
Anastrophua, contained in the Herbarium of the Koval Botanic 
Cardens. Sihptir, supple tainted in a limited extent by observation* 
in the field. The investigation referred to i* part of the work under¬ 
taken by the writer with a view to the publication of a " Flora of 
N orth- Kan tern 1 nd ia rt 0 F th 0 ty pe of Then d ore C onke" $ Flora o f 
Bombay. The constant me to which Cooked Flora is put by botanists 
onthtxside of tndh proven the desirability and urgency of bringim* 
out a similar publication dealing with Lhe floras of Bengal p Sikkim, 
and Teachers of botany in the colleges scattered all over the 

country find it impossible to consult at frequent intervals larger 
collections such as those housed in the Herbarium of the Royal Botanic 
Gardens at Sib pur; moreover, the whole of the flora of thi* part of 
the country require# to be worked over In detail, before it is po^ible 
to compose 4i pocket floras,*' which would enable field botanists and 
in general persons who take \m interest in botanical studies to identify 
satisfactorily and without undue low of time any phanerogamic plant 
they may meet in forest or field. 

Many of the species of Grammaceae^ being cosmopolitan, form 
excellent subjects for the study of variations’ on the other hand, 
their variability and polymorphism, the great dependence of the mor¬ 
phological characters on ecological conditions h render the establish 
ment of well-defined species* sab-specica and varieties, or even genera, 
a matter of considerable and sometimes nearly unsurmountsble diffi¬ 
culty. A great deal of work remains yet to be dona in that direction 
by work in the field and growth experiments carried out in different 
parts of this country. What is sometimes declared to be E ‘ rich * 
herbarium material turns cut on closer examination to be very dHfi- 
C 13 
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racW, ft fact which is Hint astonishing cionsideritig the vast extent nt 
the area Indian botanists htive to ded with; and in the study of grasses 
this area hm to be extended htr beyond the limits of India. 

As the Flora of British India is practically the only work which 
botanists on thi* side of India iire able tn use when confronted with 
tlie task of identifying specimens of phanerogams, the terminology 
adopted in this paper will be chiefly that naed in the monumental work 
ju^t referred to. We shall, therefore, usually use the combi nation j 
my, Prutp'itnni sanguimde, in preference to cither Digitaria s^ngtiimtlis 
or Ptwicfim mm'fuinat£ t After all, Paspalum, Digitaria, Anftstropkua 
and Pamcum art- closely related form-circles; and although glume I 
of Panic urn is often absent in gr&ssc* belonging In the Digitnrin group 
and nearly always absent in the Paspahnn form-circle, in certain species 
of Digitaria the presence or absence of glume i iippaam to follow 
no definite rule, md in Bmpalum jwQUntum, Trio., n native of Brazil, 
whijh in every other respect h a typical Paspalnm h glume 1 is as well. 
>>r even better, developed as in many species of Digitaria, (Sec fig, 1, 
pi I), The state incut * r Lower involucral glwmr absent ' 1 cannot, there- 
fin e, hr applied to Pmpalum protensum t although it is applioable to all 
Indian species of that genus, taken the latter in its restricted sense 

A character which in many cases permits the easy discrimination 
of Pas pa him and DigiUrin h the shape of the spihdet* The apjkelcte 
are t in a great number of apeciea of Paspaium, orbicular or broadly 
elliptic! whilst in Digitaria they arc ovate-or elliptic-oblong to ovate- 
c,r elliptic-!aneoolate. This difference, however, U pot so well marked 
in those species of Digitaria the length of whose h pikelets k two milli¬ 
meter* or less, whilst it i* quite evident in spccica whose apikclets 
TiifjiSiirc S 5 to 3 5 millimeters in length. 

The HmravU-r which fur the purpeaes uf diairiinitiating Digitaria 
fnim Pels pal mn is nmre reliable til Jin any other is the nervation of 
glume III, the nhaxial or dorsal flowering glume. In typical secies 
uf Paspalmu. syuh as Paspdtum acrobictdaticm, Lion,, P. conjugation, 
Herg., P. compticlttm, Hoth, anti most of the American apeciea, the 
intermediate nerves, i.e. the nerves next to the midnerve, are remote 
fntm the latter md eloaa to the line of inflection of the marginal parts 
of the glume, leaving comparatively large arena on either side of 
the mid nerve free from nervation. As n necessary consequence the 
intermediate as well as the lateral nerves exhibit a corresponding]y 
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marked degree of curvature. In Digiturin, on the contrary, the nerves 
°f glume III lire more equally spaced, :ind the Intermediate nerves 
are often quite ur nearly parallel to the midnerve. (See figs T 2 and 3 
pi J There are easuj, however,, in which these distinction* break 
down to a or greater extent. Gases in point arc the following 

Indian rumples 

(n) Pawalfsj msTKiimn, Unn H 

This specie* i* one t>F the moat aberrant nf the Indian species 
sif Pnapajum in the narrower sense* of the term, ;l nr| the following 
statements regarding form and nervation of glume ][ (the aduxinl 
invidueral glume) and glume Hi (the abaxial flowering glume) may 
prove of intercaL The m Ed nerve of glome J ] mivv or in ay not be 
developed; it may roach the tip of the glume or atop short some where 
half-way up; it may be absent in all the spikelots of u specimen, 
or ^ tnay ho developed in the uppermost apikelets and absent in the 
lowermost ones, or tribe verm* Tho first ease, that in which glume II 
has no mid nerve, has been observed by the writer in specimens from. 
Formosa, Borneo* and various planes in India; specimens in which 
the midnerve Es developed in the uppermost spifcelets and absent in 
the lowermost hail from Singapore and the Sunderhafta; specimens 
with glume II traversed by a midnerve in the l ower a pikelets and not 
in the uppermost ones are from Endian ^ whilst lii .specimens from 
Karnal in the Pan jab l he midnerve of glume II Is strongly developed 
in both upper and lower spiketeta. The length of glume II varies usu¬ 
ally between 3 and 3 5 mm., but may not exceed 2-7 mm.: when flattened 
out, its breadth is seen to vary between 2 and 1-fl (soim times P5) 
mm. A charactei which appears to be tolerably, if not quite constant 
eoneints in a tiny tuft of hairs at tbe tip of glume IV, the upper 
ehartaccous or coriaceous flowering plume. (See figs. 4 a-d r p], l) r 

lb ) Paspamjm jjdngiklohum, Rctz. 

In herbaria, specimens of this species are often found mixed up 
with Pmpulum dislichutn , Linn,, P, Rot/Uanum, Ncea p P. &mgmmte 9 
L&mkfcj and P, pedicellate, Triri, but particularly with P Itnykanum* 
From nil these specieM it can at once be distinguished* and that ab¬ 
solutely, by the nature of the hairs on glumes I I and HI, a character 
which, according to Sir Joseph Hooker, was first pointed out to him 
by Dr, Stapf (hop Flora of British India, Vol. VII, p. 19 under t\ 
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Roylmnum and also p. 16 under P. hngifiorum). These hairs are stnted 
in the F.B.I. to lie “ very slender and an it ware crisp nr wrinkled 
They may also Iw described a* knarled or crinkled. Sometimes they 
art' straight at the tip, but very commonly they are hooked after the 
fashion of a bishop*a crook, (See fie. 6 a-f.) The fact is certainly re¬ 
markable that a character of this description, the usefulness of which 
to the plant is far Erom evident, should hi so absolutely constant over 
an immense area. Glume I is often, hut not at all always, absent 
1 be length of the spikdets varies from 1-3 to 2-0 mm , 

(ci Paspaivum UoYLKAsuit, Nres, 

Although, in collections, specimens of P. fttryleanum and P. lanyi- 
fhnun arc mixed up to a considerable extent, the nature of the hairs 
of glumes II and ffl allows of their easy and certain discrimination, 
and the question whether a specimen belongs to cither one or the 
other species — other alternatives being supposed to be excluded—can 
be settled at once by examining either glume If or glume III under 
one of the medium powers of a compound microscope. Fig. (i shows 
such hairs from glume II of specimens or p. thyleanum from different 
localities Tt will be noticed that the hairs exhibit a considerable 
amount or variation in length and form. They are always gland- 
tipped, bat the glandnl&r part may be nbovoid with the upper end 
rounded nr depressed, or it may ha distinctly spindle-shaped; the 
shank of Ibe gland uliferoua hair may be comparatively short and the 
gland may be even Bnbsessile, or the shank may be slender jmd con¬ 
siderably longer than the glandular head. These different descriptions 
of haira may in cur side by side of oach other. iSee fig. 0.) Thu crown 
of stiff hairs on the pedicels of most forms of P. Ri^lranutn is another 
character which in t he majority of cases allows of the ready discrimin¬ 
ation of the species under review from P. lonyiflarvm. (See fig, a-d, 
ph 1 ) It is, however, not os reliable as the nature of the hairs on 
glumes II nnd III, as already indicated by Sir Joseph Hooker in the 
Flora of British India. It is stated there that in African specimens 
those hairs are longer than the spikelets; this is, however, never the 
ease in Indian specimens- indeed; as also mentioned by Hooker, in 
certain Ceylon specimens “ the pedicels are hardly setuhW It may 
occur that a casual observer may be led astray with regard to thin point 
by herbarium specimens which arc doubtlessly specimens nf P. lamp, 
ft'Wm or P. pedictUnt* being erroneously named Awjwfujn fioyteannm. 
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Un the otLer hand, In certain gpccimojis from the Kiiasia Hills, Pogy 
ftml Singapore which certainly are forms of P. Jtotfltanum the crown of 
aetuJose hairs is entirely absent, whilst in other specimen? it may 
be represented by a single longish bristle, the other haira being of a 
minute size. In one of these specimens, collected by Ridley near 
Singapore, otherwise hardly separable from t\ Boyteamtm, not only 
are the pedicels very scantily Hcabrid and only with a trace of a 
crown of sctules, but also glumes J[ and III arc entirely glabrous, 
without a sign of gland-tipped hairs. As regards -dump II, it may bo 
stated that, in general, it is very short or nearly obsolete in specimens 
from Raj po tana. Central and Southern India. In these specimens 
the hairs of glumes II and Ill are comparatively short and tipped 
with fihort-obovoid glands- in certain specimens from other areas 
idunic IF is more developed and may even nearly equal glume II! in 
length. The apikelets of P. Boyltanum are inserted in clusters of 
Three or two, more rarely four, alternately nr either sale of the dorsal 
ridge of the rhnehis ; the lower pedicel is about half a millimeter 
in length, the middle one is about twice as long and the uppermost 
of the three is three or more times the length of the lowest one. 
In a very large number of specimens the length or the apikdeta varies 
between ]■! and 1*7 mm. Certain specimens, however, named p 
Boffleanwn, and certainly closely refuted to that species, have spikelet* 
S' l to 2-n mm. in length; in all these specimens the pedicels arc 
crowned with a hi ft of bristle-hairs; the hair* on glume.H 11 and 111 
aro slender and pass gradually into .m oblong-ohovoid gland-like ex¬ 
pansion bearing a minute conical tip; glume l| is well developed 
I'd to 2 0 mm, long, narrow-oblong and three-nerved. The distribn 
tion is rather remarkable; it oecurs in Yunnan (Henry's Collection), 
in the My rung Hills, at Kotagiri in tbe Nilgiris (Collection Gamble) 
and near Snhehganj in tbr Rajmaha! Hills. In the latter specimen 
glume I is distinct and about 51 mm. long. Fig. s q , represents this 
form, which, having been first noticed by the writer on sheets of 
Henry’s Yunnan collection, he proposes to oall vnr. yun*tinenai\ 
These forms are possibly mutations which have independently origin¬ 
ated at different centres. 

(d) Hasp ALUM TEgKATUM (Hoekstettcr), Hook. fjl. (See figs, 11 a -e 
pi. I.) 

This species seems to be even more closely related to P. Roykanum, 
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than to P. nmbigiium, particularly if the form distinguished by the 
writer as P. Royleanvm mr, y inman ensi$ should ultimately prove to 
be specifically inseparable from P. RoylEanv.rn. The pedicels are beset 
with stiff hairs, which gather into a crown of sctuloc at the apex; 
the hairs of glumes ]I and 111 gradually widen out- into a elevate 
tip, and the spikelets vary in length between 2 and S'5 millimeters 
The basal spikelots commonly occur in cluster* of three with the 
pedicels 0'5, 10 and 15, or I) fi, 2 0 and 3*0mm in length. Thawings 
of the rliachis are a a broad as, or narrower than the midrib. 

Paai'AUtM FEnicEnLAitK, Trinius. 

There is usually no great difficulty in discriminating term* belong¬ 
ing to this species from forma belonging to P. Royteanum , the longtli 
of the spike let fluctuating on either side of !■£ mm. within very narrow 
limit*. Tin- crown, of setulae on the apex of the pedicel* of most 
forms of P. Hoyleanum appears to he never developed in ptdictUart* 
The glandular expansion of the hairs of glumes If and Ilf is oblong- 
obovoid or oblong-ellipsoidal, never depressed-ellipsoidal, and the shank 
of the hairs is always considerably longer than the glandular tip The 
upper * pikelets are always geminate, and the lower ones occur in 
clusters of more than two A peculiarity of these clusters consists 
in l lint the pedicels of the single spike Jets arise at different levels, as 
will be seen from iigs. 0, a-j which are from the district of Manbhum; 
in the specimen referred to the inflorescence consisted of twenty-one 
clusters, fn a number of measured specimens from different loL-aiiLie* 
the wings of the pedicel* had a width less than half tin' width or the 
midrib. 

{(i Pasp.u,™ jr datum, Grieabaok. 

As the description of ibis species jls given in the IT ora of British 
India is rather scanty, the apeeies is hero described somewhat more 
fully, but the advent of more plentiful material of this seeming !v 
rather rare species may cause slight modifications in the final des¬ 
cription. Hoot s to Ok short. Rootlets wiry, issuing from the rootstock 
and the lowermost in ter nodes of the oulm Culm single, erect, with 
tin- inflorescence 00 to 130 cm, in height, near the base about 3 mm 
iri thickness, smooth and shining. Internodes 0-15 cm. long. Modes 
constricted, short, brown, glabrous. Leaves glabrous. Sheaths as 
long as, or somewhat shorter than, their iotamodes, with well-marked 
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filiform ribs, Ligule abort, rounded. Blade linear! running out into 
a Hub point* 15-40 cm. long, 3 G mm. wide, with a well-marked 
stout-fill form mid nerve and 3 t somewhat thinner aide-nerves and 
thin inter mediates Peduncle about 2 mm. thick at its base, 25 to 
above 110 cm. in length. Main rh&eliia 4 ■ or G-angular in orcms- section p 
ending in a terminal raceme and giving ofF at. intervals of 15 to 5 mm* 
five to seven Lateral suberect racemes of various lengths, the longest 
about 20 cm., the basal ones being sometimes no more than L cm. 
The rhnohis of the racemes ± sinnous, about n .1 mm, in width with 
a daraally ilattbih, vent rally sharp midrib and very narrow, minatelv 
acuhrid wings. Spikelets in dusters of five to two, mostly arising 
at about the same level, arranged alternately along the midrib of thu 
rhadhiHp I'ft-I-S mm. long, N o b mm, in width, lanecoktemblong, 
very sharply acuminate, pale coloured or dark-purple: pedicels of low¬ 
est apikeleta about 0 5 mm* long, of the higher ones ± sinuous and 
increasing to 34 mm in length Glume I absent. Glume IT thin- 
membranous, convex* elliptic, 3-nerved f dorsally minutely and sofily 
pubescent. Glume IV thin-membranous. flat, 5-nerved, dorsal ly mi 
nutdy pubescent, intermediate ones straight and parallel. Hairs nf 
glumes 11 and 111 of unequal lengths* usually gradually widened into 
a slender obovoid head, Glume III cartilaginous, lanceolate-oblong, 
acute* dorsal Ly convex, strioiatc, brown, about l -fi mm, long, margins 
incurved, flaps paler colour*)d p their edges meeting, Palea of glume 
l\ 12 mm. long ovate, acute, back ch cutaneous, margin- 1 ' incurved;, 
thinner, gaping. The material available is not sufficient to give a 
detailed description of stamens, pistil and grain. For cluster of spike- 
Iflfa flnd hairs from glumes IT and IN of Paspnlum jubatum see Gg- 
10 a-h r 

(r;} Pasfalum sanouinale. Lamk. (^DigiUwia mngtiinali$ $ Sen- 
pnli, — Panicum mnguinal € 3 Liiin.j, 

Although the nine varieties distinguished in the Flora of British 
India are connected by intermediate forms, Home nf which may ulli- 
mttfccly prove to be hybrids, il fa nevertheless possible to separate 
certain of the Indian form-circles and raise them to the drgnity of 
subspecies or species of the second order. After a detailed and pro¬ 
tracted study of the available herbarium material as well as numerous 
fresh specimens the writer baa arrived at the Conclusion that the 
following form-circles can be distinguished from each other with taler- 
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Mbit? ea^c : (I.) jitiLisp. P, crrtcmfium (Jffeesj; (2) aubsp. P. comiiiuiatum 
(Nees) ; (It) subsp. P. rxicnfittw (Ifce6); (4} P K citiare (Retz.J; (5) P a 
c*rpnbo*UM {Ra^b.'i: (ft) P, poAiiiare (Aibeh, and Ilemkb). 

(1) FaspalUm ce(jclatum. 

It ie$ s as a rule, quite easy to distinguish rhi^ subspecies from /\ 
comittufaiunL fcin.il other subspecies by the ovoid or fjblong~nvoxd, sub- 
.abruptly and shortly acuminate spikeleH and more particular!v by the 
shape of glume If. which when llaLtcncd out is seen to be broadly 
ovate, rather obtuse, 3-aervcd and I—i-6 mm, long, (See figs, 12 a-f 
pL LI.) The gram is rather squat, and its shape may have first in¬ 
duced the Khaaiaa to take it in cultivation. The writer has little 
doubt about the plant cultivated in the K 1msia Hills being derived from 
P. cruriQtum and not from P m eummutaittm, although with regard to the 
form cultivated in Sylhet its derivation from P. erwiaium is more 
doubtful* The cultivated form is ski a ter and tidier than the forms 
growing wild nil along the Himalaya from Gilgit to Bhutan extending 
into the Assam Hills and probably farther east. Besides the forma 
cutia and the forma lypica wo may notice n form with hirsute leaf- 
sheath* front Laohung (forma lachungenst) ami a form from the Kliosia 
Hills (forma dtlulom) which bos the uquat shape and the enbabruptJy 
cuspidate glume IV of forma iff pica, but in which glume It ss oblong and 
glume III bears a row uf bristle-hair* along the intermediate nerves 
and has a densely ciliate margin, thus being to a certain extent in¬ 
termediate between subsp, P. cruchium and subsp. P. ciliaro r (See 
figs, 13 a-<\) 

(2) and (3) Rubsp. Pjuspalum commutatum (— Digiiaria commutata) 

and Snbsp. Paspaut.m extkxscm. Neea + (Sec figs, Hand 15 + ) 

It is some times quite impossible to decide whether a certain spec¬ 
imen should be assigned to Patpatum commulntun* or to /'aspalutn 
fMtiiisum. but an m other eases the discrimination can be effected with 
comparative eas^ the writer proposes to keep the tw r o form-circles 
apart, at least for the present, basing the distinction on the adaxiat 
involueraJ glume (glume IT), which in subsp, P. commutaturn is 3^8 
to 2 8 mm. long, and in most eases l to ] (rarely only J) the length 
of glume IV > whilst in snhsp. P. glume II 'm usually 0 + ft to 

1-2 mm, long and less than ] the Length of glume IV, being in rarer 
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instances nearly obsolete. A study of the variation in tho absolute 
and reliittvo length in otherwise typical specimens of subsp. P ciliare 
has convinced the wrifcot that the separation of P. eoinmnlatutn and 
F. as subspecies is really artificial and can be defended only 

on grounds of expediency. In this connection arises also the quest ion 
of the position of var. RoUleri and var + debile of the Flora of British 
India. As regards Dlgiti ria debit it (ace figs. Hi a, b r pi. If) which in it* 
typical form luula from the Mediterranean Region, we may accept Par- 
lu tore's definition i r< Digifarja spieis subdigitis* tiiitormihiis, subquini« t 
apiculis nblongo lanecolatis, g! ntna inferiorc nulla, tupcrime /ftwcufw 
supnnifiA paleaque fiosouli neutri cuspitiitia.siibsoptcmnervjbus, puber- 
nlis, vaginae foUornm inferiorum villoai*-' 1 Parlatore adds: H Questa 
specie per maiuwiEa della glimia inferiors t? per lo svoluppo maggiore 
della ftiqn-riori' awicina 3a Digituria ad Palpal urn/" We may there¬ 
fore a^nmo that the character distinguishing the true Digifaria debili* 
from allied forms of Pa&pilum #anguitialc lies in the adaxial involucral 
glum c exceeding in length the flowering gin mss* J. W. Bews also m 
his interesting treatise cm ,s Thc grasses and grass lands of South 
Africa™ (I BIB} distinguishes Digitiria tit hi tin from D m mnguinafi^ by 
the former having the upper glume tour glume If) long-acuminate* 
exceeding the upper valve (our glume IV), and the latter (D. zanguina* 
/is) having the upper glume shorter than the upper valve. In the 
numerous specimens from Ceylon, the Andamans, Nicobar.^ Bengal, 
Burma, the Malay Peninsula, Java and Celebes in the Sibpur Her¬ 
barium and named var. dehifta, in many instances on the authority 
of Kir «f I >. Hooker, the length of glume II varies between l and 2 
sum. + whilst that of glume IV varies between 2 2 and nearly H mm., 
that is to say, glume 11 is always shorter than glume IV, The 
writer Ls > therefore, of opinion that tar. deb His of the Flora of British 
India is not identical with the Pappalum dfhilf. of Poiret or the Digi- 
farifi debilis of Parlutorc. The Eastern form is evidently, as already 
hinted in the Flora of British India, nothing but n stub variety, in 
most cases probably of P. commutafnm t in other cases of P m cilia#e 
As regards var. prurient^ the F.BJ. states that glume I (onr gl r JIj 
is nearly as Jong as glume I If (our glume IV). The writer is not able 
to eon firm this statement, a* in all the specimens marked par. prunes 
in the Herbarium of the Sibpur Botanical Gardens glume H is distinctly 
shorter than glume \V r the 'pecimeii* h as a matter of fact, differing 
C I 4 
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ill no reflect from what we regard as suhsp. P. externum M iqncl 
also in his Flora Indiac Batavac says of P, prurient that " glum a aiifus 
rior pawn spiculae £ orquuiiB,' ‘ whilst in his ear, .4r a Ohio tin glume II 
is said to reach half the length of tilts spikeht. Pus put urn prurient 
and Paepalum exiensum have therefore to he merged into a single 
subspecies; P. prurient cannot even be considered a separate variety 
and lias to disappear from Indian *‘ floras. 11 

var. Rottkri, which is stated in the F.B.l. 10 be a dwarf form 
of tor commutate, is related to P, tt?/cR4itm as var. “debile " is related 
to P, eommutatum. (See figs. 17 a—e.) [n other words var, Rottkri and 
ear, “debile”, arc soil-varieties of subsp, P. tslensttm and subsp. P. 
eotruiudutmu respectively. In this view we are confirmed by a study of 
the soil-forms of aubsp, P, riliarc, the otherwise typical forms of which 
exhibit a similar variability when growing in different local it tea or on 
diferent soils in the same locality. The character relied on in the F.B.l 
as distinctive of cor, Rottkri, namely that the rliachis of the spike 
is “ stouter broader green, the wings two or three times broader than 
the midrib’* is not constant, and the wings may be only 1 to U 
times as brood as the midrib. As a matter of fact, ear. Rottkri is 
not at all as common as suggested in the F.B I, It is best to restrict 
the name to the soil-forms in which glume II is thin-membrane ms, 
ovate or ovate-oblong, usually finely 3-nervetl, sometime" faintly I 
nerved or even nerveless, commonly OS-I’I mm lone and about half 
as broad, rarely glabrous, usually cilia to with the hairs sometimes as 
much as 1 mm long. The name var. ptteudotkbilit may be assigned 
io the small soil-form of P. eommuktiutn, the var. dibit* of the F. ff. 1. 
in which glume 11 is ovate- or triangular-lanceolate, sometimes ovato- 
olilong. subacute, 1-2 nun. long, i flS broad, 3-nerved with the 

lateral nerves, rh a rule, gradually converging from base to apex, mar¬ 
gin adpressedly or viliously cllinte, back usually pubescent between me¬ 
dian and lateral nerves. 

The following arc the localities at which the specimens examined 
by the writer have been gathered; the subspecies and varieties are 
taken in the sense indicated above. 

P. emtimutafwn typi? n»:— 

Kuruin YnWay [Aitolitfsn)* J*ahuHl (StolicEkM* ll*«Tjahf Chimb* (Lfic*) + Bn- 

wthif (BmuJLhI. Pniigi tbw*S F Simla IflarnlVM. M ussogH* mill Dcbr* Dim (Kin*), AJ* 
moTMh (Stpachisy n.nd WinlwboHimi), Xi'piil (Wail. Cat. N-BSi JJ, Sikkim (J r D H Hookar* 
C. B. drtfM, Kha^ia (Mmtn), mhul (WftlL Cat. SG8|J + Burma (Wall. 
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t'*| r W'fcb PuimjIi, Kur^, itai inhere f H, Sdiaiirt), IC^>cliAa Karan I t&ntilH'lw*), Njtduvalain 
^ (W [ liQLirrnO. Chota Nigpar (Worn!), 

P Otnn^riiilalriMi^ ¥*r. paeiMfcttfa Vi/iV : — 

Hnn^iil (vnrirmi ^lntvr»}, Fitjiro* (Kant], Gro*il Cn^ci (Pmin)* MaIai RfrfliniDln 
(various poUwfonih Andaman** u-Bd NicoLam (Kura), Coy 1cm {Thwrtitpih Java. Celuboi 

P. lypimm : — 

Biliir (GolL), RnjmillikL ITIHi {Kurt); Rant:.*! p'-nll,). KilE Tip|>arn {Dnhb&rrtian 1 , 
rKhar (C, H. Chrb], Af»nn} (llJUUL, CdlL], Jpint{n Hiilv (Mann) [ Hiirtmi [KunK ^ftUy 
faniaitifo ECall.3, LjWJiiinilvfi 1 1 hint* (laveitEgatCch Java, Ramao* £3. India {Wight, 
$ 4 ii|i^i) Cochin (Mnub^), 

P -1 rfriMuia vap, RottUri t— 

Sikkim (Kwr*, C. Jf. Ctirtn}* Bihnf (C&H ), R i ri3Cfl] (Call }, linrinn (Kmv,). Groat Cflea 
fPftiift), fL India (Hpyrto]. 

(4) Suhap, P asfaium ciliark. (See tigs. I B a, h,) 

The results of a detailed investigation into the form-circle of P. 
citiart mil not bp ready for publication till the end of the rrtin y season 
of \l*2l t those investigations involve growth experiments by which 
alone a number of problems pan be elucidated and doubtful points; 
cleared up. For the present the writer is constrained to confine him- 
self to the following remarks 

The boat distinguishing character of this form-circle is the in- 
dura en turn of glume [I! (the abaxuil flowering a In me) of the p ©dwelled 
s?pikelet as it appears at a later stage h especially in fruiting specimens 
The marginal strips are besot with u dense fringe of rather soft hairs, 
the upper part of which is incurved and in the dry state interwoven 
into a kind of rim. which nn cursory examination mny be mistaken for 
a marginal nerve and which is commonly strengthened by bristle- 
hairs, Toe intermediate nerves are strongly developed, and disposed 
along them is a similar dense fringe o! upward-turned softish hairs 
intermixed with bristle-like hairs. The bristle-hairs may reach a length 
of l 5 mm., but are usually l mm, or slightly less in length. In the 
smile or subsessile h pikelets a well-developed fringe of hairs along the 
intermediate nerves as well as briat!e-hairs are not uncommonly en¬ 
tirely absent. It does happen that, a* the grains of the pedi celled 
spikdets ripen sometime before those of the sessile ones* and fall off 
before the latter are nearly mature, the specimens are often erroneously 
ascribed to P\ tammuMiim or P. tixtm&m, nr even P r Ratthri or P. 
dtbilt. On careful scrutiny of the sheets it is often possible to spot 
some stray stalked spikelet*, when the true relationship of the sped- 
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men stands revealed. In other cases it may be practically impossible" 
tt> assign specimens to their proper place, nil the pediceljed spikdefs 
having been lost. Unfortunately, the bristle-hairs „ which are so char¬ 
acteristic of many forms of subsp. P. citiare occur in rare instances 
in other subspecies, such as P, eruefrfam. The specimens from the 
Nieobars referred to in the F.B.l, ns belonging to reir . fhbite are 
evidently soil-forms of the true subsp. P. riliare. The statement that 
" vnr, cilia re ' f hm few (2-0) spikes in an inflorescence is generally 
correct, but the writer has met vigorous specimens of undoubted 
P. tiUar? w ith as many as fourteen spikes. (Compare fig, 17). 

( 5 ) $ubsp. pASPALtrai fauui.ari: = Panieum jmbtthr^ of Aitchi- 
sou and Hcmalcy) h aiifticiently distinct to be raised to the dignity 
of a pubapceloa, Nothing need be added here to the description given 
by Aitohison and Hemsley in the Journal of the Linnean Society. Vol 
XfX. p. HlU. (See figs. 10 o—e ] 

( 0 ) Subsp. P asp alum CORY1CBOSUM (or D iffitima wnjmbo&a) , (Sc# 

ligfi, 20J 

The writer has little doubt about this form, which referred to 
in the Flora of British India as var, GriffUhii t being identical with 
Roxburgh's Patti sum rontmbwitm, which is doubt hdiy referred to Pas- 
palum sanguintok in the F*B J. whatever the name bestowed on this 
form-circle, it is certainly furthest removed from the typical Pasjmhim 
*angvint?It and when a more plentiful material will be available will pro¬ 
bably have to be raised to the dignity of a species of the first ruder. 

The following is a Full description of the subspecies as known to 
the writer:— 

KofitAta^k Jit (Pill. *h«'irt- CtlltldJ brumd*?.-* erects IeUctaI uni often and 

rooting ftt III# PCkIlpb. finally ii wilding Cm I in a tori'I p. aoUd* 30-1211 cru. jiind mnnU 
I Lk Ipngih, £-4 to in- tjsiek near the bun psk'nlcurfd, unuoth. consirktoib 

Tnteroodfft (tha middle one*) eta. Jong, le\ior onri *hort E r. Lravos: Sheaths u 

long Hr 0 t fell art or Hum their ioterdodti, r hb«J. I he ribv i-dtu-r npjftlly i | ftj j P or nm 
pr rib nllcrnuting wilfi ihrce fmor ones, glflbrciii j dPiitajly hipjntf w jih tudb-binpd hjuh 
Uyidfc Gi^picuoufl. trtDUVoiicW otffcllgi lismou.- I nt roan di d Anil «rO£o nlonK iliu uppjir 
mAtjitl, 1-3 imn + long; bln.de f fcnctnd id 1 irbr-nr, ruundrd At Eh* or HOHtetimtis aEfOd 
unled into A di*Mtt*U petiole* which mmf be im much a* 2 £ kng r blufo n E Ur nun tad 
into AH ATiilo ep* *. *f Intermediate leaves ^5cm. lotip, 12^25 Eimraii, graatut width 
gldbriPUA or ± duiwdu hrutit OH both WirfftC** with bidb4iojii»i fllrttL^hL tkcul^r - 

midnb pliorfily defined On both iurfu(9; right find Id t mArghu n t< < J nntoly unduktv. 
both marqinp Bftd ■urfmon* “cuhrid F^thmcLo sin cider, RTuhroui, 20-00 fern hyng | lt . 


P ASP ALUM, DJCtiTABl A ANT? ANASTBOPliUg. 


2*7 


lbrM«i5co ODrymboBS* consisting mf G (o Ifi i-nj ifi-fu Of t-OfiJ potiod rrt^ra? 11 , the iQWftflt une* 
vtribillhb, the UJj^pr rubtippcstto nnd nltcmito, Main rhnrhis trigonrtMrf or foe r aHg*J Ear 
in qrou-UHtiofl RneerE>iTa Jil.-nd--r + strict or fUp*|d T divergent car draping, kn^et 10-16 
um* •ntno of ttlD cm- Dp (4111 only | 2 4’ffi. ]frng. 9j5lk*hH in pairs, on^f Very aliorlty 

t]ui oth t 3onp-'dionUad, Hludiis of ffleomc luirfdur, 0-3-0'fl mm. wkloi midrib Erb 
jfanQiii wftlt d ixrinxl V ob»k?te era* t ; wingu I -2 iwr^ed, icliidfoly scabHd-'tonthocl , braid til 
of wiftfs J&iL-H than tho bra-julth of ihn midrib, timuilly abcilE half hh broad, lotomod&s 
Hif rtuchLt aboil! aa long na the itAtkd Apikulob including live utrtlk. P^iqeU cf striked 
^fkekts 2-A min_, o r lulraBsailo onc» 0 S4 5 nirn Police I led BptkeloEa 2'5-3'A mm- Ictlg, 
about \ rtf broailf o vnlol euiooolatfr P tbort-aouminat#. Oluino I minute* ova to,, obtu-w, 
npn r nbsj liinirtd IE tn r ato— nr elliptic-oblong or oviUc InncculcEo, KUtfl or obtmw. *t m 
n erved with thicker intarmi^int-j and marginal atripa, of ton JUiRi^tKl with purple, 
margin nripretwd aoU-oilintu, dnrsally iFiLfa-rnnfinally softly ft^preaifld-hiiiry. Olnmo Ml 
oVnLe-oblong or broad- 1 anconLate, acute cr aubap Ltmmato h 5 ^ : or 7 -) S'5-J1'2 mm- 

3on^ |-j an broad; margin either scantily or densely and softly ndpre:**u3-ciluitu f *r 
morn rarely bn«t with imfl-, nlbumtcly spreading* up in 1 mm, long brtiht; dorsal Mir- 
fnro eiIhar glabrous nr aaflly* adpr^awdty pubimeent between thf nirw f or mnr* rarely 
dtfiwly viflourt along the lateral nanm; hairs often purp!i*K Olmne IV cbartatwoui, 
eQliHirk’M, knivolatc, acuminate * S--I-5-S mm. Long, -light ly shorter than glume LIE, mar¬ 
gins Incurved. Capa nearly tcurhmg, Ekttiii of gJ. IV dwrtimu^, tomawliftl shortcrj 
Ebnn Lift j2 hi me . Frult'eolaEo* acuminate* flaps rightly gnping, Eubse^ik apikeleta almilar 
but nomawhai hftiry. Stnninm 3; nnthott iinfrlif. fnlher mom than 1 mm. long. 

Two varieties may at present be distinguishixl: — 
var m ThwaiUtii sheaths and blades of loaves beset with bulb- 
baaed hair*; glume III of pedioelled apikelet densely lon^oiliate and 
doraally villous along thp intra marginal at rips, the hairs ultimately 
spreading (but not mixed with bristle-hairs (Thwaites C. P. 3300 . 

var, Qriffithii, sheaths and blades of leaves glabrous or nearly 
ao ; glume III of a talked apikalcts softly ndpresaedly dilate mid dor- 
sally ndpressed-pubescent (S. India}, 

An interesting feature, easily overlooked and owing to it* minute¬ 
ness rather difficult to examino is the paloa of glume III (the abasia! 
flowering glume) of the forms of P. tauy uiualz, The writer Ins made 
a detailed study of this palea in the various forms of Pasptdum && 7 \gni- 
ftak with a view to discovering whether this feature can be used tv* a 
discriminative diameter, but with negative results, The pa lea referred 
to is usually O'15 to 0 3 mm. high h consists except at its base of one 
layer of cells p h broad ovate, short-oblong, square, or transveniely 
oblong in outline, with the marginal and subiuarginal colls free at 
their upper <md T elliptic oblong, pointed* and densely filled with proto¬ 
plasmic contents. In rare instances the marginal cells elongate into 
hair-Like excrescences. Fig. 2! exhibits various forms of this patea 
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from different localities. The rcrnl purpose served by this pa lea consti- 
titter an interesting problem. {See figs, 23, a —/.) 

Pasfalum A31BIOUUM, DC. 

It is a remarkable fact that the Herbarium of the Royal Botanic 
Cardens at Sibpur possesses no specimen of this species, which is stated 
in the F.R.l, to occur in Kashmir, Western Tibet and about Simla, 
An enquiry made at the Debra Dun Forest School to which the Saharan- 
pur Herharium has been transferred, elicited the reply that no specimen 
of P. ambifjuum can be found there, Collett in the Flora Simlcnsis 
remarks that the specici; occurs at Simla and other parts of the Western 
Himalaya at attitudes between 5,000 and 10,000 feet. 

The specimens marked P. amhigitum in the Sibpur Herbarium are 
all undoubted forms of / J . stini/m'nab, chiefly subsp, crveialum. P, 
ambijuum is easily discriminated from P , Bangui tmle, (see fig. 21, a, b. 
The Sijnthrrisma gtabrum of Schrader is a form of P. aanguinalt and 
not of P. ambi'juvm, as suggested in the F.R.L Perhaps some one 
interested in the botany of the North-west Himalaya will look into this 
matter and be good enough to present the Royal Tiotnnio Gardens* 
Sibpur, and the Botanical Department of the University College of 
Science, Baliganj, Calcutta, with some specimens of tins interesting grass 

Anastbofscs, 

(See figs 22 a—d), 

The genus Amistrophiis was founded by Schlec I Hernial in lS&O.nnH 
based on those species, up to then associated with Paspalum, in which 
the lowest glume, that corresponding to glume 11 of Panicum is abaiti 
at instead of being ndaxial as it is in Panioum, Digitaria, and the typical 
Paspjilum. Hackel, in Bngler and Pranti’s FflanaenfandKen, makes 
Anastrophus his section III of Paspalum, with moat species of which it 
agrees in the absence of glume 1 of Panicum. Schlechtenda! made 
Pfitpatnm btirbatnm, P. eOTnprMSam, P, disiiliflornm. P. nemotanthum , 
f\ pectinatum, P. peltitum, P. plati/caute, P. plaiyruimr, p. pulchet 
hun and P. Beiifolium, most of them Brazilian species, into a separate 
genus, which lie called Anastrophus in consideration nf the fact that 
the position of the spikelets with reference to the rbaohis is the reverse 
of that observed in Paspalum and Digitaria, Regarding the type af 
nervation of the lower glumes, most of the species of Anastrophus 
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are more closely allied to Paspalum proper, whilst others, such sa 
tho Brazilian A. barbatu* remind one of Digltaria. It appear* to the 
writer advisable to follow Sehlechteudul and uphold An astro phus as 
a separate genus and not only as a section of Paspalura; this proon- 
dure become* imperative, if we attribute generic rank to Digltaria 

AsfAsrBOPHvs Commsessus (Raapd Schlecht. 

During the rainy season of tWJft Mr, P, Mukiierji. formrrly Profes¬ 
sor of Chemistry at Presidency College, Calcutta, discovered within the 
grounds of his residence at Baliganj, a specie* of 6 ram in area e, which 
proved unidentifiable by the F.B I. 

Its characters, as far na they can be ascertained by the aid of the 
somewhat scanty matsrbd at present available, arc as follows : — 

Ijoioer part oj strm creeping. Culms erect or the lateral ones 
ascending, up to 70 cm. long including the inflorescence, slender. 
Ltavts crowded near the base of the culm \ sheath loosely enveloping 
the cnlin, usually coloured + purple, slightly ciliatu towards tho mouth ; 
ligulo of even width, about u i 75 ram,, blade longer than the sheath, 
linear, up to 30 cm. long, 0 8 cm and lets broad, acuta, light-green, 
short climate, midnerve not stronger than the side-nerves, Pt luticle 
very slender, glabrous. Inflorescence of two to five spikes, the two upper¬ 
most germinate, the lower ones, when present, at some distance from 
tho terminal pair. Spikm very slender, up to 18 cm long. Rarhis 
narrow, flexuous, win^s green, about the width of the pale midrib. 
Spilsdelf sessile, strictly single, alternate, each one reaching slightly 
beyond the base of the nest higher one—alternating with it, flat dor- 
sally, convex vGBtmlly, a bUmg-1 a neea late, acute, 3 mm. or somewhat 
less long; basal callus not prominent, lamest giant? (glume II of 
Panicum) nbashd, rather flat, lanQuolate-oblong, 2 7X 1*2 mm,, mem¬ 
branous, 5-nerved, middle nerve sometimes not reaching the tip of 
tho glume, nerves well defined, green, intermediate spaces hyaline, a 
narrow dorsal strip of hairs between the median and intermediate 
nerves, a similar strip between the intermediate and submarginal 
nerves, margin a dp teased cilistc ; hairs slender ana soft rather blunt, 
not knurled, nor glandultfcrnua, Next highest glum- simitar, but iron vex, 
margin indexed. Third glatnr chart suets us, ultimately ± coriaceous, 
elliptic-oblong, about I! mm long, with a tuft of minute hairs at the 
apex, fjodkulte two. obovate, bifid. Stnmt*# 8 ; anthers I inear-oh 
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Long , thecae linear, purple, separate at base and apex, (train oblong- 
ellipsoidal, of the length of the pa lea 

Since the above was written, the writer 1ms obseiwed the same 
species growing in various other places, and farther study has cob* 
vinoed him that it is not a neve specie*, as at first conjectured, but 
identical with .1 nastrophue compresstis, Schkcht, specimens of u hich 
from Louisiana are in the Herbarium of the Royal Botanic Gardens, 
Sibpur. According to the Index Kewensis Auanfrophus r.om/ircssvs is 
= A Htutrophus plalj/rauli* ™ PaspQfum phiUjcauie, I’oLr. 

Anirtrophusaimpreesua, like a number of other immigrant Ameri¬ 
can species. appear* tn flourish in Bengal and threatens to replace in¬ 
digenous species of Graminaccac wherever it obtains a foothold. It is 
spreading rapidly In the Sibptir Botanical Gardens, and the writer has 
observed it growing on the Bntiganj Maiden, in the grounds of the 
Biological Laboratory and in other localities south of Calcutta A 
further communication on the species will he published elsewhere. 

The writer entirely shares the views of Sir Joseph Hooker and Dr. 
Stapf as to the wide range of many of the specie of the order of 
Graminacenc. 



EXPLANATION OF FIGURES. 

PMTfc I. 

111 He t m tin ■> tliD paper on Paspalum, I Jj^itarjn and Anaatrophus. 

Fig. !.—Spikrh't of i'cup'diim pffittnmm, Trim 

Fig. 2.—Nervation of gl. Ill (if a typical Paipatum. 

Fig- 3.—Nervation of gl, Ill of a typical Digitarin, 

Fig. 4. — Pwtpafum di -lie ft urn g|. II: a. from Borneo; ti, from upper 

pikelet. fij}. from lower '•pikelet. Stmderbans ; w, from tipper 

spikoiet, e J . from lower spikt-let, Pahang ; d. from upper and 
lower spikdet, Karon I, 

Fig. fi,—Hairs from gl. II nnd HI of Paapttlum toHyi/Jorum: from, 
a. Aligarh: 1>. and e. Dibritgarh; rf. Madras Presidency; e. Nar- 
condflm; /. Wall. Cat S73£c, 

Ftg, (J. Hairs from g|. Ill of Paijxdum lloyl&tnum. 

Fig- 7,—Crown of hair* on pedicel of P. ftoykanum ; from, a, Foonn : 
4 AtiduJ; ft Hajmulml Hills; if, Ceylon. 

Fig 8 .—Patpaktm Roylemum, %ar, yvwunteiMMa-e, from Yunnan : 

« liair from gl. Ill ; 4, gl. II- c. gl. 1IT ; d. and e. from tliu 
Nilgiris: d. gl, II; e. hair from gl Ill, 

Fiy. IF—n-/ dorters of spikelot*. of Patpahm pedicellate; a. lowest bmnetdet 
of inflonssmee, 4, e, d, e, second, third, fourth and fifth lower 
bnmohlete: /, third uppermost of the tweaty-ona bmocblcte. 

Fig. 10.— a, elnsters of splkelets of Paspalutn jubatum ; h. hairs from gl. fj 
and f[] of Pmpulum lubntum. 

Fig. 11 — Pfupahm ttrmttm, from Abyssinia : ». pair of pedicels ; 6. hso-al 
cluHternf three spikelett?; r. gl, ll; d. gl. llj * t hair from gl III. 
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F»l?. wtcintum, forma typiw : tt-d, gl. U ; from. n, >.,.d 

6. Dftlhousia; c. Kurruni Valiev ; <t. Khosia, cultivated ; e.gl. IV. 
ventral view, from Mnflong; f, ditto from Jatmsar. 

Kig l 3 ,—Pnspalum crtteialum, var. "Inlaw, from Shillong; ft, gl. II: 
6. gl III ; e g|. IV. 

Fig. H.^Pmpuhtm commuMtm : gl. II: n Buidynnath ; ft Cudapa; c. Af* 
ghalnstaiK 

Fig VL—PaufmhmtJtknsum : gl.II: «. Ml. Abu: ft.ffeitlmti; o. GiroKill"; 
<#. Lower Bengal; e. Southern Burma. 

Fig 16 —/taprtfam cammutatum, var pseudoddiilis: gl II : from. a. Java: 
ft. Burma, 

Fig 17 .—PatpaUm trlemum, var. ftoUUri ; gl. 1J : from, «. Penang; ft. Sib- 
pur; e. Bengal. 

Fig. IB. Paspahtm eiliarc ; gl. ILL, rloraat view, from, 4. Battgonj : ft, [touchj. 

Fig. 19.—«-*. Paspulum fxtbvlart. gl, IJ; from three localities, N. W. 
Frontier- 

Fig. 2ti,— Paspahtm coyi/mbofmm ■ gl- III 

Fig. 21 .— Paspahtm fnnhujuvm, from W. Europe ; u. gl. ]| : ft. gl. jj j 

Fig. 22.— AnaMmphu* com pr watt, from Baligart] ; o. gl, II; ft. g). jjj . 
e. gL IV ; if. floral diagram. 

Fig, 23.— Palca of gl III uf different forms of Paspahtm S (inguinale, from, 
a. Pnlni Hills (ejtteJWBm}; 6. Mt. Abu: e, Khybar ['ess (pabaiarr) 
tl. Mussoorie [amtnufalum ]; e. A! mom (ctfiare); f. Larhung (ent- 
eieihm), 
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BEHAVIOUR OF PH ENYLDITHIOCARRAZINIO ACID 
TOWARDS VARIOUS TRIHA LOO EX AT ED 
COMPOUNDS. 

Praphulla Crandea Guwa p 

Sir Turahnaih PqIH Research Scholar. 

Potassium phenytditluowrhMinate was first described by E. Fteoher 
m JB7di.* Subsequent h T , it was employed in the synthesis of some 
diazole derivatives by Max Busch, by the action of carbon bisul¬ 
phide, carbonyl chloride, aldehydes, ketones and acid chlorides, ek\f 
Later on, by condensing it with thiocarbimjde, the same author 
jointly with E* Wolpert prepared tricot* thiol* and also thiodiasole 
thiols simple by changing the condition of the experiment. $ In a 
scries of papers by Max Busch and lisa co-workers $ numerous 
interesting examples of geometrical isomerism have been brought 
to light in the dmlfcyi and ary t-alkyl ethers of phonyIdithiocarba- 
rAnio acid which lias been assumed to react by tautomeric change 
in the dithiol form PhNHN : 0(811) The formation of these isomers 
depends mainly upon the order in which the two alkyl groups are 
introduced, But, at the same time, oases have becu cited in which 
both the isomers are formed together in one and the ^amc operation, 
irrespective of the order of introduction of the different alkyl sir aryl 
groups and there are a few instances which preclude the possibility of 
any strict general rule being framed a? to the direction in which 
the reaction should proceed. To explain the formation of the dinzole 
derivatives and the dialkyl ethers as mentioned above, phenyldi thiocor- 
baztnio acid and its potassium salt have been assumed to react in the 
dithiol form : CiSH) . 

The present investigation was undertaken with a view to study the 
combination of two or more of the above mentioned reactions in 

* Ann , tm k IN. t /. pr r 40, iff [1890]. | Ben* 34, 1U4 [\W\ \ r 

* Mux Busch anti Lfagflnbrinlr Ber.. £3, 2flM j [J. pr, Cktm., 33U), Max Biwoh 
[Bit. uiflj, Mix IluKch and Hermann Ktm.pt (J< j*r. Chtm , VJ, Mnx Bitwh (J 

pr, Cham ,„ 93 , 
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one operation, {vh. the action of halogens on the one hand and groups 
like QKQ t COQH r COQEt, N0 rp etc ip on the other. Am woa expected, 
in almost all the reaction*, a mixture of several compounds is flimul 
taneou*ly formed and in one instance two distinct compounds of iden~ 
Heat composition have actually been obtained, In a few cases, differ¬ 
ent compound* formed m the flame reaction have been isolated, but in 
such poor yield that they con Id neither be analysed nor their properties 
properly studied. 

The most interesting ami notable reaction has been found to take 
place with chloral hydrate which presents the aldehyde group as also 
the- three chlorine atoms* to take active part in the course of the 
react ion. 

The course of the reaction may be explained in the following two 
ways 

Firstly, by assuming that phcnyldithiocarhazinie acid net* by tan- 
tomerisation in the dithiol form. 
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'C — N.NHPh 

C : N.MHPh 


I 

cct- 

t 


-CIN.NHPh S- 

■4* ^ ccoh)— i 

I 

-CN.NHPh S 


crrjMHPh 

\s 

a “K,D 


i 


C : 

I 

5- 


, S 
c;n,nhph 

-CtN.NHPh 

\s 

>S “ -W 

::N.NHPh 


K«TP both of the sulphur atoms of the dithiocnrboxyl group Tomi 
members of tho ring. 

Secondly, without the assumption of the tautomeric formula 
thus:— 
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Here one atom of sulphur and one atom of nitrogen of phctiyidithiocar- 
bazinie acid are two member* of one half of the condensed tiog- 
ekeleton. , 
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Exactly similar condensed hetcrocyclic ring compounds have been 
obtained in the cue of Ammonium phenyldithioearbainato and ammo¬ 
nium dith incarbamate, 



As will be noticed the final products obtained from phonyldithio- 
carbasinic acid and phenyldithioeurbamic acid do not possess mi real 
Or potential me reap tail ic group, to render them soluble in alkali, no 
matter which of the above two formulae A or B i» taken into consider¬ 
ation* But, in the case of tlu* simple dithkjcarbamio acid, the final 
product if explained in the light of the formula B ", possesses a poten¬ 
tial morcaptamo group; and in reality, it ia soluble in alkali and can be 
precipitated by acid. So. in the opinion of the author it is more expe¬ 
dient to adopt the formulae B, ItB", 

For nimlogom behaviour of chloral hydrate to form condensed ring, 
compare its action upon phenyl hydrazine.* 

Four molecules of potassium phenyldithiocarbazinate react with 
one molecule of aarbon tetrachloride and the compound (Ph\ T HN&CS},f ‘ 
is formed with the separation of sulphur, thus; 4 PbNHHHCSSK 4- 
CCI* =r tPhNHNHCSS)4C +■ 4KCJ- (PbHFlKHC$) l C+ *S. 

With bremoform the reaction takes place in an exactly similar 
way and the resulting compound which is formed is (PhN'HNKCSj.CB. 
With nitroehloroform, however, there is no separation of sulphur, only, 
throe atoms of chlorine combine with three atoms of potassium and the 
rea id ti ng comp ound is (Fb N H X H CSS) ,CNO . 

EXTCRIMESTAL, 

('fiioral hydrate and potassium phrnyld ithiocarbazinate. 

Olio mol, of potassium pheoylditlnocarbazmato was dissolved in 
water and to it was added an aqueous solution of one molecule of chloral 
Hydrate. The solution was then carefully heated to boiling for about 


* Otimplta rtfldliM, 124, ItfSli (1397], 
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live minutes. A tarry mass, blackish brown in colour, urns thus formed 
which solidified on cooling. The solid mass was well powdered in a 
mortar and washed several times with water to make it perfectly free 
from any adhering KC1 which was formed during the reaction. An 
attempt was made to crystallise it from hot spirit, but the hot solution 
on cooling gave only on oily deposit. Ou repeating this process for 
five nr six times a reddish-brown powder was obtained which was fur¬ 
ther purified by crystallisation from a mixture of chloroform and 
alcohol, [fins obtained, It was brownish black in colour, softened at 
t30°C and molted between l47-lfflO“Ct, It was soluble in benzene. 
Chloroform, raothy] nleolml ; slightly soluble in ethyl alcohol and per¬ 
fectly insoluble in water. It was insoluble in alkali. 

O'0010 gave O']073 CO r md <Vo 284 |J Q, C = 49-08 ; It =- 3 3p 
0 0787 gave 0 4 «.c. N, at 30 and 7511-7 mm. N = 13 08 

0 1534 gave O'3858 BaSO, ^ ^ 32 ?3 

C„H |( Bf t S 4 , requires, 0= 40-48 ; H = ;N»0 ; N = 14 , 4 a g ■=. 33-00 

Two more compounds were isolated from the original solid lump. 
It was dissolved in chloroform, filtered and concentrated On add¬ 
ing alcohol a small quantity of maroon coloured soaly crystals was ob¬ 
tained which melted at 243 C. Or. allowing the filtrate to evaporate 
slowly there separated a few diamond shaped transparent crystals of 
m.p, 122 C along with the reddish brown powder described above. The 
latter was obtained in such a small quantity that it could not he 
analysed; the former one of m.p. 243°C was Identic! in composition to 
the compound of m.p. 157-1 BfTC. 

(Vf)408 ehvc ft'lc.c, JJ, at 3(t° and 757 .1 mm. K=rl 3 fl 7 

.1 turnon iu hi phmyldilh iocarbamalr. and rh/orat htjdratr 

As iu the previous c am, equimolecular quantities of the reaction 
susbtanee* were boiled in aqueous solution, when a semi solid brownish 
mass was obtained and tlm smell of phenyl thiocarhimidc was ,,creep- 
tible. The mass was subjected to steam distillation to make it free from 
phenyl mustard oil. On cooling the whole mass solidified. It was 
theu crystallised several times from boiling alcohol and finally prccipi 
tated by alcohol from a chloroform solution. It was blackish-brown in 
colour, softened at l1d c C and melted between 184" to 180°C, The 
ylflld of thf? pure* product -wfis very sjtnUJ. 


fi'RTt avtour or pn buj yEiBiTFtroo a nii azik rc ,\rtn 
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O’093fl gave 0 SI 24 CO find o 0286 HI). 0=43*14; £1 = 3 40 
i> 0.1110 ga T e 3*0 e.c. X, nt 33*C and 767*8 ».ra, N=7‘Ifl 
C JI X S, requires, C—flj 83 ; H=2S!i; X^7 82. 

Ammonium dUhiocarbanate and chtorat Injtfrate. 

An aqueous solution of the reacting substances was slowly heated 
and well stirred. At about 65-70* when the solution grew turbid, 
it was removed from the source of bent and allowed to cool slowly] 
After about an hour, a beautiful yellow solid powder settled at the 
bottom. It was than freed from ammonium chloride by triturating with 
water in a mortar. It could not be purified by crystallisation, as it 
was insoluble in almost all the ordinary solvents. J< melted at 13!)- 
122 with frothing, 

ft was soluble in alkali and it gave a dull yellow flocenlont preoi- 
pi fate with mercuric chloride. 

0-'>S07 gave 0*6747 CO and 0*0136 H O C -23*71 ; H^l’50 

u*07ti6 gave 0*3421 BaSO, ,S=®1*32 

C t H X,y, requires, C—23 30 ■ H-=0 <17 ; 8=62-13 

Mono- t Di- t and Tri (.'hhracetic arid* and PhNHNHCSSK. 

In aqueous solution, these acids simply net like mineral adds and 
regenerate the free PbNHNHCSSH from its potassium salt.* 

Tnrfdonicetir ent>.r and PhNHNBGSSK . 

An alcoholic solution of three molecular proportion of the potas¬ 
sium salt and one molecular proportion of the ester was heated under 
r 'Hus on tho water bath for about half an hour. With the progress of 
the reaction, tho solution became yellow, orange and finally brown. 
Hie brown solution was cooled, and on filtering a yellowish residue was 
left on the filter paper, which was found to be a mixture of sulphur and 
potassium chloride. After several failures, the following method was 
found to be the best for the isolation of the pure compounds. The 
brown solution was heated on the water bath in an open basin for about 
six to seven hours, when a dark residue was left behind. The drv sub¬ 
stance was dissolved in a minimum quantity of acetone and preoipitat- 
h! trom ft by toluene. This method of precipitation was repeated 
several times til) the oily product became solid. The green mother 

* Cl, 13t2 {lOlMii 
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liquor on keeping exposed to the air for a octuple of days, deposited a 
further quantity of the above subs to nee. It wo# then boiled with ani¬ 
mal charcoal in alcoholic solution and filtered, On concentration and 
cooling a white orystallinc compound of m p, l!Hi was obtained. The 
toluene solution was shaken with a solution of sodium hydroxide, and 
the orange coloured lower layer of liquid wns carefully separated and 
filtered. On adding acid, a bluish-black substance was precipitated, 
ft was redtsaolyed in alkali and repn-eipated by acid in fine powder 
This was finally crystallised from dilute acetone in blue need lew, Both 
or these compounds were obtained in very small quantities and so thev 
could not be analysed, 

Trichloracetic arid and PhNBNHCSSK, 

An alcoholic solution of one molecular proportion of trichloracetic 
acid and three molecular proportion of PhNHXHCSSK were heated un¬ 
der reflux for three hours. The cold solution was filtered and kept 
aside for slow evaporation, Next day, needle-shaped black crystals of 
m.m. J71 were found to have separated out. The yield of the com¬ 
pound was too small for analysis. 

Carbon trlrnrhloridr and potas&iuiAphtnijldUhiatarbazinatv. 

The potass inn) Salt was heated in a sealed tube at 100% with an 
excess of carbon tetrachloride, in on alcoholic solution, for about four 
hours. Next day, a dull yellow crystalline product was found to have 
separated out from the solution The tube was opened and its con¬ 
tents filtered. The dry residue was freed from KC1, when it melted at 
about 104 , The original filtrate gave a second crop of the compound 
which melted between J 15-150°. Both the crops were mixed together 
and crystallised repeatedly from lint alcohol to get rid of the sulphur. 
The pure compound thus obtained melted at 170 

0075$ gave 0-1585 U0. and ■> Q385 H O C=5?-{>2 ; H-S’IW 

0 0800 gave 14 4 o.o N. at 112 and 760-1 m.m, N=17'S6 

0 0585 gave 0 0878 BaSO i M=20 01 

C H N T .S ( requires, C=55 40 ; 11=4-54: N—18 IQ; S=2l)-&7 

liromoform and PhRHNBCSSK, 

Four gms. of K-salt and one o.o. nf bromofonu were heated in a 
sealed tube with 20 o.c. of alcohol at 100° for about four hours. On 
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cooling, a crystalline dull yellow mass was found to have separated, 
Xest day; the tube wa» opened and its contents filtered. The residue 
was a mixture of KCl and free sulphur. The filtrate evaporated 
to dryness when a brown pasty mass was obtained, it was then 
boiled with animal charcoal and filtered, the filtrate again evaporated, 
On agitating with ether, an oily impurity went into -solution and it 
flirty solid residue was obtained. This was finally crystallised in 
white roctangnlar plates from alcohol and melted at 167= The 
yield of the pure compound was very small. 

n-| O0fl gave 17 0 c.c. X : at 32° and 7fil 3 m.m N—I7 7®. 

C H requires. X—lft-02. 

The above reaction was also tried with chloroform and iodoform, but 
the product h obtained in those eases could not be purified, 

Xitro-chforofonn and PhNHNHCSSK. 

An alcoholic solution of tile potassium salt was heated on the 
water bath under reflux with an eicess of nitro-ohloroform for about 
20 minutes. A yellow product was found to have separated out from 
the reaction mixture ft was cooled and Hitered. The yellow residue 
was freed from KCl and purified by crystallisation from a mixture of 
chloroform and alchohol. It melted at 131 and was verv soluble in 
chloroform and sparingly soluble in alcohol, it dissolved in hot sodi¬ 
um hydroxide solution. 

0-0SUII gave 0'127SCO. and 0 0250 MO C—4>MI; K—3-47, 

0 1177 gave lrt‘5 c.o. X, at 28 and 750 0 m.m. N—15-73. 

C H.,0 \.S„ requires, C = 411 40; 11—3*40, N—16 N 

I avail myself of this opportunity of expressing my best thanks 

and gratitude to Sir P. C, Ray for the kind interest he has taken in the 
work. 




CONCERNING THE GRANITES AND 
PEGMATITES OF THE INDIAN PENINSULA* 


Vrtoknbubo, B. 8 c. p A,R.C.S, } A.RSJL, FXfcfl;, PiSJ,, 
Otiotoffieot Survey of India. 

The Interpretation of the structure find of the mode of formation 
a! the immense oufroropa at granite or granitic gneiss observed in this 
country, constitute* the moat imput-tani problem of Indian Peninsular 
Geology. A vast amount of detailed work will be necessary before we 
possess sufficient data to deal satisfactorily with thin question- The 
object of the present abort note is merely to place on record certain 
conclusions that have suggested themselves to me^ cither from the 
available literature on the subject or from direct observation. 

For several yearn, I have gradually bi en led to regard the majority 
of granites, not r*xaotlv as sedimentary rocks in the usual sense of the 
term* yet, 30 to speak, as stratified surface rook 1 *. This is bow T ex¬ 
pressed myself in the first edition of my Summary of the Geology 
0 / India, f 1007). 4J The BuiLdclkhaEid Gnoiss, when the nature and 
composition of the rock arc considered, closely resembles an intru¬ 
sive granite, hut differs from undoubtedly genuine granitic intrusions 
owing to the enormous area which it occupies. When the Archaean 
rocks first consolidated, the primordial atmosphere contained in the state 
of vapour the totality of the water that now forms the ocean, the volatile 
chlorides „ as well as a large proportion of the carbonic acid and oxygen 
that have now been absorbed by various solid rooks. It is quite con¬ 
ceivable that under the enormous pressure of this primordial atmosphere, 
melton masses may have spread out over large areas „ and on solidifying 
assumed the granitic form which \t later periods could only have been 
developed under similar conditions of press are and temperature in the 
depths of the earth's crust, 1 " tp< ti). 

At the present day the majority of Indian geologists regard the 
peninsular granites os invariably intrusive, and invariably newer than 


* Ftlbliihtfd with thn miOiariiiitien thu Dk*Otor\ Qaolugical Survey of India. 
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< lut' various rocks of Lhe Older Transition systems with which they are 
in con toot, although this view U directly opposed to the conn his ions arri¬ 
ved at by the two distinguished scientists, Foote and Mtddleiniks, who 
have most -jiedally studied this question in the Held. 

In most regions where granitic outcrops have been studied in detail, 
principally in Europe and in the Rocky Mountains, the granite occupies 
relatively limited areas, and. in many instances, has evidently reached 
its pnawni position only at a relatively late geological period l very 
much doubt that this can be the case with the extensive granitic spreads, 
ai vet imperfectly known, of Brazil or Canada. In India, judging from 
ail the information at present available, it seems impossible to 
avoid the conclusion that the granitic L'neissD* truiv occupy their 
original position over the immense areas which they cover in Bundel- 
khami and in the Dee cun, From tho results of direct ohsE'rvation, the 
earlier, unprejudiced surveyors, principally Mallet, Foote and tfiddlo- 
miss, regarded the relationship of tho Older Transition strata as gener¬ 
ally one of normal super posit inn to tho granite. At the present day, 
most geologists, in India, endeavour to prove that tho observed contacts, 
when not faulted, arc invariably intrusive, although not a single example 
has as yet been adduced of an undoubted apophysis. A great deal 
more study will he necessary before we can reach a final conclusion. 
Vet. we are bound to admit that over vast aroma, comparable in extent, 
to the average size of a European State, theOldar Transition system* 
exhibit in their broad outlines, a regularly defined succession, nnd that 
I hey invariably rest on the granitic gneiss. We cannot, at present, 
avoid the conclusion that tho entire Indian peninsula rests upon a 
continuous layer of granite, and that, when the gran it io exposures can 
be followed uninterruptedly, in every direction, for distances of L50 
to 200 miles «s in the Hyderabad plateau, what we see is truly tlm 
primitive rock in its original position, without any wholesale secondary 
fusion and without any cogentially Intrusive character. 

South of the immense almost exclusively granitic spread of Hydera¬ 
bad, tho granitic gneiss in the Bellary and Mysore regions still occupies 
enormous areas, but is traversed by numerous elongate synclinal patches 
of ancient stratified rocks, partly volcanic, partly sedimentary, whoso 
outcrops succeed one another according to a more or Jess linear disposi¬ 
tion. With the exception of Fontc and Middlemias, all the geologist* 
on the staff of the Geological Survey of India or of Mysore, who have 
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expressed any decided opinion on this subject* have assorted that the 
granite is newer than the synclinal patches which it carries. We might 
a* well try to prove that a ship is older than the ocean on winch it floats. 

The oldest strata that rest upon the granitic gneiss contain many 
rockF. such as sandstones and slates which do not s*eru to differ from 
norma] aqneons sediments. It is worth enquiring therefore into the possi¬ 
bility of these sediments having bem deposited on the floor of an ocean 
similar to that of the present day, or whether they may he partly anterior 
to the period of condensation of the aq ueous pecan, and formed perhaps 
in seas or lakes of molten chloride of sodium* The available detailed 
atudies arc at present iii.Hiiflieicnt for definitely answering this question. 
Certain observations, nevertheless, may afford useful data. The pre-cam- 
brtan of peninsular India includes two groups, which arc usually sharply 
distinguished from one another, the IN Older Transition/" including the 
great majority of met&Uifcroui mineral deposit*, whether as strata or 
as veins, and the "Newer Transition/' The rock* of the older group 
ure almost invariably strongly folded, sometime* thoroughly metamor¬ 
phosed, though there are local exceptions. Those of the newer group 
are generally very fee lily disturbed , and arc mostly quite unaltered : 
though hero again, there are occasional instances in which they are excep¬ 
tionally altered along certain lines of orogenic disturbance. 

Though there is no necessity to exclude the possibility that the 
sediments of the older group were for me i under water, yet tie? ocean 
in which they were deposited wo* evidently at a relatively high tem¬ 
perature, This conclusion seems necessary to account for the vast deve¬ 
lopment of the at ratified beds of banded haematite or magnetite accom¬ 
panied by jasper intercalated amidst those ancient formations, Tho 
recurrence, in the “ Newer Transition/ 1 of these very peculiar handed 
haematite jaspers, much less abundantly, it is true, though with ideir 
tioal characters, is of great interest. Indications of the existence of 
organic life in the " Older Transition " rocks have never bean discovered, 
but undoubted organic remains are known from the lp Newer Transition/’ 
The presence of Crypiazoon in the 41 Newer Transition *' rocks has been 
ascertained at throe spots in the Peninsula, in the Kudapah region t in 
Chhatisgarh, and in Uwalior, In the latter locality, the limestones con¬ 
taining Gryptozoon clearly belong to the * uno requeuec as the banded 
haem suite jaspers from which they are separated by a moderate thick¬ 
ness of strata. Whatever may have boon the nature of the ocean in 
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which were deposited the banded ferruginous ro^ksof the 14( dder Tran*! 
lion, r those of the 1 'Newer Transition” were certainly formed on the 
Boor of an aqueous ocean, the temperature of which woa auHkhmtly 
reduced to allow the development of organic beings, although this tem¬ 
perature may have been much in excess of that of the s?Ca at the present. 
day< IFi under saeh conditions, the haematite jaspers could have been 
formed under water in " Newer Transit ion IP tinier, therci* imml reason 
to believe that the water of the ocean had already condensed when the 
^ Older Transitions 1 ’ were deposited. 

According to rat [graphical observations made in America and 
Australia. Crypla&tQn ranges from the pre-Cumbrian to the Ordovician, 
The pre Cambrian age uf the 11 Newer Transit! m "of India may be regard¬ 
ed ns securely established, for the rooks of that group are iineonform- 
abSy succeeded by those nt the Vindliynn ay stem which van scarcely be 
newer than Cambrian, if jir i* not indued itself partly or entirely pri j - 
Cambrian, 

We have noticed that, in the Indian Peninsula, the L ‘OlderTransi¬ 
tion" rooks are almost always intensely folded, They are usually tra¬ 
versed by a network of pegmatites, ranging in thickness from n fraction 
of n centimetre to a hundred or two hundred metres, Thesis pegmatite 
veins supply the commercial mica of this country. They exhibit two 
features of the greatest importance from a theoretical point of view. 
Firstly, they generally do not show the slightest indication of disturbance 
subsequent to their solidification They arc older than the "Newer 
Transition" rooks which rest on their eroded edges, but they nr- evi¬ 
dent Jy later than the final principal phase of corrugation of the pen in¬ 
sula. 

Secondly, there is a total absence of any effects of cod tact nveta- 
nujrphbm upon the enclosing rooks, oven when this is a mere friable 
slate which the most insignificant basaltic intrusion would have baked, 
These gigantic pegm atites have crystallised therefore at a temperature far 
too low to produce any thermal al teration in the enclosing rock, a tenv 
pemture probably inferior to that of a red heat Nevertheless, when we 
consider the frequently gigantic size of their crystalline elements, indi¬ 
cating great molecular freedom of the mineral constituents, we are com¬ 
pelled to admit that the solutions from which these crystals were depos¬ 
ited must have beau extremely fluid, incomparably more fluid than that 
from w hich the granites have crystallised. 
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Two widely popular notions are negatived by the? characters of 
these pegmatite veins; firstly, the pegmatites are not granitic apn- 
physes; secondly,, the rnrk F which contain* no hydrated minerals, does 
not represent an aqueous .solution.* 

The pegmatites are not only newer t\mn the ■" Older Transition M 
strata hut ore even posterior to the period of tlieit final disturbance 
They are f* fortiori incomparably newer than the granite on which the 
Ki Older Transition " rocks rust, unless vre admit the totally incxplioab! ■ 
notion that th0 granite is nnwer than the rocks which it supports. Tn 
tny ease, the notion that subatmoes ohemioally so intensely active as 
fluorine and boron* such as abound in many pegmatites could have 
become concentrated in the end-prod nets of solidification of an alkaline 
granitic " magma” i* as absurd ns the popular theories that derive 
tin, coppery antimony, lead, nr gold, by “ leaching nut 11 of a pievi&uflly 
solidified granite or basalt in which they exint in infinitesimal qtumti- 
tsffi or not at ML In India* the typical pegmatite veins invariably 
contain fluorine-bearing minerals: muscovite, apatite, sometime* even 
dour-npfir. When we remember that, even under the ordinary atmos¬ 
pheric pressure* at ordinary temperate t cm ( a. very small quantity of 
fluorine is suliicIenL to lower considerably the temperature a of solubility 
of most substances, we may reasonably conclude that the condition of 
extreme original fluidity indie a ted by the characters of the pegmatite^ 
is largely due to the presence of that element. 

The available data seem to Indicate that the pegmatites have ori¬ 
ginated in an upward direction. £}n far as j can gather* the solvents 
have originated at great depths (why or how. f cannot lull, lam merely 
slating what appears to be a fact), below the granite layer, and already 
contained, in solution, the heavy metals* before traversing the granite. 
While traversing the fissures through the granite which already* for it 
long time previous* hud boon solidified, they borrowed the elements of 
those ffubatanoe^ (quarts* felspar, mica} which cause them to resemble 
granites. On nearing the surface, the lowering of temperature pro- 

* Tb Hydrogen of uqalEtfrwf wuM^vtn dovfl cot Appeal r ti> bu prwnt in the former 
Wfltflr* bet inn at*to iLncilcgnqa to thmt cf tho carubinndi n ils up mPtttlfl. Tins muy practi¬ 
ce I wea f m th& art* or iadMsirifrfl. ic which inLi^vit^i? oip^, without fltemtioti, to 
high teiupemlutcn, *>fclfl'kciotiLty show ilieU it iloos not to th# of tho gcimlJio 

hydrated uncus, tlw uombiaed Water of which F mulor such CirtiUrcitMlmn. would Ini 
expelled. Even if Jiiflt hydrogen w&a dociVad from WAtor* thorn is coLhtri^ lo show that 
its original homo tu in Ih* gntnito. 
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moled the crystallisation, first of the relatively less soluble metallic com 
pounds, such m cassiterite, columbito and tan tali to, pitchblende, in a 
ground-mas* of mica, felspar, and quarts:; probably at a slightly inferior 
depth may have been the main zone of crystallisation of ilmenite, 
monuzitc, beryl, etc. Nearer the surface, mica and felspar become Ies> 
abundant, tourmaline often extremely abundant: then we have veins 
consisting principally of quartz This appears to be the level at which 
a'ld and iron pyrites were mainly deposited. At a higher level, the 
quartz becomes accompanied by eidcite; ores of lead, antimony and 
copper are deposited as well as barytes. Gradually gypsuru appear,; 
wo find mixtures of calcite and eypsutn, and finally gypsum atone 

1 do not claim that this succession represents a general rule, but it 
merely Indicates the main p] in according to which many veined minora! 
deposits seem to have originated, [f we could follow a gypsum vein 
downwards through a depth of a few thousand feet, J feel persuaded 

(hat, in many cases, we would eventually be led to a vein of pegma- 
tit#. 

1,1 l wish to say that, in spite of the conjectural char¬ 

acter of this note, I have considered that it would he worth publishing 
if only for the sake of suggesting fresh lines of useful enquiry. 
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ON THE DIFFRACTION OF LIGHT liY APERTURES 
HAVING THE FORM OF A SEGMENT OF A 

CIRCLE* 


1 >k, Sihir Kumar Mitr^ P.8 c a| 

Lecturer on Optic#, tinhvmlit of Calcutta. 

Introduction. 

In a recent paper * the author !uh developcd a simple geometrical 
method of treating diffraction problems and has applied it Hucceejdnlly 
to find out the form and intensity at any point of the diffraction 
pattern produced by a flemi oircular aperture. In the present com¬ 
munication the sarao method will be applied to find out the general 
con figuration of the diffraction figures due to a segment of a circle 
{greater or less than a semicircle}. Tim method has the advantage 
of enabling the form of the pattern to be deduced readily for jl 
region of any desired area round the focus (which would be a very 
laborious task if attempted by the ordinary analytical theory) and, 
even the theoretical determination of intensity can be carried out 
without any appreciable loss of accuracy and with far less labour ; 
moreover it helps to make a mental picture of how precisely the 
peculiar configuration of the pattern is related to the particular shape 
of the diffracting aperture. Figs, t mid 5 show the geo metrical pattern 
(for segments less and greater than a semicircle respectively) as 
deduced from the geometrical theory and fig^ r l t i£ and *1 are reproduce 
tions of photographs of the actual diffraction patterns* Figs. 2 and 'J 
are due to a segment less than and lig. I duo to a segment greater than 
n semicircle. The remarkable similarity between the drawings and the 
photographs h at once evident* 

Tht Geometrical Theory 

The principle of the Geometrical Theory which is dismissed in full 
detail in the paper already referred to can be briefly summarised 

* S, k. Mllfit, of tl it Indian J-uacinf/vn /sr Ctnfmcmon of Meitner, 
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as follows: ins toad of proceeding as in the ordinary treatment of 
diffraction phenomena by expressing the effect at any point in the 
field in terms of a surface integral taken over the area of the aper¬ 
ture, a considerable simplification is effected by transforming the 
surface integral into a line integral taken round the boundary, t.e. bv 
regarding the effect at any point in the field as duo to a linear distribu¬ 
tion of source* of light situated along the boundary. This linear source 
in its turn is replaced by a finite number of point sources of light gene¬ 
rally two. sometimes three or more having appropriate phase* situated 
nt certain points on the boundary The position and intensity of thcf-e 
point sources is generally not fixed but varies with the direction of the 
diffracted light. In other words, corresponding to each point in the 
fount plane at which the diffraction pattern is formed, there arc cer¬ 
tain points on the boundary which principally contribute to the lu¬ 
minous effect at the point of observation, and the whole of the diffrac¬ 
tion pattern is simply regarded a« an inter fermet pattern due to a 
finite number of light sources of variable position situated on the boun¬ 
dary Ho far from being merely a convenient mathematical fiction, 
the existence of sources of lights situated nt specific points on a curvi¬ 
linear diffracting boundary tuny be directly verified by observation or 
photography. For this purpose the diffracting aperture may be 
viewed by the aid of the diffracted light only admitted into an ob’serv. 
ing telescope through a small hole in a screen otherwise completely 
cutting off the light reaching the focnj plane (as is done in the well- 
known method of Four nit test). The position of the luminous point 
in general conform to the following rule : the particular part of the 
boundary appearing luminous has its norma! parallel to the radius vec¬ 
tor drawn from the centre of the focal plane to the orifice in the *oreen 
through which the diffracting aperture k viewed. When apertures, as 
of the forms us under discussion in the present paper, are viewed in the 
foregoing manner tho following phenomena are noticed : 

(a) For the case of less than a semicircle in general three points on 
the boundary arc aeon to be luminous : two r.f small intensity are 
situated at the t wo corners and a third and more in tense one on the curved 
part of the boundary. The position of the latter always conforms to 
the above mentioned rule namely, the line joining the orifice (through 
which rhe aperture is viewed) in ihe focal plane to centre of the pattern is 
p irallel to the normal drawn to the luminous portion of the boundary. 
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If however the orifice is placed such that 6 lies between f and or 
* h? 2« —j.e. between Ot> and OM or ON and OE, {fig, 1, 

where A is the aperture drawn in the focal plane, d is the angular 
coordinate of the radius vector OR with reference to the line 00 
drawn perpendicular to DE and 2 Ms the angle of the arc) only 
the two corners appear luminous, because as will be evident from 
the figure, that for these particular directions no corresponding part 
on the curved boundary can be found which conforms to the chore 
rule. In the direction *=0 (or =), t.o, when the orifice lies in n 



direction perpendicular to the chord OE, the whole of the latter 
becomes luminous together with a luminous (mint on the corresponding 



part C of the boundary. 
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(6) For the iw of a segment greater than n semicircle we 
miglit an before distinguish two regions, When lhe orifice ties within-*; 
and P [« > 2*--» and < py or within ?-<t and *+> [9 > *_> a„d 
< * + *) luminous points, two ni the two comers and on** at 

the corresponding point on the are of the circle is seen, except of 
course at & — 0 for*} when instead of the two corners the whole of 
the chord BE is seen to shine up (fig, 2). For other parte of 
the field, viz ® lying lie tween # and x_s or between r + * and S T _ ? , 
four luminous points, two at tiie two corners and two on the circular 
boundary are seen, because a little consideration of fig, 2 will show 
that in those directions two points diametrically opposite to one another 
'.eg. B and ft in the fig.) can be found conforming to the foregoing rule. 

General Configuration, uf >he Pattern, 
l\o can now proceed exactly as has been done for the case of a 
semi-circular aperture in tile paper already referred to, and prove that 
the whole effect of the apcrLure might be regarded ns n number 
of sources of appropriate phase and intensity situated at certain 
points on the boundary. Tims, taking the ca^e of the segment less 
than « fioinicirele, let in divide it intit narrow strips parallel to the line 
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joining the point of observation to the centre of the pattern m the focal 
piano as for instance parallel to OB (fig, fi). The effect of each strip 
being reducable to two flOOTcea of light at the two extremities that of 
tin- whole aperture can bo reduced to a linear distribution of sources 
situated on the boundary of the aperture. The distribution of source* on 
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the straight portion DE might be rep!need by two source* at its two 
extremities while that on the curved portion might be reduced to a 
source situated at the point where the phase variation of the contribu¬ 
tions to the point under observation in least, i.e. at B. We might 
regard the amplitude of tins latter to be constant for ail possible values 
of d being, always due to a length of the arc equal to DBS, the effect 
of the residual and additional portions (wing replaced by two sources 
at the two comers. That is. the effect due to DBE {in tho direction 
it) P equivalent to the effect of the wo (Z)7?'A") -faro (EE)-arc (/>/)') 
The effect of D'BE* is replaced by a source at. B, those of EE and 
DB‘ by two sources at G and D respectively. The phases of the con¬ 
tributions from these sources are easily seen to be (with reference to 



the centre of the pattern in the focal plane) -S cos for D ami 

-5 cos (a + 0 ) for E. nnd-fi * J-rfor B. /lf| r ~length of the radius 

vector drawn from the centre of the pattern to the point of observa¬ 
tion, /=focal length of the lens, and J? ^radius of tho circular arc. | 

For B t Jtt is the correction due to the curvature of the boundary 
which can be easily deduced from the case of a circular boundary. 

The diffraction pattern can now be considered «* due to the 
mutual interference of these three sources taken two and two together. 
Thus, in the portion of the field where all the three sources are operat¬ 
ing, we have for maximum of illumination due to sources D and B 

S cos (£— 6) = j<r t- 2a-, jsr + 4r, etc., 

which, within the specified region gives us a set of branches of parabo¬ 
las, Similarly E and B gives another set represented by 
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cos i$ + 9 > = const. 

Sources D and E together give n* a number of straight lines 
represented by 

5 [ voa (f f 0) - cos (p - fr))« const. 

tor the portions of the field where two sources alone are operating 
the setol straight lines due D and E only arc present. When ?=n, the 
source* D and E arc re pin cable by a single source at the centre of the 



chord DR which together with a source at the midpoint of the are 
gives us the bright fluctuating horizontal ray seed in the photograph 
(plate, fig. 2). Fig. 4 is n diagram of the “interference” pattern drawn 
from the above considerations and it can be seen how closely the draw¬ 
ing reproduces the features appearing in the photograph. Figs. 2 
and 3 in the plate arc due to segments less than a semicircle. 
Fig. 3 t shows the central portion magnified. For the case of a seg- 
rnent. greater than a semi-circle, we can proceed exactly j n the same 
manner and obtain exactly similar results except for the region be¬ 
tween OM and OD (or between OR and ON see fig. 2), we get. over and 
above the sets of branches of parabolas and straight lines. tt set of cir¬ 
cular arcs due to tbe interference of B and B\ A drawing of the pat- 
cm is shown in fig, K and the actual photograph in the plate (fig l) 

Summary and Conclusion, 

Diffraction Figures (of the Fraunhofer class) due to aperture* 
having the form of a segment of a circle have been observed and photo¬ 
graphed, The general configuration of the pattern has been deduced 
and their drawings made on the basis of a simple geometrical theory 
of diffraction which has been developed by the author iu a previous 
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eum mu meation. These drawings show remarkable similarity to tb<- 
a«tual photographs of the diffraction pattern. 

Tbe experiments and observation* recorded in that paper were 
carried out in the Palit Laboratory of Physics 













NOTES ON THE PANCHET REPTILE. 


Hem Chandra DAs-GirrrA, M.A., F.G.S., 

Professor of Otology, Presidency College, Calcutta. * 

Introduction, 

Tho first description of Lite* Panchet reptiles including n JabvTinlho 
doiit fauna was by the late Prof. Huxley who, in 1805, described a 
dicynodont reptile From tire Pone hot beds and named it Dicynodon 
oriental** Huxley was followed by Lydekker who, in 1879, pointed out 
iti affinities with Ptychognathus, Owea.f but as tho name Ptychognathu* 
had been previously applied to a crustacean genus by Simpson, the 
name Ptychosiagum was proposed by Lydekkcr in lBSfl. + Cope, 
however, had in 1870 established the generic name Lyntro*<iurtts a^ 
distinct from Ptychognathus, Owen, the distinctions lying only in the 
maimer of the application of the cutting edges of the mandible to 
those of the upper jaw g. Subsequent studies have shown that there 
is nn essential difference between Lysteosaurv*, Cope, and Ptyckogwi* 
thus, Owen. Hence according to the rule of priority Cope's name 
should he used in preference to that of Lydekker, and this method 
lias been followed by Broom and other writers of South African pale¬ 
ontology, Lydckkar, however, stuck fast to the name proposed bv him 
and in his Catalogue of the fossil Heptilin and Amphibia in the British 
{Museum jit, iv) no mention has been made of the generic name. 
Lyttrotavrus 

In the year 1010, I had nn opportunity of visiting Deoli, near 
Asanfiol, in charge of a party of students from the Presidency Cbllege, 
Calcutta. It was from this locality that most of the specimens de¬ 
scribed by Huxley and Lydekker were obtained, A few reptilian fossils 
were, collected by the party and this paper contains a description of 
some of them and of a tibia collected by Mr. ,B. K. Saha manv years 

* Pat. tad., Str, Iv, Vq|. 1, pt, I pp, 8- SI. 

* Pat. tnd. Ser. fv. VoU 1, pt, 3 (1870). p, 5. 

- Manual o/ PoIctontoloQy, Vol, If, (JJHU), p, |*)3. 

5 P™> .trsrr. Phil, Pot., Vol. XI flsTg), p. *lft. 
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ago nnd now preserved in the Presidency College collection. To this 
description a few notes have been added and this addition has been 
rendered possible chieSy by two recent publications on Lt/slromunu. 
In onn of them Van Hoc pen * described a complete skull of Lyitromuras 
latirostri*, Owen, and in th^ othor a complete skeleton of the same 
species was described by Watson, f 


Description of Fo fails. 


Humerus, —Huxley established the dieynndont nature of the Panelist 
reptile mainly from the nature of the hnmenis. The Presidency College 
collection includes two humert belonging to the genua. One of them 
shows only the distal end with the bridge and tho ent-epicondylar 
foramen well preserved. The specimen is more perfect Limn any of 
the humeri or the species hitherto figured. Lydekker suggested the 
existence of two species of the genus chiefly on the evidence of the 
humeri. But the humWrua On which he retied for his second species 
was evidently a broken one and the Presidency College collection 
includes the proximal end of a large left humerus, tho form of which 
presents no difference whatever with the similar parts of the small 
humeri and identified by him as Ptj/iApsiagum orientate. The f nearly 
straight border’ of the dolto-pectonal crest aa observed by Lydekker + 
is owing to tho bone having been fractured along the eetc-tuberosity 
and I think that there is no reason to justify the presence of two 
species of tho genus at Deoli. The proximal part of the large left 
humerus is figured in the plate (figs, t?o, ■>&), 


7 ibia. The Presidency College collection includes a complete tibia 
collected by Sabo ami no complete tibia of tho Panchet reptile has as 
yet been described. The distal and of a tibia of the Panchet reptile 
was figured by Lydekker £ and Broom described the tibia of Pltfeko- 
tiagum Murragi\\. ft is dear that both Broom and Lydekker had 
the same orientation for the bone, namely, the lower end more ex¬ 
panded than the upper odd while the tibia described by Watson * is 
only a fragmentary one. Two complete skeletons of dicynodont reptiles 

• Mtd,vX Trans. 31 u*. Vo], IV, pt, I [liMaj. 

f/fet. Aihmty Ma».,\vl I! pp, S87-i[|S. 

t Pai irnt.. Srr ir, Vo], I, fir. 3 [ItftJ. p. il, 

I Op. ett, (iSJft), p, 14. 

l\ Trans. South Air. PI,it. $«*,. \' n | Xt<!DO0>, p 

' dial. Hay. v, VOL X {1013), p. ifi8. 
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have been described showing, among other feature*, the position of the 
leg-bones; one of them is the skeleton of Lyrtrmauru* described bv 
Watson * and the other the skeleton of Owlenorfoti gracilis described 
by Broom f. An examination of both these skeletons shows that the 
end supposed to ho distal by Lydekter ia p in all probability, the proximal 
end and vice versa. The dM&L end is provided with a very small 
pro tube ranee p the median shaft is cylindrical and curved, while fck*' 
proximal end has a faint division into two *a in the specimen described 
by Watson, The median shallow groove, mentioned by Lydokker, t> 
27 m.ni + in length and is situated at an almost equal distance from the 
two ends (Plate figs, l fc la t I b) m 

Rib, —The College collection contains an incomplete lib of the 
reptile. The jxjrtion of the rib preserved is laterally compressed anti 
slightly curved, and hear* a thin ridge on its concave aide* the ridge 
becoming more and more indistinct towards the vertebral extremity. 
Lydekker { compared the ribs of the Panohet fossil with the dicynu 
dont ribs figured by Owen§, but the position of the ridge is quite 
different. This rib can very well be compared with the post-cervical 
riba described by Watson j|| H The rib is hollow^. 

Systematic Position of the Pancftet Reptile 

An identity of the Panelist reptilian cranium with that of Uordonia 
has been suggested bv Newton * + T but a careful comparison of 
Newton 1 * figures with the Pancliat fossils leads one to doubt 
thin identity. The species of Gordonia that have been described 
all agree with the Panohet cranium in having an oval parietal 
foramen with an interparietal bone in front, but the foramen is 
placed within a spindle shaped area and is wedged in between 
the parieto-sqtiamoral crests posteriorly. The Panohet reptilian 
cranium, though incomplete, does not appear to show the existence 
of such a spindle-shaped nrea, while it also lacks the two prominent 

* Her. Albany Mu Vet!* 1L (IUL2), p, |U2, 

t Frm* ZvoL So* , Vo]. f[ ( M0l) p p L |77. 

t Pa/. Ind,, $*r m iv + Vol. | f pt. 3, p P 10. 

I Jottit Rcpi, South Africa (I*<*<), P- Tlieso rib* iuivi bran nubw^iiCTilly 
Uo*cribftd L-w belonging to Eurytarpur Owrni, Hesfay {Phil. Tmtti. VoL 10 DB., 

iB8G p p. 359). 

|| Mm. Aihztty Vo!. I! [1012). PL 19. 

* I *ra thankful to 3Jl\ Cattftr for having Umwn tuj r it taut ion to Liw hoHtivrnaii of 
fh« rib. 

** PhiL Trnn*. fl>' P , VoL IH4B (IS92), p 444. 
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parieto-squamoaul create present in Gordoniu. It may be farther 
painted out tlint while describing the scapula of a Lynirohttuma sp. 
Broom expressed a doubt if the Indian reptile was a Lystrosaums 
at all *. Attention has already been drawn to the papers of Van 
Hopped and of YV ntson publisher) with beautiful figures. A compari¬ 
son of the Panchct reptilian bones hitherto described with those two 
figures shows that the I'nnnhet bones eery closely agree with the bones 
of LifSlrasmtrus and that the only other reptile with which some of 
the bones may Ik* compared is Qudtnodo'ft Ijaini! t and O. gracilis + 
but the presence of tusks shows that the Pauchet reptile cannot be 
referred to that genus. This comparison him also led me to think that 
possibly the bone described as the radios of the Partehet reptile j« its 
hbula and that described as its fibula is its real radium. A oompariaon 
with ttie fibula of /Hyehosiagutn [Lystroeaunut) M ttrra/fi £ descrtbid |, v 
Broom also confirms this dew. Thus it is clear that though without the 
discovery of an entire skull, the zoological position of the Panchet 
reptile cannot be tit finite tv settled, so far as can be judged from the 
available materials, tin Indian reptile can be referred to Li/Mrosaurut, 

Habit of Ljfatrvaaurva, 

Lydekkor pointed out tiiat Pit/chosiatjuw was probably a hi m l 
reptile||. Broom thinks that the animal was oqaatro and his opinion 
is based chiefly on fi) tin- reduction of the interclavjdcs, (iij the increase 
in die of the Sternum, and fiii) the shifting backwards of the coracoid 
and pre-ooracoid * Watson is also in favour of the aquatic habit of 
bystrosaurus**. Attention may be drawn in this connection to the 
description of a pelvic girdle of a dicynodont reptile obtained from the 
Karoo beds of Cape Colony by Broili ft- Who lias observed that " da* 
fburn dfirftu am Bee ken un sorer Form der am moisten clmrakteristtsehe 
Knnrhen sdn und zwar dumb seine gnna eriortn fliigdartige rnstro- 
katidule Vorliingortmg.-" The ilium of the Panchct reptile has been 


• Attn. •Smith. Air. Mm,, Vd, (V fluoa). p. i.ifi 
t Pw. ZvA, tfse., VeL ]1 ( 1 IWI). p, 171, 

| Ibid., Vet tr (tyoi), p. nts. 

i JW. Sou,}, A t r, ML Sot, Vd. XI (Wl). pp. 32a ,-r ™, 
lal. tnA Str, te, Vd. L, pi. 3 f IHTD}, p, 4. 

* Ann, South Afrie. ,1 tut,, Vnl r IV rjilOS), p, 141, 

** R * i - -Itbony Mu*,. Vd. II fjpl2) ( p , 2p|. 

n s, j. f. Min. Otoi. tf, Pdf., JW. T, (ICUS). pp, :i „i. Wj . 
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described by Lydekker * and the following observation has been 
recorded by Broili t — 

*'Const gen an die nimlichen Vprhaltnisae treffcn wit auch bei dem 
gleichfalls zu den Dicymdontieren ge-horigon Ftychmiagum oriental *, 
Huxley, am* den untemi Gond wnno -Schick ten von Pan e hot bei Rani 
ganjp Bengalee, von deni Lydekker uns ebenso aine Reknmtniktiun 
gibi” The Aeleton described by Watson also shows the ilium t which 
i* nUu anteriu-posteriorly elongated The anterirnposteriorly elongated 
itium recalls prominently that of the terrestrial dinosaur!an reptiles 
The Ischium of the Li/strosaurus ia H however, quite different from that 
i f the dinosaur, as the latter i* long and thin. Tie- following remark 
sif Watson is also interesting in this connection : — 

""The extremely lung and powerful sacrum m abu a surprise in an 
aquatic animal hut it may have served as the insertion m strong 
Lnnaiasimi dorsi and Hiieroliimbar muscle * 11 .+ 

* ftw. QtoL Shtc. I mi , Vol. XXlll, IT ot 
1 Rev. Albftntj _%/rr» , VoL I! fllNSj. \i. -Ui 
i ibid., p. aa* 
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ESTIMATION OF MORPHINE, CODEINE AND 
NARCOTINE IN INDIAN OPIUM. 


J 1T£ N D!LA NATH KaKSHIT, M.SC,, F.C.S., 

Opium Chemist, Government Factory, Ghasipio\ V P. 

Formerly Indian opium had no market in the Western countries. 
Tilt entire production of the country was consumed by India or by 
countries to it* east. The chemistry of opium and its alkaloids as 
worked out by the Western Chemists was based inAizdy on opium 
grown outside India. There are reasons for getting somewhat different 
results i« experimenting with Indian opium; since the growth, and 
collection of the different varieties of opium take place under different 
conditions. The variety of seeds, composition of soil, conditions of 
weather and methods of cultivation and collection havt* considerable 
influence on the chemical constituents of the opium. 

The bulk of the Indian opium is produced in the United Province#. 
Here the poppy is-generally sown from the middle of October to the 
middle of November. A few days before the drying of the plant only 
the projH'rlj' matured capsule# containing seeds arc given three vertical 
incision# by the cultivator. Next morning the pinkish white milky 
sap exuded from the incised places i# collected. The process of inci¬ 
sion is repeated on the third day to those of the previously incised 
capsules which are likely to give out any further quantity of the sub¬ 
stance. All collections arc stored together. This opium passing through 
different channels come# to the market, 

Previous analytical reports regarding the morphine content of 
Indian opium are not at all favourable. In Allen's Commercial Organic 
Analysis (4th edition, VoL VI, p. 4UW), we find "East Indian opium is, 
as a rule, remarkably weak In morphine, the proportion being sometimes 
as low us 2’S p.c, ( * more commonly between 3 t S and fi and occasionally 
as high as 8 or 0 p.c.” On the next page occurs the following table; 

Dt*tripti« n of opium, Morphine, 

Crude, Pure. 

l + Patna + a ,< *, b a 3 M 8-e 

* imiwp {1862-1353) ,* .. ffg 
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iMtcriplien, o) opium MorpMnt. 

6Vurff. jPtrrf 

3. AbkftFi „ a . ^ j 4 . 2 rj.p 

*- .. *. .. ;; ino is 

* ar “ ,w * -- .. ... H i a ) 

0- Sind ,, 4 7rS 

1 J 1 « ■ > t a o 

7- Hydorjihnd 

■■ ■ ■ ** »■- J2 

1 Iip above result a are much lailmv the morphine strength ns 
eequired by the Pharmacopoeias; the British Pharmacopoeia requires 
it to In D to 10*5 p.c. Probably the publication of those results des¬ 
troyed all the possibilities of Indian opium finding any market in the 
western countries Thus loosing its commercial value it did not form 
no important subject of investigation for the European chemists and 
consequently most of their researches were conducted with opium not 
imported from fndia. 

Within fch* last few generations there seems to have occurred no 
fit i id aim -titu) changes here in the method of cultivation or collection of 
opium so that its morphine content, might Increase in any wav. Severn! 
Bulletins from the Imperial College of Science have been issued 
stating tin morphine content of Indian opium to be quite high in many 
cases and none of them are so very bad ns some of the above quoted 
result. The author has been analysing several thousand simple? 
yearly since the last four years, but he has never come across any 
sample of Indian opium, which contains 3 nr 4 per cent morphine. 
Hence naturally the accuracy of those statements becomes doubtful. 
Perhaps the low results ore due to the defective methods of estimation 
that had been adopted, because a large number of modifications have 
been published, criticising almost all the hitherto followed methods of 
^stinaatinn. 

The climatic conditions of India have very distinct effects on the 
results of these estimations. The methods prescribed bv the British 
Pharmacopoeia cannot ba strictly followed and the following facts are 
noteworthy in this connection : _ 

{!) When opium powder and lime arc mixed in a mortar with 2n 
c.c, and then with BO e.c. water, evaporation of water taken place 
continually, eon centra ting the alkaloids! solution in lime water. This 
evaporation depending on the atmospheric temperature, humidity and 
tho current of air over the surface exposed, is never uniform. 

f2) Evaporation during filtration similarly vitiates the results as 
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above. the more so been use the time taken for filtration is never 
uniform, 

(•*) Thu filtrates sometimes do not collect up to ,11 c.o. and to get 
the required quantity the residue has got to be pressed out. This 
deviation is unavoidable and the liquid thus pressed out is seldom as 
olear as the first portion. This difficulty can, however, be obviated by 
taking double the quantities of opium, lime, etc,, and then only 
accepting .11 c.c, for precipitation of morphine. 

(Jj When ether is transferred on filter paper during filtration a 
part of it rapidly evaporates leaving a yellowish resinous deposit of 
alkaloids on the top portion of the upper filter paper and seldom 
any on the counterpoised lower one. The 10 c.c, of ether recommended 
by B P. for washing the filter paper does not completely wash this 
depo'it nor does it make the deposit uniform on two papers, Besides 
this, the small quantity of ether left on the filter paper after the 
aqueous mother liquor has passed through, always leaves a residue on 
the upper filter paper only. The substance deposited by the evapora¬ 
tion of ether is never removed by the subsequent washing with mor- 
phinated water. Such residues, however, are always found to he solu¬ 
ble in other or acid. 

(5) Michael Conroy, the discoverer of the method, found that a 
certain quantity of morphine remains in solution and does not preci¬ 
pitate or crystallise out. To rectify this error he recommended the 
addition of 0 HH gm. to the actual weight of morphine obtained 
from 101 *,o. of lime solution of opium. The solubility of the al¬ 
kaloid in she mother liquor depends upon the temperature and on the 
other ingredients press it there. The above quantity of morphine 
is supposed to be kept in solution in 10 l c o. of mother liquor at the 
temperature of cold countrio*, but where the temp'return sometimes 
rises to more than 1(0°F. it should retain quire different quantity 
Michael Conroy goto deficit of 0104 gru of morphine in estimating 
1*00 gm. of pure morphine and from a mother liquor which unlike that 
from opium, did not contain much organic matters in solution. 

[ft? The lime reeummended for the separation and formation of 
Crystals is 12 hours, but in practice it is kept much Imager, generally 
overnight. There are very few laboratories with more than 12 hours 
working time Hence this statement needs modification. 

En some laboratories the method of the United States Pharma- 
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copoein is adopted ; which being a complete gravimetric method tbe 
errors due to the evaporation during the preparation of solution and 
filtration are not introduced* Washings with alcohol and ether ire 
recommended which completely removes the residue left after the 
evaporation, of the ether not filtered at the first stage. This method 
also can hardly be said to bo free from defects When the morphine 
is taken out of the filter paper for weigh men t, some of it is nlivayu left 
adhering to the paper. The substance dissolved by the lime water lias 
been taken to be pure morphine which, however, is not the case as is. 
shown below + No correction is made for the retention oF morphine by 
the mother liquOt. 

Tke author has described a polarimetric method for the estimation 
of morphine in opium* and also ha? done several experiment p;f si low¬ 
ing its advantages over the B.P. process* This polarimetric method is 
not. only convenient m requiring less time to finish than any other 
method but seems to be mere reliable ; and the determination is also 
possible when the sample available Is very small in quantity* 

Several experiments have been done to compare the results ob¬ 
tained by the polari me trie process with those by the US F. process. 
A few typical results are given below :_- 


Sample. 

Mtfphbui 

Pol, 

Stnosth, 

u.s + p. 

Qbftiipuf 

- .. tO 2 


Lu I’ljtiflw 

**, 10-1 

9*7 

Cawnpur 

+ ,. 03 

0 0 


Po ascertain the amount of morphine left in solution after the 
precipitation ot the base by the U,S,P. process the aqueous mother 
liquor was thrice extracted with 100 c.o, of ether each time to got rid 
of any codeine that might bo still present in solution, evaporated to 
amall bulk, acidulated with l e.e. hydrochloric acid l made up to LOO 
ae. decolorised with animal charcoal, and examined in 200 mm, tube, 

Sttiripki. 

I gm. of morph mo liyiiro- 
cUorinlp ( Jr y) buCCfild of 
Pit from to gnu. of 

epfenn _ _|. a 

Krirmrmsn ^ _ 

GhiE ipur | ^ 

Oqwallor 4 4 

* Knit .hit. Anaij/wi, JJ.32I, 1018, f ibid. 44. 3T 
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fP5 gm, of the sample of morphine obtained by U,S*P. procesa were 
titrated with N/10 sulphuric add using litmus Indicator; and the 
nnitral or slightly acid solutions were made up to 50 e.c +t filtered and 
examined in 200 mm tube. The specific rotation was calculated 
by taking the gross weight to be all morphine and by taking what 
neutralised acid to be all morphine. 
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0-5 gin* of morphine obtained by the UM.W process was taken in a 
c.e. Rrlcnmayer flask shaken with 50 e.e. of freshly made lime water 
filtered through fcared double filter washed with lime water till the 
filtrate on acidification ceased to give any precipitate with Meyer’s 
reagent. The amounts dissolved and undissolved by lime water were 
usually determined gravimetrically. The lime water solution was 
made up to 250 t\c. with lime water and examined hi 200 mm. tube 
and specific rotation was calculated taking the weight of morphine to 
be what was dissolved by lime water. The following res nits show that 
the matters dissolved by lime water are nnt all morphine :— 
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Among the opium alkaloids codeine is next, in importance to 
morphine, so its determination require some consideration, The com¬ 
mon method now adopted for this purpose is the one described by 
Andrews* which is not only a very lengthy process, but also is not free 
from defects. The resinous mass separating on the addition of sodium 
salicylate solution 1 which been nnid to contain tbebame, is practi 
cally free from any alkaloid and consist chiefly of salicylic acid and 
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rn|during matter. The results obtained are never concordant .and the 
codeine isolated is seldom free from other alkaloids - the latter could 
hi- ascertained by polar!metric examination. Codeine obtained by the 
process has been titrated with N/10 sulphuric acid, made up to SO 0 , c , 
examined in 200 mm. tube and specific rotation is calculated accepting 
th«* corrected weight obtained from titration. 
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The above figures clearly show that the codeine value obtained by 
titration does not represent the actual amount of codeine present 
Consequently an attempt baa been made to work out a plan for the 
estimation of codeine which could give more reliable results than the 
above. Among the opium alkaloids that are more or less soluble in 
ammonia, morphine, pseudo-morphine, thebainc, mcoonidine, codamine, 
land an foe, landanidine, pm t opine, narceine, and porpbyroxlne require 
consideration. The rest however may be practically regarded as in 
Soluble. Of these morphine, pseudo morphine. laudanidino and nar¬ 
ceine are practically insoluble in ether, and the remaining thebaine. 
.necontdine, codamine, land a nine, protopine and porpltvroxine are much 
less soluble in other than codeine; with the exception of the last one 
those are present only in a very small quantity in Indian opium 
Porphyroxine and thebaine are, among those tit at arc more or less 
soluble in ether and optically active; but the latter is cither present 
in a small quantity or almost entirely absent in Indian opium 

An aqueous extract of opium was precipitated with strong am¬ 
monia (up. gr, 0 »80j, filtered, shaken up three times successively with 

ether, the etherial extract shaken up with l% solution of acetic acid 
and the Acid solution of the alkaloids separated and neutralised with 
calcium ear bon ate, Porphyroxine was not elenu nated by this process 
and when the alkaloid was re-extras ted with other after making the 
solution alkaline with caustic soda the residue left cm evaporation or 
the other did not crystallise like codeine and on warming with a little 
dilute hydrochloric acid gave the usual red colour of porphyroxine 
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It wan then observed that when porphyron me was heated with 
dilute hydrochloric acid on steam-bath, it rapidly changed into a fed 
colouring matter and this on again treating with caustic alkalies gave 
a precipitate which remained tin dissolved by ether. Under mch con¬ 
dition* codeine did net undergo arty change. After numerous trial 
experiments depending on this process of dominating porphyroxme 
from codeine the following scheme has been found to give considerable 
satisfaction. 

Twenty grams of opium and 200 e.c/s of water are taken in 
an Erlenmeyer fl rtask, shaken for $ hours and filtered . lOOo.c. of the fil¬ 
trate are added to SO c.e. of strong ammonia contained in a similar 
conical flask 1 shaken for one hour and filtered . One hundred c.cs. of 

this filtrate are taken in a 300 C.C stoppered separator, thrice extracted 
with ether Lining lun c + o. each time. The ct fieri a I extracts were 111 
tered into another 500 ea- separator, the separator nod the filter paper 
was rinsed with Enfl c c of e ther, The etherial extract is twice shaken 
lor In minutes with 10% solution of hydrochloric acid using 25 r,c, at 
o time. The two acid extracts are taken in a hunm and evaporated 
to dryness on steam-bath. The residue thus obtained H generally 
darkpink coloured ; it Is dissolved in 30 c.a, of din tilled water by 
warming a little on steam-hath, transferred into a separator, 50 c e. 
of other mid 10 c c, of 10%solution of caustic soda are then intro¬ 
duced, and ah a ken for 10 minuter. The aqueous layer is taken out 
into another separator and the extraction is repeated twice more with 
similar quant it \o< of ether. The etherial extracts are dried over cal- 
ciurn chloride, filtered, evaporated to dryness and dissolved in 10 c,c, 
N + 10 sulphuric acid, It is then filtered, made up to 50 q.c> and ex¬ 
amined in 200 ram* tube. 

Percentage of codeine in opium 

Reading in Venfczke scale x I00x Q p 3468>( l 2x 10 
” 3X {- 137‘GJ 

The following aro the results by the above process : — 
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Before the effects oE quinine on malarial fevers were well estab¬ 
lished narco tine was used in the treatment of such cases. Now 
it has lost all its importance as medicine and hence very little atten¬ 
tion is paid to the quantity present in opium. Several investigators 
have estimated it in opium, but they have not done so by a common 
well-established method. In Henry’s Plant Alkaloids (pp. 205} we find 
that u Narco tine is usually estimated by extracting the dried opium with 
dry ether or benzene, and shaking the solution with ammonia, which 
removes narceine. The narcotine left on distilling off the ether or 
benzene is dried and weighed.” Alien* states that " narcotine may 
be extracted from dried opium by ether or benzene,’' A reference 
to the properties of opium wax f will show how erroneous these 
directions are. The narco tine thus obtained will not only contain 
small quantities of other alkaloids, but also the hulk of the 
opium wax. Nareotine is said to occur in opium in the free state 
and as such ia extractable by solvents like benzene or ether. It 
won thought worth while to find out if the alkaloid could be ex¬ 
tracted by solvents as it is or whether it could be better done by pre¬ 
vious treatment of the opium with some alkali. Accordingly (1) 
10 gnu, of opium powder, (2) a mixture of 10 gms. of opium powder 
and 5 gms. of freshly slaked lime, and (3) a mixture of 10 gras, of 
opium powder and 5 gms. of ammonium carbonate were successively 
extracted with 100 c.c„ 50 e.e. and 50 c.c. of benzene respectively. 
The benzene extract* were shaken up vigorously with 100 c.c. of strong 
ammonia for half an hour, which formed an (inseparable white emul¬ 
sion, This was transferred into a basin and heated on steam bath 
till the benzene was completely evaporated leaving yellowish soft resi¬ 
due on the top of aqueous ammonia. The residue was filtered and 
washed (ill the filtrate ceased to give any odour of ammonia. The 
residue with the filter paper was heated with loo o,c. of 1% hydro¬ 
chloric acid on steam-bath when a pinkish solution was obtained 
This acid solution was filtered into a separator and the residue washed 
With a small quantity of water ; 100 c c. of benzene was introduced 
into the separator, the solution was made alkaline with ammonia, 
then faintly acid with dilute acetic acid, and shaken up well for 10 

* Coarntwcial Organ ie Analytic, 4th ed,, Ve(. vi, p. 101. 

1 Rotahfe, Analyst, 1918. 31*1. 
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minutes. The extraction with benzene was repeated using 50 o,o, 
The benzene extracts were filtered, dried and weighed. 
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The aqueous solutions after extractions with benzene were further 
acidulated with dilute hydrochloric acid and treated with Meyer's 
reagent and tested for optical activity. Duly that from the ammonium 
carbonate gave a good precipitate with Meyer's reagent but did not 
rotate the plane of polarisation. 

These results clearly proves how much work is still left to be done 
to reveal the true chemistry of Indian opium. 
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SOME EXPERIMENTS OX RIPPLE MOTION. 


GOYEttDHAN LAL DaTTA, M.A., 

Palit Rmarch Scholar i Calcutta University. 

m L Introduction. 

Ripples on mcreur y were produced and photographed by Vincent 
w early as 1397 and IS08; in his experiment* he tried various forms 
of sources and obtained very beautiful and instructive results. The 
subject I tan continued in attract the attention of other physicists, who 
have worked on the same or different lines A fairly comprehensive 
bibliography of the literature on ripple-motion will be found m the 
paper hy F. Ft. Watson in the Physical Rrviar for February 10IG t 
Various analogies with optical phenomena have already been illustrated 
by the results obtained by these experimenters, but there arc some of 
special interest, which have not yet been studied, and it was with a 
view to study them, that the present experiments wore undertaken. 
In this paper, one of the experiments described deals with the analogy 
of the problem of the effect of groove-form on grating spectra t and of 
the theory of R, W, Wood’s Echetetta (j rating There is also one as¬ 
pect of even the simplest interference experiment* with ripples which 
baa not received attention m far. The experimenters have generally 
confined their attention to what happen* at fairly considerable distances 
from the source* It has appeared to the present author that a close 
study of the phenomena observed in the immediate neighbourhood of 
the sources would be of interest. This has been done for simple oases. 
The paper also describes the phenomenon el the surface movement oi 
the water in the ripple tank which has been observed in the course of 
the experiments. 

The apparatus used for the production of ripples is an electric- 
inotor-vibrxitor film Line to that described by Prof, Raman in the Physi¬ 
cal Review for November 1019. The rotation of the shaft of the motor 
causes a horizontal beam to vibrate up and down A dipper of the 
desired form can be attached to the beam, exciting ripples on the eur- 
face of the water in fi Sank with gloss-bottom. Instantaneous photo- 




SOME EXPERIMENTS ON ItIPFLE MOTION, 


graphs are not taken, but on the other hand, light is allowed to fall 
from an art? on a disc of cardboard pierced with a hole H and mounted 
on the shaft of the said motor, so that the incident light passes only 
once through the hole daring the complete vibration of the dipper. 
After passing through the hole in the disc, it falls on a mirror which 
reSect* it on to the other mirrors, so that eventually it cornea up 
through tile glass-bottom of the tank, Since the disturbance is ayn- 
ohrortous with the light, hence r if a screen be placed above the tank, 
ripples can be focussed and can be seen on that constantly, wherefrom 
they can be photographed, 

2 t Ripple Analogy with the EcheleUe Grating. 

Vincent worked with a comb, i,e. a large number of points at equal 
distances* and found that he could obtain spectra corresponding to 
I he optical case of diffraction by a large number of narrow slits in linc + 
The present author has also studied the ripples produced by n comb of 
six points and obtained three spectra, one in the middlc t and one on 
either side (Fig. 3 in the Plate.) In all actual optical gratings, however, 
ive arc confronted with the effect of groove-form on the distribution of 
energy in the spectra. Wood's Echelette grating brings out this point 
clearly, when lie gets the whole energy concentrated into one or two 
spectra at the most on one side of the central image. The question 
arif?e S is it possible to get the whole energy concentrated into one aidc- 
Hpeotnmi in the cawc of ripples or not? For this purpose, a grating of 
special form wan constructed. A horizontal rod has soldered to it a 
number of plane #ipff set obliquely at an angle of 60 nearly, at a 
distance of 2 cm*, from each other, Thu portion which dips in water 
is shown in the diagram. 



F?q, i* 

Form <4 Efhdoit# Grating for Kippliu. 


Tii? strip* in all were six in number. When properly adjuster! 
with the least jjossibfc sideway motion and not too vigorotls a vibra 
tory motion, the who]* oj the energy is thrown into one spectrum to 
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the left of the centre just as in Wood'tt Eohelefcte Grating (Fig. -I in the 
Plate). 

If we took at a point just near the source in the lower edge of 
Fig. 1, we see the corrugated waves of Lord Ray high which however 
soon join up to form a plane wave-front* To tent that the spectrum 
obtained i% a real one, the speed of the motor was changed thereby 
changing the wave-length* It wa* found that the angle of the spec¬ 
trum, became smailer or greater in accordance with the formula, 

n\ — K sin B 

When .v is made smaller, 6 becomes smaller. 

Now if the side way movement h not suppressed and also the vib¬ 
ratory motion is vigorous (the amplitude great), a faint spectrum 
appears on the other side of the centre. 

a* EippU-fanm ir* Inierftii&nce Experiment# near ih* Source. 

Fig. 2 in the plate shows what happens when two Hourecs move in 
the same phase. Just around the two points the wave-fronts are prac¬ 
tically circles surrounding the sources but are to some extent deformed 
on account of the interference. As we proceed further and further 
from the ho tare os, it becomes less and less easy to distinguish the wave- 
fronts due tn the two sources separately. It will be noticed that any 
maximum across the central line (bisecting the join of the sources and 
perpendicular to it) fulls just against the minimum at the aids or in 
other words midway the successive maxima on the two sides. But 
away from the central line that is no longer thecal- Any one maxi’ 
mum doe.' not come in midway between the maxima on either side of 
it, but ia nearer to one than to the other, so much so that in very ob¬ 
lique directions the successive maxima very nearly join up r In addi¬ 
tion, the picture shows some disturbance even along the stationary 
linos and faint oblique lines connecting up the contiguous maxima, 

Sn far as the author h aware, the exact form of the wave-front* in 
the neighbourhood of two interfering sources, has never been discussed, 
though the question of the form of the line* of energy How in this ease 
has recently received some attention. * It seems worthwhile to make 
an attempt to account mathematically for the features noted above, us 
the maximum coming against the minimum in tisc central regain and 

* ft, VY W ood. Phil. Mntfrk 2W; md Mm PhiL . »l. 1*S0 
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olmoHt Joining up with contiguous maxima in oblige* directions. The 
problem has been dealt with mathematically on the following linesi, 
The displacement at a particular point is due to both the sources and 
l lie amplitude varies inversley m the distance from the source, (f the 
distance of Hie point from one source he called r, f and from the other 



The displacement at a point being a periodic function can be represented 
by 



Considering the whole field at a particular epoch, this ex press ion 
is siropli fil'd to 



vviiere ? 4 is the displacement of a water particle |H?rpendieular to the 
plane of the pnper, c is u constant, a is the wave-length, r, and r, the 
distances of the point under consideration from the sources. At a very 
great distance, c/r, and r r become almost equal, and the ease Ireconft* 
of ordinary interference, hut at nearer points, the difference between 
cr i r - r . is sufficiently Wgein comparison to the quantities involved, 
and hence must be taken into account. Within the region shown in 
the diagram Xo, i, the values of the displacements at different points 
arc obtained from this expression by substituting the Values or r and r, 
which arc measured actually by scale Any suitable value of ' can be 
chosen which must remain the name for the whole field, V the constant 
does not come in, for all wo require are the comparative values of the 
displacements ar different points for plotting flutyes The procedure 
is as follows. The origin i- taken midway between the sources mid 
radial lines are drawn from it quite close to each other, and within the 
region equidistant print* on the line-, are marketl very near oadt other, 
it is found Mmt along ft particular line, the displacement is j^itjvc lor 
some distance, and then becomes negative, remains so for some dis¬ 
tance and again becomes positive and so on, similarly on the adjacent 
lines Oenorally on the adjacent Vines, the displacement is like at 
points at the same distance from the centre. But it so happens in 
some cases that the positive displacements on one line come against the 
negative displacements on the next. This change seems to be a rapid 
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one, for the distant between two such li non ia extremely small. In 
the present ease for which the calculations wore m&dv, the angular dis 
tance between two such Hum is of the order of one decree. The dia- 
placement being determined for points lying within an angular range of 
40* from tho central line on either side, the contour lines of displace¬ 
ment for zero ami other values were plotted The zero Imm as seen 
from the diagram curve upwards almost suddenly at a point near the 
lino whore the displacements become opposite on adjacent lines. The 
strip in the diagram where the zerodines c urve upwards gives the re¬ 
gion of minimum disturbance. Along this region at no point does the 
displacement become great. Although the displacement is actually 
zero at only a few points, it is very small all along in this region. 



Duumh 1 

Form j jf tin ^auisQitf Ihni of d^uil disturb utt 3a in &ti 
ipiU 1 Ffrt'IrS 


Thus it is seen that m the zero lines curve up h they enclose a re¬ 
gion of displacement of sum- 1 sign Within the zero-linoa enclosing the 
positive displacement'^ the various contour tinea are plotted. They 
are all closed curves ; very narrow an l sm ill for great displacement^ 
and sufficiently Lar^c for comparatively small displacement. As the 
diagram shows, near tho central region one maximum just eome- 
again&t the minimum at the side, but as the distanvL' from the centra! 
Hue in increased, tho distance hot wean two maxima decreases and the 
maximum is no longer directly against the minimum (centre to centre} 
The diagram which has been drawn from the calculated values is very 
fiimilar to the rippli -forms act ually obtained ^ Fig. U in the Plate). Thus 
it- is seen that by considering e/r, the amplitude duo to the source, it can 
be explained why the maxima tend to fall in a line in obliques directions. 
Moreover it shows that the maximum ia compressed in the cent re and 
rather drawn out on the sida^ It shows also that, the smaller the 
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value of the wave-length. the nearer are the ao-enllcd stationary lines 
to each other. 

Three Source#. 

Nearer the sources the phenomenon is similar to the one just con¬ 
sidered in tiie ease of two sources, but at a distance there seems to be 
a tendency to form a spectrum which becomes very dear in the case of 
si* sources. We have two sets of interferences— -one lying midway 
he tween the others (Fig. 1 in the Plate). 

Six Sources. 

Xcar the source {Fig. 3 in the Plate) ordinary interference tie in 
other cases happens, but at a moderate distance the spectra become 
4 «itc marked—three spectra separate out One i n the middle, and two 
on the two sides; die wave-front becoming almost plane. 

4, Circulatory Motion on the Surface of Water. 

Ab has been remarked already in the beginning, an interesting sur¬ 
face movement of water was noticed. It ia found that water is thrown 
into vortices, big and small, as Figure 5 in the Plate shows. Near the 
cud-s uf the dipper tlm movement becomes very vigorous as if the ends 
are. ‘ sucking m the liquid. Whether this circulatory motion of water 
is due to the side way movement of the source producing ripples or wh > 
ther it is due to the terms of the second and higher order in the equa¬ 
tion for the propagation of waves (as is shown by Lord Rayleigh in the 
(aae of circulatory motion produced in the air-pipes) is not yet known, 
Fo photograph this motion, the surface of water was sprinkled with 
lycopodium powder through a muslin piece to get rid of clusters of par¬ 
ticles. Light Was earning as before through the bottom hut this time 

«t was not intermittent. Ths surface of water was directly focussed 
:in4 the photograph taken.* 

In the end, I cannot help expressing my deep gratitude to Prof, 
faman at whose hands I have received oonstant encouragement and 
guidance in the *tqdy of these ripple. 
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\ T nn t-Hof! discovered that aqueous solutions of electrolytes show 
*m abnormal osmotic pressure'. As is well known, for thtieo solutions 
tlie equation PF™ i RT holds good, where P is* the osmotic procure 
and T the volume of solution containing a gram-molecule of the elec¬ 
trolyte. Now, there ate two possible ways of explaining this abnor¬ 
mality. The one, i hut holds the field now is the theory of Arrhenius, 
according to which an electrolytic meleeule dissociates into kms, and 
■ where a is the degree of dissociation and n the number 

of ions into which a molecule dissociates. He dbcovered an indepen¬ 
dent method of determining * the degree of dissociation based on the 
observation that the molecular conductivity of a solution increases 
with dilution* and attains a maximum at infinite dilution. Hence if 
the conductivity he due to ions only* 

P* 

rt *= 

The law Fjf mass-action is evidently applicable to thin ease of chemical 
equilibrium and the following dilution law 


should accordingly hold >food r fn the cane of weak electrolytes, 
acetic acid, this equation holds good very well, but it breaks down 
hopelessly in the owe of strong electrolytes like KCI. This is quite 
evident from tables l and 

^ arious attempts, have been made to explain this anomaly of strong 
electrolytes but none based on the idea of progressive dissocial inn 
with dilution has been in the least successful 

An entirely different mode of explanation is however possible 
similar to that advanced for the deviations exhibited by actual gases 
from the theoretical gas law PV-=RT. We may assume that only 
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ions exist in solutions of strong electrolytes, and i would have been 
ntways equal to h but for the inter-ionic forces in solution. 

Let A r b * the work required to separate completely the ions consti¬ 
tuting a gram-molecule of sodium chloride when the dilution is V. The 
ions in the solution arc of course endowed with a kinetic energy of trans¬ 
lation, the distribution of energy being governed by Maxwell's Law. 
As the work done In escaping from the electrical field inside the solu¬ 
tion, must be derived from the kinetic energy of the ions, only those 
ions can escape which have a kinetic energy greater than the work 
to be done, These arc the active ions, and they only conduct elect fi¬ 
xity, The fraction of the total number of ions which are active at dilu¬ 
tion V i=? given by the expression 


Therefore, 


or 


P r| - nNit~ Ae t/nST and ( < r = 

A " V 1 "* or A* t -,4c, = a RT log ^1, 


At infinite dilution, the ions arc beyond one another’s sphere of attrac¬ 
tion, 


A « k =0 d Bj ~n RT \o%S--nRT log, 1. 

<1 


. (1). 


Here a may suitably be termed the activity-coefficient a* in Arrhe¬ 
nius’s original memoir. 

The problem before us is to determine the value of _ the work 

required to separate the oppositely charged ions constituting a gram- 
molecule, to an infinite dintanoe apart from their mean distance in the 
solution when the dilution is V. The existence of inter ionic force 
demand* a regular arrangement id the ions in the solution. The dis¬ 
tribution is not random as in the case of perfect gases The why in 
which this random distribution will bo modified im given by n theorem 
duo to Boltemanu. Let. us take a largo number say ar of instantaneous 
View- of a cerl-ain region of the solut ion containing N ions, and in 
each view, observe the position and signs of all the ions which are 
present in it,, In a certain number x' of these x views, the A T ions will 
Ik found in smith equal volumes du,, dv s ,. dv x situated at the points 
l v \ F', .* P ¥ . Let this be P configuration. In another number xT 
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of views p these same N ions will be found in portions P" h p" p" T 
Let this be the P" configuration. On a purely random distribution 
3 tfmmx** u But if there be an interionic force 



where A* aml'^* are the respective mutual potential energies of the 
ions in the two oonfignrations P' and P". We thus find that tho 
configuration which will come into view the maximum number of 
limes must be characterised by the minimum potential energy p the 
probability of the other configurations containing greater energies falling 
of! very rapidly. 

The question arises what is the most stable arrangement of iom* 
in a solution of urn-univalent salt* like potassium chloride. In nature, 
we find u ready illustration of this stable arrangement. The a v T I vine 
crystal which has been thoroughly investigated by Prof, Bragg, by 
his X-ray method of analysis, ia the nearest analogue of nn aqueous 
solution of potassium chloride. In tin- crystal of potassium chloride, 
molecules do not exist. The positively charged potassium ions and 
the negatively charged chlorine ions arc arranged alternately in a 
cubic space lattice. We may assume that in a solution of uni-univa- 
lent aalta, the arrangement of u> ns is similar to that in the aytoine 
crystal, Tho work required to separate the two nearest opposite 

E l 

inn* in -such a syp-tem to an infinite distance is equal to — i\n a first an- 
* & r J 

proximation. We simply imagine that the two nearest opposite ions 

form a completely saturated electrieal doublet. r t the distance between 

the inns, can be easily obtained, for if there he 2N ions, in 1" e.o., the 

whole solution made of 2N unitcubes, where r is the linear dimension 

nf unit cube. 





E is of course the absolute elect tie charge 

4-7* lfj- ln E.S.O, 

A is Avogadr* T s Nora be r 8 1 HJx 10 1 *, anti D the dielectric constant .if 
the solvent. There ore N such doublets ; hence 
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Therefore 

i rt(t "p, _N,E i . E/2.V( 1 1 

D.2RT YV S 

This equation contains not a single arbitrary constant, and on substi- 
luting the actual value a 3 heenmea 


lag, % j J/F| yp J 


In uni-In valent twite like the chlorides of calcium, barium and stron¬ 
tium, t assume, an arrangement identical with the fluorspar crystal 
According to Prof. Bragg, the calcium atoms are arranged in a face-cen¬ 
tered cubic lattice, while the fluorine atoms occupy the centres of the 
siuall cubes. The equation for l-hift type of salts in aqueous solutions 
becomes 


log;, 
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(J_L! 

H/r, '/fJ 


where t* v is the equivalent conductivity and V the equivalent dilution. 
1 hr agreement between the observed and calculated vatucB will be 
evident from table 3, 

■■ 

It » interesting to note that equation (1) in the limiting case ot 
K oh I raus c!i« empirical relation 


For log ^ s= ; —— when- ^ is nearly equal to r v , 

■v" 

ft 

or I— -s&'l/c , or? ll =n <r -i‘/c_(la). 


Tht influence of temperature on ionisation. 

In tbe equation for um-tinivaEent salts 

y-*-ny , ^ t i 
iryv~Jnf- 10 & 1.7 = : Io «* ;* 

the left hand expression contains in the denominator D and T. and 
they almost counteract each other’s influence. According to Drude, 
the variation of the dielectric constant of water with temperature 
is given by the formula. 

(I- IS) + O’OOOOin 

Z) tM| acoordiug to this formula is 52-0. 
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Even the flight diminution in the value of the activity coefficient 
with rise in temperature can he quantitatively predicted as is evident 
f rom table 4. 

Influence of Solvent. 

The only property of the solvent which enters into the dilution 
law is its dielectric constant. It follows at once, that the activity- 
coefficient u of the same electrolyte in different solvent!*, at the same 
temperature are equal, when the dilutions satisfy the relation 
0,1/ F, * DiV V* = *>i V Vt .., etc. 

Prof. Walden has investigated the electrical conductivity of 
tetraethyl ammonium iodide in some forty solvent*, and deduced the 
above rule as an empirical generalisation from bin exhaustive data. 
The degree of accuracy with which the above equat ion reproduces the 
conductivity at various dilutions for rum-aqueous solutions will he 
evident from table 5. 


The electrical conductivity of acids anti bases in aqueous solutions. 

For aqueous solutions of strong acids like hydrochloric or nitric acid* 

or for strong bases dike potas-ium or sodium hydroxides, the ratio — 


actual I v observed is much greater than that derived from the equation 

1*016 


w 


:loe„> -1og w l- 


This irregularity however disappears ns we pass from the aqueous to 
the non-aqueous solutions of strong acids. The variation of the mole¬ 
cular conductivity of HCI in methyl alcohol for example, as shown in 
the previous tablo, can be exactly calculated Trom equation (l). 

It has always appeared remarkable, that the conductivities of 
hydrogen and hydroxyl ions in water are not of the same order of 
magnitude as those of other ions, For example nn‘ "318; non = 176, > » 
for other ions never exceed 7(1 at 18 a . In non-aqueous solutions of 
acids again this abnormally high conductivity is not absorbed. It thus 


appears probable that the abnormally high value of the ratio— in 
this case, has something to do with the abnormal mobility of the Iiy* 
drogeti ion in aqueous solution, In fact JL is not, here> a real expression 
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fnr the activity-coefficient nf the ions Fortunately, we have arr 
independent method of determining «, under the condition that no elec¬ 
tric current should pass through the solution, Ellis has determined 
the electromotive force nf ceils of the type H, gas HCJ, Hg, Cl Hg, and 
obtains the values of «* given in table (f from thp well-known equation 

E t -E } = 2RT !og t ^. 

where the concentrations of the hydrochloric acids in the cells are e 
and c respectively. He assumes that at exceedingly high dilution.' 

<i obtained from E.M.F. method is the same as — 

The agreement between the values of „ calculated from equation 
(!}, and those obtained from the measurements of Ellis are quite good. 
Mud it thus appears probable that t|,c real activity coefficient of hydro¬ 
chloric acid is the same a* that nf uni-univalent salts. Arrhenius 
uggeMs that the exceptionally great conductivity of hydrogen and 
hydroxyl ions in water, b due only to the fact. that these are the ions 
into Which water is elect roly tioaliy decomposed. The observed con¬ 
ductivity of hydrogen anti hydroxyl iou^ in water is the additive 
effect of two separate and independent processes namely : (I) the 
transference of electricity by the convection of charged bodies; and 
(2) the transference of doc trio eharg, through molecules of water by 
>he alternate processes of dissociation and recombination during impact 
whb hydrogen or hydroxyl iorw. In the first process, onlv the freo 
ions take part in the transference of electricity and their number is 
L'iven by the liquation 

A” = 2iY. f - J VW, 

Tlic conception of the second process is similar to that imagined 
hy Grotthuss. it appears probable that when a hydrogen ion strikes 
against a molecule of water the Utter in some cases undergoes dfcso- 
eintion. It may well he, that the hydrogen atom of the water mole¬ 
cule which is farthest from the point of impact, shoots off as a charged 
particle, the hydroxyl residue combining with t ho impinging hydrogen 
ion to re-form water. If the processes of dissociation and recombina¬ 
tion he Instantaneous, the electric charge E, appears to be carried 
instantaneously through a distance which is proportional to the din- 
meter of the water molecule. Hence, 
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where R if the true act i v i ty-cocffioi enfc at dilution V and Ua t the re ail 
mobility of the hydrogen ion, € ta the conductivity due to tlie second 
process. 


Again, = {V & + Uj) + C ..(3l ( 

C hftft the same value in both these equations, for we are always dealing 
with a gram-molecule of the add, and the number of impacts are the 
a*m<b because all the hydrogen ions, both free and vibrating* are 
effective here Equations (2) and (2) contain only two unknown terms 
Uil and C, and can therefore be easily solved. From the conductivity 
data of solutions oE hydrochloric acid, U l{ cornea out equal to L52 4 and 
C equal to 197*8 at 25^0. The values of U n and <7 having once been 
deti rmiced, it is possible to calculate the molecular conductivity of anv 
strong acid at any dilution from equation (£)* The ftgreemeni will be 


apparent from table 7 

fn the ease of acids of intermediate strength-transition electro 
]ytea end weak acids, we have as in Arrhenius's original theory both 
undi^Qciftf&d molecEilefl and ions involution The law of mass action 
in its original form is not however applicable to charged bodies, It 
requires modification in the sense, that only the free ions take pai r 
in the equilibrium. They* only, are free to move, and hence have the 
chance of colliding with one another. Thus if r be the fraction of n 
gram-molecule of acid which hm undergone dissociation, the law of 


mass action is not expressed by the equation 


r^r‘- b,,t *'* 


equation 




(4), 


■j 

where u is the rc tivity-eoefficient at the ionic concentration ^ . In 

the caw* of very weak acids like acetic acid, x is generally very small, 

■ becomes always negligibly small, Mid -i which is given by the equation 
V - 


ftn): 

n*\-kVZ = 1 ~ k */j 


is very nearly equal to one at all dilutions. For weak acids, therefore, 
Ost wald’s Dilution Law holds good. For transition electrolytes, * 
is not always equal to 1, and here equation (4) must be applied as 
such. 


C 18 
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Herr, tr^ = xC + i*J" {£7^ + I/ f -} 

= *<? + { l~*s 

only x is unknown, and ita value ran be easily found out by the 
method of successive approximation. Table 8 shows that tho values 
of k obtained from equation 4 are fairly constant, and hence it truly 
represents the behaviour of transition elect roly test, 

This clear cut division of electrolytes into two classes appears 
unnatural, and it is probable that in the case of weak acids, we an* 
dealing with a dynamic equilibrium between a non-polar compound 
which docs not dissociate at all, and a polar compound which always 
dissociates completely. The tentative suggestion might bo put forward, 
that oven in carboxylic acids there is an equilibrium between the 
forms 

K —C-O = 0 R-0=0 

1 

H (I.} OH (TI.J 

On salt formation, only the polar form II. exists, for a metal docs not 
directly attach itself to a carbon atom. Hence salts of weak acids 
arc also strong electrolytes. Tim generally rapid oxidation of the 
aldehydes and the existence of the peroxide or benzaldchyde point 
to the possibility of the existence of form I. Indeed, it u Huntzseh’s 
theory or pseudo- and acid-forma, pushed to its logical conclusion. 

The theory developed above, also accounts for the activity coeffi¬ 
cients of salts in mixed solutions in n satisfactory manner Here we 
have the empirical rule of Noyes, that “ the conductivity and frying 
point lowering of a mixture of salts having one ion in common, arc 
thow calculated on the assumption, that the activity-coefficicnt of 
each salt in the same as that of its solution where the concentration 
of either ion, is the sum of the equivalent concentrations of the posi 
tivc or negative ions present in the mixture/' Let the equivalent 
dilutions of two uni-univalent salts be V and V'\ On mixing the 
volume becomes F'*f V" t and there is a redistribution of ionic arrange- 
mont until the entire solution is uniform. The dilution is ct course 

2 % > f'+P' 1 

where ■ ifl necessarily tire activily-coeffieicnt of the ions in the mixture. 
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This is the rulet of Noyes. The condition of isohydry follows at once 
for if F'== F* 





t 


I hJi + V r 


The conditions of equilibrium in a salt solution in presence of a 
noljd phase, supply further evidence against the validity of Arrhenius v 
theory of obotrolytiti dis^wiatiou, According to which there is en 
equilibrium between the solid salt and the un ionised salt molecules in 
the dissolved state ; the latter in its turn are in equilibrium with the ions 
into which they dissociate. The law of mass action h thus applicable 
lu these processes, and the following principles of soluhility have been 
developed by Nernst and Noyes respectively:— 

(!) Thu concentration of the and isolated portion oi the salt, 
present as a solid phase, has the same value in dilute solutions of other 
salts, it hai when St is present aloue. 

(2) The product of the con central ions of the ions of a salt 
present as a solid, phase has the same value in the dilute solutions of 
other salts as it has when, it is present alone. This is known as the 
constancy of the ionic aolibUlty-product. 

From hfft investigations on lho solubility of certain silver satt^, 
Arrhenius himself com ludedj that the first principle is not even ap¬ 
proximately true* It is remarkable however, that the ionic solubility 
product of the*c silver salts remas ns exactly constant over a targe range 
of concent rat ton of the added salts. The explanation is veiy simple 
The first prinetple-—OOnslru \i concentration of the nndissociutcd salt 
molecules—cannot bo Jrue p because they really do not exist. The 
second principle is true because only the act ire ions take part in this 
heterogeneous equilibrium. Of course, in all those eases where the 
solubility merou+ea in presence of a salt with a common tom, we gener 
ullv deal with a formation of complex ion h and the phenomena ip* a 
complicated process of chemical equilibrium. 

We finally come to the quest ion + with which we started, the 
Hign-ficancc of thn Van p t HofI coefficient i, If the osmotic pressure he 
due to the kinetic bombardment of the aoliitc molecules < the Well 
known Vina! Theorem of Clausius becomes very suitable for application 
lo salt solutions. Here the analogy with imperfect gases is complete 
and we may write 
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^^'=7, kinetic energy— - point tial energy. 
sit 2 

The potential energy is, of course, the work return'd to separate the 
ens of a gram-molecule to infinite distance, 


ur PT'sft.Br-i A=n RT-\ n RT feg, l 

■>» o a 

-KT.n 


According to Arrhenius i- 
the same limiting value of v=*n. 


f 

! { 1 —q) Both equations had to 


In tables 9 rmd 10 the observed values (if i are the weighted mean 
uf tin* freezing point data of o large number of investigators for iini-imb 
valent nnd uni bivalent salts respectively. They arc taken from a 
paper by Noyes, It is evident that the equation 


l’zz„ Jl--)ag, 


(1 I 


based on the Clausius Theorem, agrees best with experimental results. 
The Arrhenius equation fails conspicuously in the case of ternary 
electrolytes. Jones attempted to explain this anomaly on his hydrate 
theory according to which tin effective concentration is much greater 
than the apparent con contrition because the writer molecules combine 
with the ions. There is no doubt that ions are hydrated, but there is 
some inherent improbability in the fact that in dilute solutions, about 
lfii» water molecules must be made to combine with an ion, in order 
that the difference between the observed values of i and those obtained 
from the Arrhenius Theory may lie explained. 11 is simply unnecessary 

in niw of the validity of the Clausius Theorem fo- salt solution* 
indeed for uni-uni vr leu i salts, Noyes obtained the empirical law 

i- 2-b^e. 




Thus the empirical law of Noyes follows at once from the Virial Theorem 
A complete quantitative theory of dilute electrolytic solutions Cim thus 

be developed by taking into consideration tlm inter-ionic forces in 
*rhi tkm. 
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Table I Acetic Acid, 


Tabu; it. 


1' in litre* 

li 

100n 

100* 

1351 

6-080 

1 570 

001845 

434-2 

33-22 

8-568 

-001S41* 

3474 0 

86-71 

22 30 

■001855 


Table 2. KC) 



F= 1U 

50 

200 

l.Opo 

.. 

A 8463 

■01S2 

'0532 

■0781 

■0031 

A 5817 


■0071 

*0487 

*0143 


Table 3, 



NflCI j 

eqiL. log j 

- r ' = ] 616 \ 1 . 



tv r, 

W \ 


r e 

10 

20 

1,600 

5,000 

p mb. from i* m 

AST 

06-6 

106-4 

LOB 0 

P ohs. 

02-75 

flfll 

100-5 

141T - S 

BaClj : 

«|it., lop 

— ~2 07 j ^ 
f«| 1 Vi , 

*4 

vr t i 


r= 

10 

20 

1,000 

5,000 

r T rale, fmm 

02-0 

07-3 

116 --2 

tlO-fl 

|i r obs* 

92-2 

06-8 

116 0 

1108 


Table i 

. KC), T= 100 3 . 



J 


12-6 

100 


fL calc. 


82-6 

00'0 


tl obs. 


82 n 

611 


Table 5, N«l in MoLhvI Alcohol. 


r= 

Hi 

50 

1,000 

10.000 

I'r calc, from 

55*8 

66-0 

77-K 

81VI 

r,. obs. (Vollmcr) 

67 1 

tW-2 

78-8 

S3 3 

HC't in Ethyl Alcohol; Dielectric Const ant 

= 21-7 (Dnulek 


10 

2*1 6U 

200 

1,660 

*V calc. Ironi |J 1m 

310 

36 5 417 

18-0 

53 0 

e« ol>8. (I'artington) 

310 

364 416 

48‘2 

63S 


V = 

■t from cfjii !, 

« fromU.JM.F. for HCl. 

— for Jin. 

I* 


v= 

hmk ^ ” u : 


a 

10 

26 

50 

100 

805 

844 

875 

*006 

-924 

818 

*843 

■874 

818 

■WO 

son 

•025 

041 

•162 

675 


t ( r cube 


r 


XiquHmltne 
ft -it I pi ion b 

jifiid 




■dirt. 

eitlo. 


Table 7. 
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RELATIVITY OF TIME AND SPACE. 


Dr. Lh N, M u.lik. B*A. f ScJD , F.R.S, E. 

ProfewoT of Mathematics, Pre&idmzy Cdkg*. CWeM#s 

1, It nectary to preface 1 jthifi paper with a brief exp] ft nation ; 

Mont of n> have read Sir Oliver Lo-Lge 1 * remark that the m siirpri*- 
1112 thing in connection with the recent discussion^ on relativity was 
that any one should profs*-* knowledge of what the Theory of Rdativi- 
tv really means In view of this remark, it might -mem to he a 

work of *uprr-c rogation, for any one to come forward to give an account 
»>f that theory, which shall not appeal only to specialists. Nor shall 
I essay U, m it* entirety. My purpose U rather to explain , so far as l 
can, what it is not. rather than what it ia, nnd IF I attempt anything 
further F it will he to state how I have tried to picture it to myself, rather 
than what the final pronouncemerit of Science oil the Theory will be. 

2, I should like to premise further, that mueh of what has aji 
pea red on the subject . sometime* under sensational headlines is in news- 
papers altogether misleading. Thai quite a number of educated men 
should ask whether Newt-on's Kb Theory of the L inverse' has been up^et 
is perhaps natural in view* of the comparative ignorance that prevails 
even among educated men as to what that theory or any other theory 
attempts to do^ but it is necessary s at the ouHer for us to be assured 
that so far. none of the pa^i achievements of Science lisa been rendered 
illusory h although we are beginning to regard the v ■ incepts of Space 
and Time in n -omo what changed aspect, the change being however t 
by no means, revolutionary* 

3, These concepts of time and space have been almost instinc¬ 
tively treated by Physical Science, as primordial —balding all attempts 
at analysis or definition, ’Metaphysicians have, no doubt found, in 
hueb attempts much saopE* for ingenuity but all moll have proved 
wholly infructnous* 

In a -ensc. indeed 3 the viewu that have been held regarding Space 
and Time Isave had a remarkable tendency to persistence. ** All our 
knowledge/’ says Maxwell! “both of time and space is essentially 
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n dative.” We mm not describe the time «f an event except by refer¬ 
ence to aom*' other event, or the place of a body except by a reference 
to wrap other body. He points out further that “ when a man has 
acquired the habit of putting words together* without troubling 
himself to form the thoughts which ought to correspond to them, it is 
easy for him to frame an antithesis between the relative knowledge 
anil a so-called absolute knowledge and to point out our ignorance 
of the absolute position of a point, as an instance of the limitation of 
our faculties. But any one who will try to Imagine the state of mind 
i tinscinua of the absolute position of a point will, ever after, be content 
with our relative knowledge/' 

4, In order to have a clear view of what this means, it will be 
necessary to go into further details. 

Wo are accustomed to talk of a point of space, marking position 
only. This position, however* is that of a small body, which we 
imagine to be there and the position itself is defined by mean* nf 
distances from three planes which are called planes of reference. We 
are thus led to the cognisance of Space, really through material objects, 
though there i-t little justification Tor the view held by Descartes that 
Space is the only form of substance and all existing thing* nre affec¬ 
tions of Space or the still more subtle conclusion or his that if tlm 
matter within a vessel could be entirely removed, the space within the 
ves*d would no longer exist On the other hand, Leibnitz defines 
space as the ‘ 4 order of possible co-existing phenomena,” In fact, when¬ 
ever we attempt to go behind the postulate that the notion of Spam, j* 
primordial, we get lost, in the mazes of metaphysical subtlety 

*i. Although, however, a cognition of space is necessarily assft- 
rmtetl with its material content*, we are able to make abstraction of 
the latter and to regard spaw, only in its geometrical aspects, as posses- 
sing only the property of extension in three directions. And Physi ’ 
cal Science is concerned with the measurement of this extension,although 
it will be perhaps almost impossible to detail further as to what 
extension is in itself Now, for the purposes nf this measurement, we 
have to provide ourselves with a measuring rod aud fix upon 'the 
planes of reference from which directional extensions or distances are 
to be measured, called « Frame of Reference and it will be noticed 
that this frame of reference-for example, the two walls and the floor of 
a room-may be regarded os only spatial and not material, while the 
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measuring rod itself may he regarded as having extension in on a 
direction only. In both oases therefore them fa a double abstraction — 
both of their materiality and ok tom ions in other directions. There are 
other processes of abstraction, which we shall have consider in dtie 
course. In the meantime, it is obvious that the metrical properties of 
spare, obtained by comparison with the measuring rod are, to that 
extent, valid. It is abundantly clear however that space thus con- 
edvod is relative—not merely m the seme that it fa relative to our own 
power of perception and comparison, but also in the sense that it fa 
relative to a given Frame of Reference. 

6. It is also relative in a third eense, which in ika simpler aspects 
also matter of common knowledge and to which a brief reference 
is necessary. To i\ traveller in a Railway carriage, a paint inside 
appears to occupy the same position in space, or the same position ro„ 
lative to any chosen frame of reference (say, any two walls and the floor 
of the carriage, which in this case is in motion). If we are unconscious 
of our motion, it would be impossible to realise that the given point 
does not occupy, us a matter of fuel, the same point of space. In 
other word* „ the motion nf tire observer an 1 the fmtno of reference 
com plicate the phenomena and require to be taken into account in any 
reason ably nee urate analysis of the result 

7, Before we p me cod to this discussion, it is necessary to note 
that we may analyse the process associated with the concept of space^ 
further* The conception developed so far is statical, but only because 
wv have unconsciously learned to overlook one essential feature connect" 
ed with it. For it really involves the idea of transf©«#iiM—of motion, 
i.e, of change of position in time, so that the Idea oT Umo is intimately 
ii^flot iaied with that of space. And it will be acffift that time enters so 
fundamentally into the measurement of apace, that it may bo regarded 
an a characteristic property of space,, in the same way ns its extension, 
proper, in three directions. By an obvious ex tension of meaning of the 
word dimensions therefore, we may regard time as a dimension of 
<]m e and since ail physical phenomena are conditioned by space and 
time, we may describe these as occurring in four dimensional space. 
Stteh a statement may, at first sight, soem Lu be misleading but if wo 
remember what it really means, there fa no reason to be appre¬ 
hensive. Analytically, it amounts to the statement that if p in any 
physical quantity, conditioned by time ami space or an event 
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an<l that — in never aero, 

A further and stronger justification arises from the fact that all 
physical investigations ultimately lead to a differential equation of the 
form,, 

<£* d't_ d*t 

<&** .It,** <h'- e rfji' 

that putting 

I t-lL 

*c ' dt ~ d * f 

Wfl iin Ll f]««tioii in which any characteristic difference that nmv 
I bysioaijy exist between *, tj, r and u> ia seen to be obliterated, 
ft is easy to upi‘ aUo that 


d$ , d* tip dt , 

5**5 ;*♦**-“ 


In .i liiii- l ft world Hue ) rapresegtjiig the path of nn event jiving tile life- 
tory of an event corresponding to a particular series of ohansrcH of r. )j, 
: and t, Now, this concept of time as wo have <eon is primordial. Jt 
is, however, relative in the rente that it. was probably originally based 
on a recognition of an order of sequence in am own conscious ness. 13 v 
making abstraction of this, wo arrive at the conception of “absolute, 
true and mathematical' ’ time, as conceived by Newton, which is (low¬ 
ing at a constant rate, unaffected by the speed or slowness of motion 
of material tilings—the fodopendent variable in all Investigations of 
Newtonian Dynamics r>ucli a conception presents iki practical rjtfh- 
oulty, for any required interval, in terms of this absolute time, cotwa- 
ponding to any phenomena, that we deal with in science is to be 
equal to the interval measured in terms of what, by antithesis, may be 
called relative time. All that is necessary ia that we should be able to 
estimate by some mode of measurement an interval of time, relative or 
ab#o!ut{j + 

8. As this is a point that beam directly on our discussion it i„ 
necessary to note the remarkable fact that though lime (absolute or 
relative) is a quantity which we are unable to define but can only 
be Conscious of, we me able to measure it. This, It should be remem¬ 
bered ia a primes, wo are continually resorting to in ordinary life Tie- 
quantity of electricity, for inks nee, that we consume from day to day 
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is being measured and charged for, though no one, certainly no m even 
among those whose duty it is to measure and charge for it can tell what 
electricity is. Similarly, when a grocer measures out a quantity of sugar- 
he follows a strictly scientific procedure, though lie could not tell what 
sugar was. For the purposes of measurement , nil that is necessary i> 
that we should fix on a standard—a standard pound, for instance, in tin- 
case of the sugar, which must be an invariable quantity, and should 
know how Lo compare the quantity to be measured with the standard, an 
the assumption that neither the quantity to he measured nor the standard 
change* during the process of comparison—the measurement having re¬ 
ference to certain properties common to the two. Tim process in the 
ease of the sugar is t as we all know, that of weighing and it is readily 
seen, that if wo had any reason* to suppose that weighing affected 
by any cause or circumstance that cause or circumstance will vitiate 
the process and must be taken account of in rectifying it, Xow it is 
known, that the weight, of a body depends on it* position on the 
surface of the earth, so that the weight as a measure is in that sense 
only relative ; nor would it have been possible for ns to detect its 
variation, if we had only marked weights with which to carry out the 
measurement, as marked weights change in the same ratio a* the stud lo 
bo weighed : in order to detect tins variation, therefore, it is necessary 
to devise u process of measurement (by means of a spring balance, for 
instance), which is independent of the force of gravity, 

9* We, thus, observe that we habitually measure quantities, of 
the intimate nature of which wo may be profoundly ignorant* provided 
we can fix on a unit of the name nature, of invariable magnitude 
and can compare it with the quantity itself, under circuinstances which 
do not introduce mi extraneous error. Time is dealt with by the 
Aslronomer and the Physicist in this way. The unit of time chosen is 
the sidereal day, or the period of the earth** rotation about Its axis, 
which for most purposes id ay be taken to be a constant interval and 
measurement of any other interval (relative or absolute) in terms of 
this unit is to that extent valid. But relativity of time extends be¬ 
yond this in ordinary lib-* For the practical unit of time i* different 
f rom the sidereal day—being dependent on the motion of the earth and 
the observer round the sun* This unit k called the menu solar day* 
I t is moreover common practice, to use different kinds of time, e,g + 
the local time, the local standard time and a general standard time, 
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' such as Greenwich or Paris time). This relativity may be said to 
arise from the position of the observer, or the frame of reference to 
«hieh that position is referred, Tims, if f,=®easur? of a sidereal 
interval and £ m =lh^t of a mono so!ar day* 




where * 


the mean (daily) angular u docitu of the earth round the sun. 


Again, if T local mean time. T a = Greenwich meantime. 


T=T a + 


a 


where •• >_ longitude of the observer measured westward. 

It will ki seen, presently, that the form of this relation is similar 
to that necessitated in the theory of relativity. Another interesting 
point in the relativity of time, is also a matter of common knowledge, 
namely the fact of dependence of time on the motion of the observer. 
In coming from the West, for instance, it is necessary to put on the 
clock hand as one moves further and further away, the opposite being 
the caw, in going West. Moreover, two ships starting from the same 
point and going in opposite directions will, when they meet, find a 
difference of J1 hours in their reckoning of time. The relation tv of 
time is, thus, found to depend not merely on the unit chosen, but also 
on the place of the observer and his motion. There arc other factors 

also associated with the new point of view, which we shall consider 
in due Gail rap* 


10, When we have learnt to measure space and time, change 
of position in tune or motion can he determined And the question 
naturally arises-what U it that mores f ]„ ultimate r , aort ftlJ mo „_ 
ments probably involve a transference of a ‘material' sum tilling hut in 
some cases, at, least, we are aware of a transference but not that 
of anything which can be described as material. Moreover, a trans¬ 
ference may be a bodily transference or on* caused Itv vibratory or 
rotational movement. When ,ound is emitted by a Bounding body and 
w rCCeiVf ’ <1 bV tl,e tlie transference involved is not a bodily trans¬ 
ference of material fetich* but a transference of the vibratory motion 
Of the sounding body to the ear. and it is well known that the 
intervening space is filled with a material medium-the air for sample 
which takes up the vbration and transfen, it at a nte depending 
on its elastic properties. Further, the rate of transfer will be differ 
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nit . if the sound mile body or the ear or the medium or all or some of 
them w in motion, Efc is well known* for instance, that the pitch oF the 
whistln of an advancing train is raise cl am] a similar affect fe produced 
when the wind ia blowing away from the observer. 

It In this cast 1 , the medium (air, for instance) k is a direct object 
of whom properties are subjects of laboratory experiment, so that 

the mechanism of sound-propagation and the manner in which motion 
affects it arc capable nf adequate experiment d tost. When, however, 
we proceed tn examine the mechanism of light-propagation in the same 
way we are confronted with formidable difficulties, For the mecha¬ 
nism of the propagation of light cannot he subjected to direct oxperi 
mental tost, as in the cuse of sound, since the propagation takes place 
through into rate Iter apace, which certainly cannot be described 48 a 
material medium In the usual mnm. 

The property nf space as a vehicle of light is a new property, 
which hua long engaged the attention of natural philosophers. Records 
of their speculation* arc available from the time of Aristotle and the 
Xyy:tya Philosophy, downwards. Since the theory nf corpuscles shot 
off from luminous bodies to produce the sensation of flight ha* been 
foun I incapable of giving nn adequate account of ike various pheno¬ 
mena of light* space, regarded a* the Imniniferou* medium has been 
held to he a plenum, filled with a subtle fluid of mme kind, which is 
capable of t ikine up and transferring the vibratory motion, of which 
light, for very cogent reason*, must. he held to consist This postulated 
fluid medium is the so called other of space Adequate reasons are 
also fort booming for the view that this medium is a receptacle nf 
energy, of vimtius kinds— not merely the energy nf light and electrical 
energy which is identical with light energy but perhaps also that of 
gravitation. 

12. Since wireless messages began to be sent through space, it 
brought home tn the lay mind, as much a* to the scientist that the other 
of apace, as n transmitter of vibratory motion of which these raegsagos 
consist i* identical with (Fie medium which transmits light-signals 
to the observer from the remotest stars, As these messages arc 
produced by electrical means and passage of electricity is associated 
with magnet if effects* the medium is also, fittingly, called the electro- 
magnetic field. 

I3 + Now, what is the effect nf motion, on these phenomena 
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of which the ether of space is tbo seal. ? In particular, hi what wav 
arc the light signals from distant stars affected by motion ? 

Imagine a frame of reference situated in the ether to which the mo¬ 
tion of transfer of light from a star to the observer may bo referred. 
f<ct flip frame be such that the aim and the stars may be regarded 
(ns a first approximation}—S3 nt rest with reference to it. Then the 
motion of the earth with respect to such a frame will In* that relative 
to the ami. In this case, the direction in which light is received by 
the observer, moving with the earth will be inclined to the actual 
direction, just as, to a person moving forwards, rain drops, failing 
vertically appear to come in a slanting direction. The result is that 
uli stars would appear to move in similar closed curves, parallel to the 
earth’s path, completing a cycle, in the time that the ohaervi-r takes 
to complete its path round the sun, i.e. a year. And extended obser- 
vntions have shown that this is actually the case. 

14. The meaning of tills agreement between til - observed 
displacement and the calculated amount might at first sight appear to 
be simply that our postulated frame of reference is fixed in spaM But 
it appears that this is not justifiable. For this effect is not related to 
the motion of the medium, but only to the motion of the observer 
ffUtUvr to th,c medium supposed ta bei jvL ren*t.. 


D,rect experiment Lms shown, however, that when a material 
medium is in motion, the velocity of light through such a medium 
is thereby increased, the effective increase lining less than the actual 
velocity <if such a medium by a small fraction. Tins remarkable 
result (which ean be theoretically deduced on certain assumptions) bads 
to a serious difficulty of an unforeseen kind. For if we „*«=, 
through a tube full of air, oriented in the direction of the o*nh', 
motion or perpendicular to that direction, no detectable different,* in 
its velocity b observable Thb is the celebrated null-effec, of Midl¬ 
and Morson ley's experiment. But the motion of the material medium 

<*° flir ,n tht ' tube) in tbe ta* is that of the earth relative to the 
ether, oh measured in the direction of light propagation, whereas in 
the second c«e r it measured in the same way. Since then no 

difference ls detectable, the conclusion is either that tho motion of 
the earth relative to the ether is *,7-which is the exact opposite of 
the former conclusion (art. 13, or that the tube contracts, automati¬ 
cally when oriented in the direction of the earth’* motion If the 
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latter is accepted, it h somewhat remarkable, that m> experiment has 
hitherto been able to defect this contraction. It waa. in fact, reason - 
able to suppose that this contraction would he associated with 
corresponding„ electrical, mechanical or optical effects but none such, 
basso far been actually detected. Wc must, conclude therofoke, that this 
contraction—if it must be admitted to exist fand it has to be admitted, 
in order to explain the mill effect above referred fee) is compensated 
for by effects, as deep-seated as the electrical and other properties of 
bodies. But since these properties have been analysed into those 
of their ultra-atomic structure, it is clear that these contractions must 
be held to affect that, structure in a manner, such as preclude* the 
effect being observed by any known device 

15. VVo may, in fact, regard the frame of reference to move with 
any arbitrary velocity that we choose. This would seem at first sight 
to lead to the conclusion that we are precluded from discovering any 
physical laws, whatsoever. We are* however, saved from this intellec¬ 
tual harretuiess, by the now principle of relativity. This h based nn 
Einfttino 1 * postulate which admit.* that the laws of physical phenomena 
are the saittc whether these phenomena are referred to any frame of 
reference nr to any other frame moving uniformly with respect to it 
with any arbitrary velocity whatever. If, however t these? phenomena 
a* conditioned by time and space arc to be capable of scientific treat¬ 
ment, there must he some connecting link between any two frame* 
of references, moving with an arbitrary velocity, with respect to each 
other. This is supplied by the adiliikai.d postulate that velocity of 
light is the same, whatever he the Frame of reference, whether the 
source be at rest or in motion, 

IQ. When this additional postulate is introduced, it h found that 
rbe times in the two frames of reference are related to cacfi other, not 
only in the same way as the local time and standard time of our 
ordinary (astronomical) modes of reckoning but that the units have 
to lie different (of. side ml and mean solar days) being related to each 
other a* the units? nF length in the two frames. In other words the re¬ 
lation depend* on the relative velocities of the observers, Thi,* h an 
additional principle of relativity, to which time-reckoning is subject 
new to science—at any rate in the form in which it has been enunciated 
iii the modern theory of Relativity. 

In fact, if this contraction is independent of the material used and 
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'• automatic, it necessarily follow* that it will not be possible to detect 
this contraction except ns a matter of Indirect deduction, as set forth 
here. We have already seen that gravity :is an universal property 
i>f matter is not detectable directly, as all bodies are equally a dec led 
except by a special device. Here, the effect is more deep-seated still 
for we fad to detect it by any tic vice whatever. And this stands t>> 
reason, as it depends on the relative velocity of the earth to the all 
pervading ether. Admitting, then, the existence of this contraction, 
we have the remarkable result that the length of a body depends on 
the velocity of the body, relative to the frame of reference, which we 
have assumed and that this relative velocity is a quantity that can¬ 
not be directly measured. 

17. The formulae of transformation as wo pass from one frame 
i.f reference to any other frame nf reference, moving with any arbitrarv 
velocity whatever in relation to the other have been derived in various 
ways. I have investigated them on the single postulate thm the 
I'Jeelric charge is an invariant Tor all such transformation. 

In a paper in the Phil, May. {A p r , m5) [ h(lVe shown that Max 
well's cqn. 

«V 

tlx tly 3$” P 

can be interpreted in terms of the electron theory by supposing 

HA 

where I (AJB.Q is the coeff. of electrification giving ri se to okotrlc 
moment 

ftM mIdif — o Ionian e of voliimn) 

And lho electfon theory of di?pfndon 

t?=C7 n e*> «fcc. 

whore—= velocity of light in free space, where the mrdiun, i*'fix.si 

Th.it is, Cr C a e*P Ac. {|) 

rcl, to the moving observer, moving with the medium (vel 

while, 0=C a ^ f*' 1 12) 

rrktive to thr fixed observer 

Aire, 

where, (1) is the solution of equations of the type 
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ayp*n=t,h. { 

A + v*A - of ' 

uV-’ £-»i 

it, ilj 1 

and (2) is the solution the snme pqn. where 

a ta,, “ 0iK,t ° t0 (a* { *) 

whenever it operates on C and there is an add it ion til term due to 
motion of el bo trims 

Jfe, 


it 




where {} is the magnetic force due to this motion 

In this way it can be shown {Poincare, Elecirtciti el Optiqnt) that 
up to the firet otdtr 

* vr(i-'l) ■ 

an \ n / 

D . c C , it A it A /c’-f* 

But — = -r. smeu - * , J —r— ■ 

z x the t)x * c* 

ob an /c l - f* , . , . 

^ = ~jp K t t * from tll& geometry of relative motion, 
and /.drdiyrfc = {f<&*&)} h di\ 


, I flt? ,, 

wo insist have _ - - , an that A 

dj A 




This shown that the above equations if} tind {2} require further 
modi Station, viz,, if 

<?«<?„ a 

relative to the moving observer in the moving medium, 

we must put C=*C f) e p ' ^' x '*/**-* ' 

rzta'ivz to the fixzd observer 

and C being the velocity of medium referred to Lhe second observe r 

t : [t* ss‘) F where ... * have ri> be determined 
therefore, QmC h z p * (£ “ rI ^ 

Sow, comparing eoeff. of z\ and t\ 
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we have 


1 1 cure, from (3) nnd (4| 


P O-'V* + *-►) = pVv'jj. (if) 

p +p)=p' [4) 

P* 


nXfv / k 


+ P 


x£ + t , 


w. 


nut 


. « . I 

" t - where , /=-««' Ao. 

X » Vi,, 

- +■ 
u 


u ' s » + i H) 

lip to the first order 

l lunac, 1 r - X=j* W<l i f . 


nr 


■ - 


Wf lmv<? Rccordingly z^X (z' -f f), (3J 

where X- 1 » ami f p W \0 c* } p ^ 

18 form oI th * 2nd wpT^ion is, hh wt s liftTO already indicated 

similar to the relation between local time and standard time, while a 
introduce* n change in the unit. The wjn. (5) is an extension of the 
usual formula of transformation 

= =V-fJ'. 

which is characteristic of Ihc nfw theory. 

The generalizations open out a wider purview to the physical 
enquirer in a manner, which is not. however, altogether, new to science 

19. As a simple example, it may be notice] that the science of 
quaternions was developed by a process of extension, as soon as it was 
recognised that the ^mmutation fair was only of limited application 

20. Tho result of the modem theory U remarkable, mwerthe- 
tm, but tho interest .* entirely scientific, w that there is nothing in' 
it that ia likely to affect our everyday experience. Ad this is a point 
which has been much misunderstood, it would he worth while pausing 
for a moment to consider in detail its practical significance 

31. According m old flfcwu»k„> djnnmir., „ bade doM 
cliongr it. .tape and mo bcc.a*. of it3 motion. 0 „ „ le ^ 
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it doe 1 *. Btit to what extent "r 1 In the first place, every physical 
property of a body and thnt of all bodies change simultaneously, it 
would be impossible to detect it, And even if wo could detect it* it 
will he only appreciable t if the velocity of the body relative to the 
observer fa comparable to the velocity of light, which £a 188,000 miles 
per second. Similar remark applies to the change in regard to time, 
so that it appear* that the man in the &trect t m well as men in higher 
pi ace h may well go about their usual avocations without fear and 
trembling, for any change that the 11 new theory of the universe/' (to 
c|iiote the popular description of Einstein mechanics), involves. 

22 m We may regard the interesting feature of the present view 
in another manner. Suppose we assume the earth's velocity relative 
to the ether to be as much a* 181,000 miles per second in n vertical 
direction. Then * roj <ix feet long, when horizontal contracts to ft 
feet when placed vertically. But the standard yard-measure will 
change in the me way, so that it will not be possible to notice the 
change. Nor will any change he observable, m$ the rod is rotated from 
the horizontal to tin vertical position, if we admit that the image in 
the retina changes pan'-passu, which is apparently the case. Wo 
may apply other teals, electrical, optical, etc. But they all fail, as 
we Imvo already scon. Thus one is disposed to reiterate the conclusion 
that the | j metical position i? unchanged, in spite of Einatien's theory. 
What is changed, however, is the point of view—the aspect of things 
in a broader same than heretofore. 

2ft. In dealing with motion, so long as we confine ourselves to 
motion at a given position on the earth, we regard the axes as fixed 
in space, if they are fixed on the earth. The results obtained arc of 
course valid, but only to Lhat extent;. This is altered, if wo have 
to compare motions at two different places on the surface of the earth ; 
wo then must have recourse to two sets of axes, moving relative to 
vaeh other In a known manner. When however, we proceed to celestial 
motion, generally, a frame of reference independent of the earth's 
motion is required and the plane of the earth's orbit or the 41 invariable 
plane is taken ay the plane of reference and a certain initial epoch, 
convenient to the Astronomer, ns the point from which time is mea¬ 
sured, Wo have, thus, os already indicated, various degrees of rela- 
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tivity ill ordinary mechanics, hut it M ill lip seen that the peculiar kind 
of relativity that we are now considering its nf an extended scope und 
significance. 

We may analyse this aspect further. When a mil is set moving 
uniformly, we say, according to the present view, that it eon tracts 
but the contraction is only a wav of describing the new spatial relation 
that comes to subsist between the rod and the observer, the con trac¬ 
tion being only relative to the particular observer— being different for 
different observers. If, then, the spatial relations are different for 
different observers, wc reach the remarkable conclusion that each 
observer carries his own (four dimensional) space with him, *sn that 
the distinction between the perceptual ami the conceptual on the one 
hand and between the subjective and the objective on the other seem 
to tend to be obliterated. 

24. Prof. Karl Pearson speaks of "a cheap and unfortunately 
common form of emotional science which revels in contrasting the 
infinites of space with the finite capacities nf man,' ' Ho argues that 
“ the space of our perception, the space in which we discriminate phe¬ 
nomena, is exactly commensurable with the contents pf that finite 
capacity, which we term our perceptive faculty, so that the only in¬ 
finite space, we know of is a product of our own reasoning faculty.” 
‘The mystery of space,” accordin' to Karl Pearson, “whether it be 
the finite space of perception or the infinite space of conception, lies in 
and not outride each human eonsctoimiofltt.” The theory of relativity 
suggests, however, that space possesses properties which are neither en¬ 
tirely perceptual nor entirely conceptual but which partakes of both 
rit the same time. In the same way, the old formula that the propert v 
of n body, extension for instance, is either in the body or in the con¬ 
sciousness of the observer is seen to be inaci equate, For, after nil, it 
appears that it depends nn both in a more emphatic sense than, ive 
have been used to, so far. The other consequences of such a scheme 
are naturally far-reaching, hut only for the purposes of scientific 
exactitude Thus, just as the *j 7 .e , m d shape of a body are dependent 
on the velocity of the body, its mass also is found to he dependent on 
ft. But it is dependent in so minute a measure that we need not 

* TImj inaction of Cha r.inW b™ by J*.™, *, liot to b* v«y 

apt- 
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(rouble about it (until perhaps wo have occasion to exchange com¬ 
modities with Jupiter}. 

Again, lor estaMiahing communication between different 
systems, the sole constant involved is the velocity of light in vacuo, 
^\ith repin'd to this point, fi will be remembered that practically all 
our observations arc ba*ed on on optical method and all our standards 
depend on this velocity. Since, therefore, any uncertainty in this would 
in trodum a complete uncertainty into the entire ranee of our expe¬ 
rience* the postulate of constant velocity of light is opriori justified, 

20, The justification of a theory is best measured by its power to 
explain outstanding problems and, accordingly, an attempt has been 
made to Apply the theory of Relativity or a modification of it to ex¬ 
plain the most celebrated of these, vie, the intimate nature and Law of 
Gravitation* This has. led to a 'generalised 1 theory of Relativity an 
distinguished from the * restricted 1 theory, which we have been con¬ 
sidering, so far. 

For it should not be forgotten that the so-called gravitational 
law itself requires explanation. There is, in faefc^ nothing fundamental 
in the law that bodies attract cadi other, and that the attraction varies 
inversely m the &qtuur€ of the distance, arid as the product of their 
It does really nothing more than supply a hypothesis -an 
artificial hypothesis at that -on which the motion of the solar system 
can he explained in a tentative manner, m a first approximation. 
The Intimate mechanism of the processes which actually yield the 
result stiTiiniariricd under the [aw have accordingly awaited disrovery 
since the time of Newton, who himself attempted it. And now tlmt 
masse* are found to depend on the velocities of bodies—and space and 
^ime are lield to have new attributes, the law ha* come naturally to 
bs under careful scrutiny, on the- new principle of relativity. This 
bus been done by Einstein himself and it appears that a modification 
of the Newtonian theory is culled for. And it is moreover found that 
when this modified theory h applied to specific problem*, the results 
are singularly satisfactory. 

21. It is difficult, if not impossible to give an account of the 
manner in which the so-called Law of Gravitation has been analysed and 
modified, on the Relativity Theory. Without attempting to repro¬ 
duce the somewhat complicated mathematical analysis, I propose only 
to indicate the general line of thought. 
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2*. \Vi»n u top h set spinning, it can bn made to stand but only 
while spinning—not otherwise. This may be taken as an illustration 
'if a ‘field of force,’ apparently brought into play—the so-called centri¬ 
fugal force—as the effect of a change of a frame of reference in the 
four demenstonal, space of the restricted theory. For in this case, 
when the top is not spinning, we may take for the frame of reference 
ihe axis of the top and two lines at right angles to each other (pro¬ 
visionally fixed in space). 

This field of force, then, may be described, as arising from a change 
in spatial relations in the spinning top from those that obtain in the 
stationary top. Now this change la independent of the nature of the 
body, and is dependent only on a geometrical deformation—with re¬ 
ference to the room, as a frame of reference. When it is spinning, this 
frame changes its position continuously. Similarly, when a atone is 
whirled round, at the end of a rope held in the hand, the pull at the 
hand may be said to evidence the play of a field of force, which, al¬ 
though we may otherwise explain it, undoubtedly represents a real 
property of Time and Space. These illustrations are necessarily crude, 
but. they enable us to make a mental picture of the principle laid down 
by Einstein and called by him the Principle of Equivalence :-mr, 
n gravitational field of force is exactly equivalent to a field of force 
introduced by a transformation of the co-ordinates of reference, al¬ 
though there may be no means ot distinguishing hot ween them experi¬ 
mentally; only, their equivalence is to extend merely to the regions, 
over which the transformation is possible. 

2». An illustration of a different kind from those already given 
though still somewhat crude, may also be given. Going up j n a lift, 
one feds the pressure between the feet and the lift increasing with 
increased acceleration. When the lift descends, the pressure decreases 
till, if the lift falls freely, the pressure becomes nil. With reference 
to the frame of reference rigidly fixed to the lift, which is moving with 
an acceleration, the forces operating (in this case the pressure) acquire 
values depending on the motion of the frame of reference. The result¬ 
ing field of force Is entirely due to tra reform at, on of axes from those 
fixed to the earth to those fixed to the lift. In the particular case, in 
which the effects of the gravitational field are neutralised, the principle 
of equivalence tells us, all other effects will be neutralised also, 

30. In fact, the motion discussed in Rigid Dynamics, of bodies 
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midiiT no forces supplies ample illustration of forces drifting from changes 
in spstiat rota iions -\nd 4 since such changes are the fundamental 
postulates of the theory of relativity, it was natural to inquire as 
Kinstieu did, if nijituhlc types of these changes in fotr-r-tlitn^nHional 
spatial relations could account for gravitation* also, Thi* has led to 
the Relativity theory of gravitation and to a modification of the Stow* 
tonEau principle. The inquiry has, in fact, led to the result that the 
motion of bodies in a gravitational fidd may be explained^ without 
invoicing a gravitational force following Newtonian law—which is now 
known to be only a first approximation and a*. arising from the curvature 
of space, imposed by bodies (meli as the earth or the ana) to which the 
field wan supposed to be due —the actual path being the shortest in the 
new four-dimensional space of Einstein Kinematics. 

Such a hypothesis can only be justified by it* application* to 
actual eases. It will be necessary therefore to refer to a few of these* 

One of the most successful of these application* is to a well-known 
problem in the planetary theory, namely the celebrated discrepancy 
between the observed period of rotation of the orbit of Mercury (57 £ 
seconds per century) and the calculated amount on the Newtonian 
theory of perturbations, due to the action of tho other planets (about 
532 seconds) Thi* can be completely accounted for, on the Theory 
of Relativity. The planet in pursuing the shortest course through 
the curved four-dimensional space round the sun describe* the path a* 
it is known to do. rather than tike path indicated by Newtonian theory. 
And although it h m been argued on the other side that a suitable 
modification of the Newtonian Theory is competent to yield the same 
result T it appears that a final pronouncement should he in favour of 
Emotefn’H Theory. But a more striking confirmation of the new 
theory of gravitation based on the Principle of Relativity is now 
forthcoming. Einstein had predicted that rays of light would suffer 
deviation in a gravitational field and that if this is to be the case, rays 
from stars which have to pas* through region* in the neighbourhood, 
of the sun in reaching the observer should suffer a known deviation 

* A further jmtificfttiuti Tar this linn ai argument lh iiippli^d hy ihc* furrmjJnui of 
tntsvfomtfaii eamfcfectmR, t* nn J t' with x, jr + s, l Fur they Atv to be the 

apetift! cim>* of rhn linear transform at inn 

/ =(Ur + % f ): + &L ole. 
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on account of Lhe sun's gravitational field *.«s. in follow ing the shortest 
path on the curved space round the sou. In fart for a star seen 
close to the limb of the son the light ray should ex pork-nee n total 
deflection of t 7*1 , This prediction of theory has been amply con - 
firmed from observations at the last total eclipse of the sun. Even 
tlie slight discrepancy that was noticed at the time bn* since In en held 
to he duo to instrumental distortion. 

31, The Theory of Relativity must, therefore, lie held to give an 
insight into the nature of Space and Time, which is new to Science. 
If this be so, it suggests a difficulty which should be enreftiliy consi¬ 
dered. fof the Theory of Relativity leads to the conclusion that ntlv 
frames of Reference are valid, nn matter how they arc moving re la. 
tively to each other, provided the unique condition ax to the constancy 
of the velocity of light is satisfied, with reference to them, If one of 
these frames of reference be situated in the ethereal medium-that all 
pervading medium through which light and electric disturbance are 

propagated (the so-called ckclro magnetic field), this apparently leads 
to the conclusion, that the other may bo suppos'd to he moving with 
any arbitrary velocity whatsoever, or. since each observer carries his 
own space with him, each observer will hare Ids own "ether " This 
has sometimes been held to mean that there is no such medium for, 
d ha* been argued, tlmt such a medium, if it existed must necessarily 

be inert. This view, however, does not seem to be. altogether, justi- 
fled. 


For various lines of argument rrem l„ point to the conehmion tlml 
thoeth,T.»l medium through ivhlch tight in p„, n . 1B ,t„j caI ,„„ t |„ |„| d 

nltogetlier to bn in,,, or Immobile. Cogent re.™. advanced 

or the new Out there in intrinsic -if oeneenfod th , 

H. further, the «»n>„ medium tube, port in the propagation of gravi¬ 
tation, the motion „f the medium may h arbitrary in the ne„,c thnt 
the net,...I energy of the gravitntiennl cannot he specified f, j„ 
morever, admitted thnt nbcolnte nni, of eleetricity in , i, y „. lllo h 

“ ,>f 11 , '*"* a 01 reference. But the moat entiefnotory viou- 

regarding themBrnotn nuturr of ,hi, tprimtity thnt so f», been pot 
foruurd ,« thnt it in of the nnture „t « .angularity in „„ „| ’ ^g 
medmm -«ng from motion or dictnrbnnee „f some hind ff thnt be 
no rvo aeem to come bach to the postulate . medium. , t h „ indMd 
netnnlly been shotrn by Weyl thnt the cnrynlnre of gene,mined npner 
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postulated by Kiftslcin to explain gravitation is due to a distortion 
which is a particular ease of the moat general distortion or which such 
a space is capable, and which will explain elec ires nag retie phenomena 
us well, 

■J2, In fact, alt our so-called explanations of Physical phenomena 
reduce themselves to the preparing of models that shall represent the 
actual as nearly as possible, but can never be the iietual itself, it 
does not appear therefore that the theory of Relativity will dispose of 
the physical existence of the ethereal model, until a better one can be 
found which shall explain the intimate nature of the various concepts 
of modern physics, corpuscle* and material particles, electric charge 
and magentic force, gross matter and gravitation in one comprehen¬ 
sive scheme. 







A STUDY OF FATIGUE AND ENDUEANGE 
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Materials for this paper were gathered in course of the Health 
Rxamimitiuri of the students of the Scottish Churches College, Calcutta* 
in April last. The immediate aim of the examiner w^ e to make a 
comparative study of physical fatigue and endurance in certain stan¬ 
dard conditions of work. Naturally, with the time at Ins disposal, he 
eared more for convenience than for scientific precision. The materials! 
are not, therefore f what an exact scientist would like them to he. 
They are under the influence of a large number of chance and systemat¬ 
ic errors, many of which can with difficulty be controlled, \ et they 
are useful in their own ways for the scientific study of fatigue* Allow¬ 
ances may bo made for known errors; and by mathematical treatment 
of the results, the influence of some errors may be minimised p white 
that of Others? may at least be indicated. 

In the present paper, 1 shall discuss certain preliminary results 
which I cannot presume to present as final in any sense, but which 
would give ns some idea of our problem. The number of measure¬ 
ments upon which the results of this, paper are based is .-mall and lienee 
much of what has been written in it may have to he corrected in fu¬ 
ture, I wish to discuss the problem more fully in future when a targe 
number of measurements are obtained. 

S 1 

Method. 

The degree of fatigue that a living ti-sue or organism km under* 
gone in consequence of continuous wtirk for a length of time under cer¬ 
tain conditions is measured by the amount of its loss in efficiency for 
that time. Provided the conditions of work remain the same and the 
organ or organ!Bin continues to do the same work, wc can compute the 
loss in efficiency by comparing its rate of work at any particular mo¬ 
ment of fatigue with that at the begriming or any other period of effi- 
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oit'ocy. For this we require a series of records of w ork done in a 
certain period of tiiur- under certain uniform conditions 

Mono’s Ergagraph is ordinarily used. Though it haa the advent. 
og<. of studying fatigue of a single musdc ond thus under simple con- 
dit .onr, it i. a rather complex apparatus and cannot conveniently used 
for securing material* from a large number of subjects, We chose 
therefore, the dynamometer (Smedley type;. It is convenient to 
handle and wo hoped that, an in the dynamometer lest the subject is 
required to work at hi* best without being restricted to a particular 
resistance, it would indicate more correctly than the Ergograph, the 
general working power of the subject. Also an t-rgogram with a 
variable load, according to certain, authorities, “gives a truer picture 
of the course of muscular fatigue", than art ergogtam with a constant 
load. And a* the emve of work from a scries of grips, as well ns from 
a sinplf 1 ontinuous grip, with the dynamometer corresponds to this cr- 
goram with a variable load, wo thought it to be bettor suited to our 
purpose than tbo numbt'oii.-i Ergograph r 

Records with the Dynamometer can be secured by two different 
methods, in the find method, called the method of continuous con¬ 
traction, records are token by the examiner at the interval of :t or 4 
sec*, while the subject continues polling the inner stirrup of the Dyna. 
mometer with Ins maximal effort, say, for 1 tnt. [n the second moth, 
od, called the method of separate contractions, the subject pulls with 
ins maximal effort only at the interval of 3 or 4 secs, and the p\a. 
miner takes record of every maximal grip. 

TI, P second method w fl5 adopted hem. I tried the two method* 
separately upon the same individual, at the interval of half nn hour. 
The too series of records were substantially identical. Further the 
second method is more convenient to apply. T n it chance of error du R 
to the examiner Is .mall a* less strain is put upon him Ja fchff t|lird 

plare in the first method the subject has to maintain his maximal atten¬ 
tion for more than I mt. But attention is naturally rhythmic and our 
maximal efforts are also rhythmic in character. The second method 
follows this natural tendency of attention. 


We have followed the instruction. 


Mental aml Tcm. Vol. 1, except that they 

fieri. 


Eivcn in Whipple’s Manual o/ 


were slightly raodi- 


Carc was taken that toe adjustment of the 


inner stirrup fitted the 
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hand of the subject. The recording pointer on the dial was moved 
away to the right. The subject and the examiner sat on the opposite 
sides of a low table, the subject, holding the dynamometer In?fore lum 
so that the record could be easily taken by the examiner* The inner 
stirrup pressed against the second row of phalanges. Whipple instructs 
that a metronome is to be mi beating once per ace., the examiner is to 
call 4l Xow ,T at every fourth heat of the metronome whereupon the 
subject ii to poll as forcibly as ho can. Wo have substituted the met¬ 
ronome by a second's pendulum set upon the table just before the eyes 
of the subject The subject is trained at first to count the oscillations 
and how at every third movement of the bob Inwards him be Is to grip 
with is maximal effort, tie is not to look to the recording of the grips 
but to keep himself occupied with the counting of the oscri [fattens. This 
arrangement lessens the labour of the examiner and also serves as aeon- 
dit ion for testing the $i Co ordinating f l ability of the subject. The sight 
of the oscillating boh often induces a rhythmic Kinacsthesis in the sub¬ 
ject and this* no doubt, helps him in keeping up the attention. After 
the subject haa learnt to count the oscillations and understood how to gril 
r!i everv third oscillation with his maximal effort, the examiner calls 
•‘Ready** and the subject begins pulling every third second with Ins 
maximal eifnrl till he was told to slap at tho end of S mt . The exam¬ 
iner in the meantime takes note of records. We chose the interval of 3 
see*, instead of i, as it induce* fatigue more readily and gives large 
number of record * within tin- same time, The rigbl hand was fir*t 
examined and then ihe left. 

5 *■ 

Treatment of Results. 

A sample record: 

Table L 

Name 



Right hi.Lfii.L 



Lett hand- 


55 

51 

47 

47 

55 

ftl 

40 

A3 


52 

m 

4« 

55 

47 

4« 

■Hi 

If 

53 

50 

50 

53 

40 

4a 

40 

50 

an 

4S 

AH 

52 

50 

47 

47 


n 


(The figures indicate strength of grip in fc.gd 
The Fatigue index is obtained by the formula x 

3 i 

the required fatigue index, r ( the mean of the first foqr 


\ where 
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Along the abscissa x arc plotted the time intervals nf 3 secs. each 
and along the ordinates tj are plotted the grip reading in k*g, No r -S 
in dioat erf the serial number of the subject* The black heavy line indi 
cates for the right hand and the red line for the left. Endurance 
curves are made up of alt sorts of zigzag lines, so that if we ate to 
classify them into types we should fin=l smooth them. The small rises 
and falls that are present hi most of the endurance curves art" due to ; 

11) chance errors arising from holding the instrument in a slightly wrong 
position; (2) momentary flashes of enthusiasm and depressions of the 
subjects ; {3} parallax error, and also to other unknown causes. The 
smoothing would to some extent minimise the hilhimue of these slight 
errors and yet represent the general tendency of the curve, 

l adopted the ordinary simple method of smootbuig^ viz. by draw¬ 
ing a smooth line, by the eye, through the curve *o that it passes 
through the largest possible mini her of the plotted points. For the 
determination of the different types of endurance curves, f used the 
method of plotting the 11 moving 11 averages, 

Binet and Va&chide divided their subjects intoi three groups: (I) 
strong; (2) mediums (3} weak, Aooording to their maximum grips, in 
order to examine the manner of distribution of endurance types in 
the several groups. 1 also divided our subjects into the same three 
groups and worked out the average fatigue index of each of them. 

I 3- 

Result a. 

(Altogether 100 college students ranging in age from IT to 23 were 
examined Of 1<K> records 10 were rejected ns unsatisfactory. In 
the calculation of cortnin results age differences were not taken into ac¬ 
count. Other results were limited to particular age groups,) 
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thoserkl arrangement of i|,« fatigue index vain,. y ■" ' " 

iwr of the atudent*. 4 i s deviation of a student f l \ * 

Kttmp. The figure at tl,e bottom of the colu m, ,, d" '/ .*”*?* ° f th * 
average deviation of the group. "• 1 ' ' the a.(f. or 

group it* thesq. root of the average of th iri ' l,( f *<‘™tion of tlw 
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4ryis product of x, ad individual's deviation from theaverageof the Bertas 
with the right hand, and t/ t hi# deviation from the average of the 
left bond, r is coefficient of correlation between the two scries nf fatigue 
index, and has been obtained by thr Pearson formula. 


r - 


-.Ty 


Wd jif 2 

iti which n is the number of wtudenif* in both mries. n, the S D. of the 
tirsi series, and .1 the S. D, nf the second scries), 

2. ]i wouid be interesting to compare fatigue index figures of 
students of particular ages with those nf nil the students taken toge¬ 
ther irrespective of their age differences. 


Tabh 


A Comparative Slalemwt 0/ Index Fi ning. 
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Explanation of the Table— iV denotes probable error of the 
average, and Im? been obtained by the formula 

„ 0-«745 SM. 

ns, v n 


C. Stands for coefficient of variability of 11 series, and has been obtained 
bv the form 11 Jo, 

Av> 

D denote? difference between the averages of two series P K.^ denotes 
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probable error of the differenoe between the averages. and lias been 
obtained by the formula 



I l indicates the significant or chance nature of the difference between 
the averages*, P.E. -Mau'U for probable error of the coefficient of cor¬ 
relation mid hag been obtained by the formula 



PJf, ®«743 


Judged by the various measures of variability, the first series of 
measurements is comparatively trustworthy. There is more uniform 
distribution in it than in the other two. The left hand series for the 
age group 10 is relatively more variable (cf. PJ?.Jr.—±- 0131 and 
{7= J 5ln) than the other series. The figures for age group 20 approxi¬ 
mate those of oil the age groups, taken together, and this representa¬ 
tive character of its figures agrees with the fact that 33 p c. of the 
students examined belongs to this group alone. Wo cannot, however, 
draw the conclusion that the fatigue index of age Iff is really lower 
than that of age 20, That it appears bo from table 2 may be due to the 
fact that the number of students examined under each of the groups 
l® and 20 is very small. The low figures for the age group 1® are pro¬ 
bably due to the absence of very high fatigue index values in it. 

3. The fifty students under the age groups 1® and 20 were etassi- 
tied into three groups according to the strength of their maximal grips 
r l) strong (2) medium (3) weak, A man was considered to be of medium 
or normal strength of grip if ho fell within the normal limits of the aver¬ 
age of his group >i he normal limits being hero defined by the average 
deviation of the group). The average strength for the right hand of the 
till students ts 40- k.g. ami the A.I), m 4 8 k.g. Therefore those, whose 
strength of grip is within the limits of 4l> 4± 4 * k g. were classed under 
IJ medium' 1 and those above the upper limit were classed under f ‘strong" 
and those under the lower limit were classed under the u weak ** In 
this classification the strength of the left hand grip was not taken into 
consideration. This has, no doubt, caused a slight error as the left 
handed persons should he judged by their left hands. 

The fatigue figures for students of these throe groups are given in 
Tabic 3a. 
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Table 3a. 

Fatigue index Figures for ".strong", “average '' and “ weak ,r 


Strong | Medium 

Weak 

R 134 

ISO 

177 

L 102 

184 

157 


iTho figure* indicate the average fatigue index.) The Table allow a 
that the weak persona ate more fatignable in their right hands bat 
I®** «> their left hands and that a* the fatigue index for the right 
hand decreases withtheincrease or general strength, that for the left hand 
increases. The inverse correlation between fatigue index for the right 
hand and strength of grip indicated in Table 3 is also supported 
by the coefficient of correlation between these two traits in the 30 
students of the age group 20 was found to be 19 with a P.E ?=* ± ,1. 
The r between the fatigue index and the strength of grip for the loft 
hand of the same students was fonnd to be onljMH. This appears to 
contradict the indication of positive correlation between the same two 
traits from the table 3 [i e. fatigue index for the left hand and the 
strength of the loft hand grip!. But it is evident that all students and 
fiume more than others, are liable to the “fatigue” effeot which the fa¬ 
tigue of the working right hand induces into the left. This induction 
of fatigue effect would to some extent account for the greater fatigue 
index figures for the left hand in Tables 1. * and 3* 

*• If a man continues gripping with his maximum effort, for a 
certain length of time, he gradually reaches a level from which his 
power of endurance does not readily fall. There is in other words, 

» levelling tendency of fatigue. At the beginning of work individual 
differences arc marked and the endurance curves present various sorts 
of irregularities, fn the most common type of the endurance curves, 
and also to some extent in ail endurance curves there is a tendency 
for the curves to rise and fall alternately. These alternate rise and 
f ill seem to indicate the rhythmic character of '• willed activities.” 
The exertions come, as it were, in beats. These small changes re- 
C 20 
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soluble more or less the §i short*!ime ls osdliatiom of curves of econo¬ 
mic and sociological phenomena. 

J5. According to Biuet and, Vnschide DO per cent of endur¬ 
ance curves can be put under four type?*: "(a) a sudden drop, then 
fairh constant: (&) an approximately stationary or constant type; 
(e) a continuous but gradual drop; and (d) n more or leas definite 
rise/ 1 They took five readings of grips with each band alternately. 
We have generally taken 20 readings, so that our curves may be 
expected to be more valuable than theirs. So far as [ have examined 
the curves of 00 students p ! conclude that most of them can bo 
classed under the above four types of Binet and Vase hide. [ wish 
only to add a fifth type, viz. (t) steady and then sudden drop. This 
type of endurance h not easily detected from curves plotted from five 
readings. The five types are* shown below : — 


B-L 
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30 ] 



B—IU. 



B—IV, 



0. Totiio i allows the mrmuor of (lintribufcion of tbe-ie flvs typps of 
ourros in tha throo ^p<>upa of “ atrong ” *' medium" and *'weak *' 
hu bj rets. 
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,v stcoy or patio t' K ani> KNotnuxoH, 


Tatyf 4. 

Distribution of Endurance Curve# in the 3 yroups of Tthh 3, 


Strong 

[1.1 Students) 


Medium 
(SO Students) 


Weak 

( 10 Students) 


Totaj. 


Types 

A B 

c 

D 

E 

R 

4 


9 


1 

L 

a 

1 

ft 




R 

--1 

0 

7 

' 

14 



L 

0 

1 

16 


i 


R 

' 

_ 

3 

4 

' 

2 


L 


1 

10 




37 

Iff 

SB 

% 

4 


According to Binet and Yascbide, frtypo seems to bathe insist nom- 
mon form hut from our table it is only the subjects of average strength 
who are more of the t typo Umn Others. Vigorous individuate are 
more commonly of the c typo. The specific characterpstics of the 
Hovr-rul types cannot be considered now and shall be Taken up after¬ 
wards. 

7. The normal superiority of the right band over the left has 
been indicated in our figures The fact that D is more than five times 
PM-ti in Table 2 (lower half, first column) shows that the difference 
of the averages of the fatigue inde* of the two hands is not due to 
chance, but is significant The degree of scatter of tbe individual 
mc i Airetnents from the averages as indicated by the respective A.D’s 
and S-D ‘vf is in all tha three series greater for the left hand. The 
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leas uniform character of the left hand series is indicated by their 
large 0. and P,E\A V . in Table i\ The frequency cun™ of the fatigue 
indices for the right hand and far the left also indicate this. The 
curve for the right hand shows a alight skewness on the left side, 
whereas tiro curve for the left hand shows Asm lies* on the right. The 
latter also is more irregular and multimodal than the former. Table 
3 shows also that strong individuals have greater superiority of the 
right hand over the left, at least so far us fatigue index is concerned 
The 41 weak' 1 individuals have an inferior right hand in that sense. 
Table 4 also supports this conclusion > The ‘'weak 1 * individuals are 
more normal in fclieir endurance curves with their left hands and less 
so with their right. Curves characterised by sudden initial drop are 
more com rnon in their right hand, I conclude therefore, with Binet 
and Vasohide that physically feeble subjects have, as it were, 11 twr 
left hands.* 5 

£„ With a view to the analysis of the factors involved in fatigue 
certain correlations were worked out.. But many of them are not 
satisfactory as the number of measurements is very small and the 
probable influence of chains and systematic errors waa not eliminated. 
These correlation figure require to be checked and corrected by 
further measurements in future We may* however, note down the 
correlations (all worked out by the application of the Kl product mo¬ 
rn outs method 11 of Karl Pearson }* Without at present drawing any 
hasty conclusion from them? (<i) I found an inverse correlation of 
—‘ 19 between absolute strength of the light Imnd and the fatigue 
index of the same hand in age group 20. As all the students cannot 
be assumed to have gripped with their maximal effort each time a 
large amount of chance errors must have entered into our calculation, 

I thought that a more satisfactory coefficient of correlation would 
be secured by substituting the working maximum grip (I.o, the maxi¬ 
mum grip recorded during ! mt/s work) for the absolute strength 
recorded separately and previously to the fatigue test. The two 
differ often by xi large amount, as many subjects would not fully exert 
themselves during the work, though told to do so The coefficient 
of correlation between this working maximal grip and fatigue index 
is —-25 for tlio right hand and —[-21) for the left (the latter figure 
much higher than the corresponding figure in the first calculation viz. 
— 01 ). 
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(6) The work that a subject did by H> grip?, was calculated and 
Ifcg relationship with his fatigue index was found by working out the 
coefficient of correlation between them. It m — 38 for the right 
hand of the age group 20. It would be interesting to compare this 
relationship with that found between work done and absolute strength 
n* indicated by maximal grips of the right lmnd r The coefficient of 
correlation between work and strength nf grip in the age group 2ft 
is -78. I t jw evident Hint. the degree of a fat ignobility of on individual 
lessens the total output of his work. Rut the positive influence which 
muscular strength has over the working capacity seem a to he twice 
the negative influence which the degree of fatigu ability has over it. 

(c) I found a positive correlation of "40 between weight and 
strength of grip for right hand in the age group 2ft whereas I found 
no correlation between weight and fatigue index for the right hand, 
though a positive correlation of 1 1 2 for the left hand. In extreme 
ranges of the Aeries there was indication of greater positive correlation 
than in the middle ranges, where inverse correlations were rather con¬ 
i'- pieuous 

[d] The coefficients of correlation between fatigue index of the 
right hand and that of the left have boon shown in table 2, Of the 
three t*a Y r for the age group 17-23 m reliable p for it lias a jy.e. r which 
is about Oh times the r. As we have indicated above, subjects 
markedly differ among themselves as to the amount of fatigue effect 
induced from the right hand to the loft in consequence of continuous 
exorcise of the first while the second lies inactive. This unequal 
amount of induced fatigue effect introduces chance error in the mea¬ 
surements, The effect of this chance error has been probably minimised 
by counter balancing of opposite errors in the large series of AO students 
of age groups 17-23 and hence the coefficient of correlation is greater 
among them. Besides this we may also note that as all the students 
share more or less in this induced fatigue effcot it has acted as a con¬ 
stant error IJ constricting ” the coefficient. Wc may; therefore, expect 
the r to be greater than even -30, 

H- 

Conclusion*. 

Before any definite conclusion can bo drawn with regard to the 
general nature and conditions of fatigue, we muft secure greater ntii- 
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fortuity in the conditions of the investigation and base our results 
upon a larger number o! measurements. What we can say at present 
with certainty is that the phenomena of physical fatigue and endur¬ 
ance involves a large number of complex factors and that the fatigue 
we are studying is fatigue of the organism only with reference to a 
certain set of special circumstances, and docs not denote the general 
fatigue of the organism. 



A GENE UAL THEOREM JN THE GEOMETRY GF A 

PLANE CURVE* 


Dr Sy-oiadas Mukuerji, Mi,, Ph D, 

Professor of Fur* Mathematics t Univrrsiiy of Calcutta. 

Introductory* 

The following paper aims at an elementary exposition of. the prin¬ 
ciples of certain new method* in the geometry nF plane curves. It is 
written in the way of .in introduction to the subject. It may prove 
interesting to students of Analysis Situs. 

An important feature of (he paper is the introduction of a system 
of new nomenclatures which may appear quite novel to many. The 
writer has found them convenient for his investigations. Home of 
them may commend themselves to mathematicians in general, such as 
lk the rang* of intitMeg of a m curve with another ” in place of '*ihe set of 
points of intersections of one curve with another.'' 

It has been thought beyond the scope of this paper to enter into 
special applications. Some such applications of the methods will be 
found in the following papers by the author: — 

L "Geometrical Theory of a Plane Non-Cyelio Are, Finite as well 
as Infinitesimal, 11 Journal of the Asiatic Society of Bsngttl f {New Series)* 
IV, No. 8* (1908), 

2p fcf New Methods in (he Geometry of a Plane Are, I. Cyclic and 
Sextsctle Points/' Bulletin of the Calcutta Mathematical Society, I, 
No. L, (1900). 

3. New Methods in the Geometry of a Plane Arc, II. Normals 
and Cyclic Points/* Bulletin of the Calcutta Mathematical Society, X, 
No. 2, (1018-19). 

L Consider a fixed continuous plane arc S , Call it the The 

two ends of the stem are A and /?, Call A the tower end and B the up- 
per end. The positive direction along the stem is from A to B. 

At each point i J oF the stem suppose a tangent exinta* The posi¬ 
tive direction of this tangent at I 3 ia doing the positive direction of the 
atom at / J , Suppnac this positive direct ion of the tangent varies in a 
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continuous manner aa wr proceed up the atom from A to H. The atom 
in free- from cusps ami nodes. 

ff the two points A and B coincide, the stem ia dosed end the 
point where the two ends meet is the point of closure. 

An ovai h a closed stem of which every point may he looked up- 
us t.h< point of closure. The positive direction along (ho oval wifi 
no taicn to be conn ter-ch ok wise, 

2. Consider a variable curve T which emsaes the stem S at n lim¬ 
ited number of points P u P t . C[l || it the tfndryL 

Vt nil] suppose P lt P,,,*., P* are arranged in ascending order 

T*** 1 " Hrcm ‘ 90 thflt » abort A. /\ is above P .and B is 

‘ ,OVC -■ may aiso »*y A u below p u P { is below P lt .. p is 

hcJow B. * 

p W ° * iU ***** tJlG tendril is intimate with the stem at. P ( , Tr . 

that, P(, / ,, - * * T / i is the ran fie of intimacy of the tendril with 
the atom. Two points P^, P m ^ i between which no other point of inti¬ 
macy lies ml} ho called consecutive points of intimacy, 
mac ,i y rCrt “' U CflSfcH tt selected number of consecutive points of inti- 

milC * V *' ! *+.. ^\ + t wi, l 1,0 specially called the points of ieUimtiry 

and the remaining points of intimacy which lie above or below these 
special points of intimacy will be culled the points of *«A-i ntimaty 

We will suppose the tendril to be u dosed branch or a branch ex- 
teadmg to infinity on both sides of some well-known algebraic curve 
of kind A of which the efficients arc freely or conditionally vurb 
a ile and which does not possess a node or n cusp. The order n of this 
curve as well aa the assigned conditions !o which the coefficients may 
be subjected will determine the kind K of the tendril. 

The tendril of kind A' will hare index r if r arbitrary points of 

intimacy of the tendril with the stem suffice to determine the tendril 
uniquely. 

The tendril may however be defined to pass through a certain 
-umber of fixed points in the plane besides the r variable points on 
Stem. In general any r arbitrary points lying on the piano in addition 
t« these fixed point,, if they exist, will determine the tendril uniquely- 
3. The following condition* of intimacy of the tendril with the 
stem will bo supposed to hold. When these conditions hold the stem 
will be ciillrtl congenial tri th^ tendril 
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(i) The points of intimacy of ih^ tendril with the atom have the 
Hu it if order and sense on the stem ns on the tendril. 

Suppose F „ jP . . ... ao- in AJU'ending or positive order on the 

hi cm. Then t\. P t . P will also bp in ascending or positive order 

on the tendril. We will my 

The tendril embraces the stem in the earns order and sen^e. 

(iij The tendril crosses the r-tum alternately from left to right and 
rrght to left* 

As we proceed up the stem from A to & we will suppose that there 
is n continuous region to the right mid a continuous region to tin? 
Juft of which the stem is lb* separating line. The tendril crosses the 
31 cm from left to right when it passes from the left region to the right 
region and it drosses from right ir> left when it passes from the right re¬ 
gion to the left region. Between two consecutive crossings, the tend¬ 
ril, we will suppose, lies wholly in the same region, 

A crossing oi the stem by the tendril from left to right we will 
call a positive point of intimacy. And a crossing from right to left we 
will cull n nrguiiut point ti( intimacy, Hence we may say 

The range of intimacy of the tendril with the stem consists of ele¬ 
ments of alternately contrary signs. 

(iii ) Two tendril* of kind K and index r cannot have more than 
r l points common in the stem or in n certain neighbourhood of the 
St cm. 

These r \ points are exclusive of any fixed point* through which 
Llie tendril may pas* by delinition. As r is the index of the tendril, 
two tendrils having r points common will be one and the same. 

tivj The tendril varies continuously with the r points oT intimacy 
which suffice to determine it. 

The tendril varies continuously iff form and position us the r 
points of intimacy arc varied in any continuous manner along the 
htcni. lu particular if the r determining points arc taken Ln any 
interval ^ of the stem which lends to vanish, the tendril will lend to 
a unique limiting form and position. The same may be said if the r 
determining points arc divided into groups which lie in intervals 
tending simultaneously to vanish. The idea of continuity of vaiiatim 
involves the idea that the tendril does not split up nr degenerate or 
develops nodes or cusps, 

(V) T he number of A" points on lhe stem k limited. 
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A A' point Will be defined in the next nrticlo. 

The stem will contain either no A' points or a limited number of 
A points, separated by finite intervals. If there were an unlimited 
number of K points on the stem there would exist limiting points of 
. A points on the stem, The existence of these limiting points is 
impossible a» the number of A’ points is hmited 

1 A range of r+ l points of intimacy of the tendril of kind A' 
with the stem, taken in order with alternately contrary signs will be 
called a A range. The points of the A’ range are its elements. 

f there be Other pomte nf intimacy lying between the extreme 
points of the A range besides those which belong to the K range 

7 Wll ‘ ^ I*"* 1 ***** P °' mU 0t tb ° * These extra points 

w.ll necessarily occur in pair, 0 f dements of contrary sign. Ivin. 

between paws of consecutive elements of the K range for two con- 

“7 W ^ ^ ■*.* definition 

and con^t,v e elements of the entire range of intimacy of the 

dnl w,th the stem are also of contrary signs. A A' range which 
does not possess extra points will be called dear. 

If there bo other points of mthpnoy nbovnor hole, the extreme 
pomb ot the Jr they .ill bo called ,„t^ a r „ illt „ 

Tim r+ I dement. „f ,be K range together . lth the „ tr „ inbl 
then they ex, St «»* tee M of point, of £ K 

? , I “ 1 " l "' n *** «*». t~«U.* tho not of 

K ’*"»'• Thaset *P0«* of hMimaev of 

ho A nog. toeother .,11, the „ lb .i„ linlICV CTO ^ ilu , c 

the entire range of imi.n.cy of tho tendril .lth tho .torn. ' 

Tho wtcrvnl of tho stool, lying between t«o extreme element, of 
t!m A range is called the interval of the K range. 

A part of the tendril lying between two consecutive points of the 

3T-J-“2 W ‘“ *«"“** to ”l>o' intimacy. Loo,. „f inti m«y 

*'7 rna ''; v ™ ,h “ r «* *»» W» or loft and right .ides the 
.tom, Aloop lymg „„ the right .ill be onllod positive and „ loop lying 
on the left will be negative. ■* ■ 

A neighbourhood of . point 0 of tho .tern „i|| be onllod 
foirrr or rfo.W, oooordlng no tho noighhoorhoo.1 extend, to the upper' 

F |°n ^ *' 1 * n ' ,,n( l u alifiod expression Hri’jhlMitrhood 

of O Shull always moan a double neighbourhood of 0 

A point O of the stem .ill ho ended . K point » every neighbour- 
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Uood of O contains a K range of given sign. The K point would be 
positive or negative according w* the corresponding K range is positive 
or negative. A positive K point will be written as -f-A' point and ® 
negative K point will be written ns —K point. 

A tendril is said to have contact of order p with the stem at 0, if 
in every neighbourhood of O there are p-+- l consecutive points of inti¬ 
macy of the tendril with the stem. Thus at a K point, the tendril has 
contact of order r with the stem. 

Imaginary point* and so-called coincident points of intimacy do 
not count in our investigations. Whenever we say that a tendril has 
contact of order p with the stem at O we imply the actual existence 
of the set of p+1 real and distinct consecutive points of intimacy ill 
every arbitrary neighbourhood oi O- Thu contact position of the ten¬ 
dril is derived as a limit. It does not pre-exist in the logical order of 
thought. In the contact position, tin- tendril may In- said to have ju*i 
left intimacy with the stem rather than just gained, or we may say 
that in the contact position the tendril is just on the point of gaining 
intimacy with the atom. By adopting this point of view we shall avoid 
saying in any ease that a number oF points of intimacy of the tendril 
with the stem has coincided. 

S. One K range is said to be higher than another K range if the 
elements of the former are higher than the corresponding elements of 
the latter with possibly some coinciding, 

A continuous variation of tho elements of u It range will be called 
a proper vnrUuion if — 

(i} during tho variation, tho elements of the K range remain 
within the stem; 

(ii) the elements of tho K range as well as the extra elements of 
the if range when they exist or are developed maintain their relative 
order. Any consecutive two may come into as close a neighbourhood as 
One wishes but do not coincide with or OHMS each other. Extra elements 
when they exist or are developed do not disappear; 

(iii) sub*extra elements of the K range when they exist or are 
developed may afterwards disappear, but do not coincide with ur cross 
tiie extreme elements of lhe A” range. 

A proper variation of a if range will ho called elementary If during 
the variation f- -1 elements of tho K range remains invariable and the 
other two elements vary. 
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An elemental? variation will bo called an elementary contraction if 
'luring the variation, the two variable element? continually approach 
each other, 

A K range will be said to undergo n progresaiv? contraction ir it 
undergoes n series of elementary contractions in which each clement 
moves in 'i constant direction nr remains stationary during each con- 
tmfitinn of the Bertel, 

If a set of consecutive elements of a AT range are brought together 
by a proper variation within any arbitrarily small neighbourhood of 0. 
they are said to mngreptic at O, A K point, for example, is a point at 
which all the r+1 elements oE a A" range congregate. 

A set nf consecutive elements arc said to congregate btsMt. O if they 
arc brought into an arbitrarily small upper or lower neighbourhood of 0. 
In the former case wo will say they congregate uptide O and in the 
latter case downtide 0. 

A progressive contraction nf a clear K range will bo called simpl, 
if the elements of the A" range divide into two groups, ft Jow't-r and an 
upper Which continually approach cadi other. The last two dements 
P t and f f+ | are the first to undergo an elementary eon traction till P 
< or P r+i) congregates beside P t (or PJ. The congregation P,P 
and the dement P. + i are then made to approach each other by 
alternate dm pic contractions of P . P p+ , and P,, P p+ , till the congrega¬ 
tion P t P comes beside P i or P p+I comes breido P . The process hi 
cnnUnucd in tiii« manner. It will result in congregation of all the de¬ 
ments at a K point unless stopped at Mine stage. As soon as extra points 
arc developed the process must stop or it may stop wl,cn all the elements 
onona.i d'. o fan »rbitr»,y lixai p„i„l 0 wilbia <h. interval ha, cwgw- 

On.- K rang, is said tn cm,, another K rango, whid , either 

'sz+sszz? of “ oh *■ * - 

Tan ..ross ran-,-. „ said „ W tuta** r m , „ lho 

al.menH nf ™ob rang, ,.h,.h tin ■„ the ™ 

«™» "*W» congregate beside each other so rfi o *h.. „ ■ . 

is arbitrarily small. * ^ th * € ° mm0n 

Tlie cro?s ranges are said to have ini?*,,,,' ..., 
rnents of one range which lie in a non-over lapping ^rt of‘its interval 
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An interval of the atom will he smiled free if it does not contain 
any AT point in Sts interior 

An intern] of the nt ™ will he called prime if it contains in its 
interior only one K point. 

An internal of the atom will ho called composite if it contain? in its 
interior more than one K point 

A K range will bo called prime if it does not possess any extra ole 
ments, neither does it develop uny extra dements during any proper 
variation in its interval. A K range in a prime interval will he prjno- 
hut the interval of a prime K range is not necessarily prime, 

A A" range which ia not prime will be called composite, 

Suppose a K range Initially clear developer during a Him pi e pro¬ 
gressive contraction a pair of extra points. We can now reduce the 
range by considering the two highest or two lowest points of the range 
as auli-extra or by considering each of the extreme points of the range 
m aoh-extra P In the fisrt ease, the reduction Is unilateral and in the 
HPcond case the reduction Is bilateral. A unilateral reduction is infra- 
lateral or ffupra-ktiernl according ms the two lowest or lhe two highest 
demon to of the range are reduced. 

0* We will now establish some elementary theorems. The stem 
will he supposed to be congenial to the tendril, 

Thmnm l The sign of each element of n A" range as well it? of 
■-rich extra element remains invariable during a proper van at ion. 

If any clement of the range of intimacy of the tendril with the 
stem change sign, then every element must change sign at the same time 
as consecutive dementi of the range of intimacy are of contrary sign?. 
This is impossible u the dements of a A" range as well as the extra 
dements of the K range maintain their relative order during a proper 
variation and do not cross or coincide with each other. If all the ele¬ 
ments of a rang.- of intimacy change sign, fhuu all the loops of intimacy 
change sign and in doing so must coincide w it h the stem at some stage. 
But a loop of intimacy cannot coincide with the stem as the number of 
points common to the tendril and the stem is always limited 

The only conceivable way in which an dement P of a K range 
may change sign is when two extra elements arc developed indefinitely 
close to P on cither aide. This ease will bo dealt with in the course of 
demonstration of the next theorem. 
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Theorem II ,—Extra elements of a K range are developed in pain 
between consecutive clement* of tfap range. 

Consider a K range initially dear of extra dements. The deve¬ 
lopment of an extra dement is preceded by the bending dawn of one 
of the loops of intimacy on the corresponding inturval of the stem giv~ 
ing rise to a contact of the p 1 * order of the tendril with the stem at n 
point 0 which is either an interior point or an end point of the interval 

P k P k+V 

First suppose 0 is an interior point of P t P. ^Then in an 
arbitrary neighbourhood of 0 falling within P. P b ( there are devel¬ 
oped j»-M extra points of intimacy. Now as tho signs of P frr 
originally contrary continue to bo so after the development of the 
extra points of intimacy by proper variation and ns tho extra points 
must obey the law of alternately contrary signs with tho elements of 
the K range, they must be even in number. 

Now suppose O is an end-point of P fc P k g ft y is at P k 
Tlu*n in an arbitrarily small neighbourhood of P k , there are developed 
pd-1 points of intimacy of which one is P k and the others are extra 
points. These p-H points lie between and P fe + | which are of tho 
same sign* Consequently p-f i must be an odd number. Hence the 
number of extra points of intimacy developed will be even. This set 
of p-H points of intimacy will be of alternately contrary signs. We 
can identify any of these of a sign contrary to that of P. , or P_ as 
the point P k , so that between P k and P 4 _, as also between P* and 
P k +1 th<trt ‘ wUl beftn cve ‘ tl number of extra points of intimacy. If 
P k be the lowest element of the K range then we can choose as l\ the 
lowest possessing suitable sign of the set of p + i points; so that the 
new i«wits of intimacy developed will consist of an even number of 
extra elements and a single or no sub-extra element. The same might 
b>J mid if tho point O were bt -j- l. 

Jf thu K range be not initially dear then the new extra point* will 
|>o developed in pairs falling between pairs of consecutive dements of 
the K range for the old extra points by definition exist in pairs between 
ccmafcutivp points of tl w K ranpe. 

If extra element* arc developed simultaneously at each of the r + l 
points P lt P . .. f, + 1 of the K range arid if the topmost and bottom¬ 
most points developed have the same signs as P f+l tmd p respectively 
then we can identify them with P„ +| and P l and with suitable idemi- 
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filiations at all the other points of the A' range, the K range will maintain 
the signs of its dements inviolate and consequently the number of extra 
points developed between any two consecutive points of the K range will 
bp even. If however the topmost or bottommost extra point differ in 
sign From P r+1 or P, then ive can maintain the sign of P r+ , or / J , 
inviolate by considering this extra point as sub extra. 

Thtmcm 111 .—In an elementary variation of a K range the two 
variable elements of the A' range move in opposite directions and in 
general any two variable elements in the whole range of intimacy of the 
tendril which have between them no other variable element always 
move in opposite directions. 

First, consider two variable consecutive elements and 
of the range of intimacy of the tendril with the stem. If possible 
suppose in an elementary variation P k and receive small dis¬ 

placements in the same direction, say upwards, to Pj and P* + | 
where P\. lies between P k and P^ + j- Then the loops P k P k41 
and P" t P'jj, j are of the same sign and the intervals P afl d 
P’ k P' kr ( cross each other, Consequently the loops P k P i+ , and 
P\ P\ + i ,nuflt cr0ss eft °k ot ^® r at soK,e Thus two different 

tendrils of kind K having r - 1 points common have another point 
common which is impossible. 

Next, consider two variable elements P k , Pj of the range of inti- 
tuaev of the tendril with the stem which have between them onU 
elements which are invariable. Suppose 1\ and P, are displaced to 
P’ t and P‘i by an elementary variation. The loops P k P i+i nnd P i-1 
t\ where / J > + | and l\ , ore invariable elements must lie both within or 
both without the loops P^i + l nnd P l _ l P\ for every pair of corres¬ 
ponding loops of two tendrils having r 1 points common on the stem 
mast possess this property. Hence If P' k He between P k and P k + \ t 
then / >, j will lie between P ^ _ j and Pj and if P j be below then /*j 
will lie above P v Thus I\ and will he displaced always in the name 
direction. 

Lastly, suppose P k and P, are two variable elements of the K 
range which have between them no other element of the K range or 
invariable elements of the K range. If no extra elements of the A 
range lie between P k and P } , then the proof already given holds. If 
any extra elements exist between P k and Pj, then they will exist in 
pairs, Suppose there is only one such pair P fl+1 . Then if P k move 
downwards will move upwards and consequently P t will move up- 
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wards. Similarly if P k move upwards P { will ntove downwards. If 
there are more than one pair of extra points between P fc and P s 
similar proof will hold. 

Theorem IV. — In any proper variation of a prime K range it cun 
not happen that the elements of the K range are all displaced in the 
same direction nr fomo are displaced in the same direction and the resr 
are invariable, 

Suppose P M P_ p . P r+1 are the initial positions of the dements 
of the A range. Suppose if possible all of them arc displaced upwards 
by a proper variation to new positions P\ P', t ,. u P' r+ ,. Some how 
ever may be considered invariable. By a series of elementary vm-ia- 
lions of the range P', ( , , F f+[ bring down P\ down to/ J , while 
all the other elements move upwards. Again applv a similar method 
to bring P\ down to P while P t i remains invariable and all the other 
elements move upwards. By repetitions of the method nil the elements 
except /' r P will, have been brought back to their original positions 
and P f f and P' r+| will have both moved further upwards from P and 
P r+J which is impossible by Theorem HI, 

Theorem V. — A prime A" range converges to a unique K point. 

By a simple progressive contraction the interval of a K range can 
evidently be made to acquire a sequence of diminish ing values converging 
to stem, each interval lying within the preceding one. The sequence 
of intervals define a certain point Q on the stem which is common to 
all the intervals. In every neighbourhood of this point 0 there is a A 
range. Therefore the point 0 is a K point of the same sign as the 
given K range for a K range maintains its sign during a proper variation. 

This K point O is unique. If possible suppose by some other 
method the K range converges t D some other point q. 0n tha fltem 

where O' is above O, Take two sufficiently small neighbourhoods about 
0 and O' which do not overlap. Then there is a K range in cadi of 
these neighbourhoods such that one is a proper variation^ the other. 
This is impossible by Theorem IV, as in that case all tho element* of 
the K range about 0 will have moved upwards to the neighbourhood 
of O * by iv proper variation. 

Theorem VI A K point cannot at the same time ho both positive 
and negative. 

In a positive) A range the tendril crosses from left to right at the 
lowest point of the range. Hence in the limiting form to which the 
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tendril tends as the elements of the if range converge to the cor res- 
ponding K point, the tendril approuh^ the stem from the left side. 
Similarly at a negative K point, the tendril approaches the stem from 
the rijihfc side Now as the limiting form to which the tendril tends 
aa the r— 1 determining points of intimacy approach each other is 
unique, we ace that the given K point cannot at the same time be 
positive as well os negative. 

But it may be argued tlmt at a particular point 0, the tendril may 
have a contact with the stem of order r+1 Li this case the tendril 
should have in every arbitrary neighbourhood of O , r-p2 points of 
intimacy with the atem, Of tbe^e r^-2 points of intimacy if we take 
the first r-p l wo shall Ikivj* a Jf range of a mven sign, say positive. If 
we take the last r+- t points we shall have a K range which is negative. 
Consequently it may be argued that at the point O, there exists both m 
positive and a negative K point. But a little consideration will show 
that such a contingency is impossible. Prom a purely geometrical 
point of view a contact of the r-H^ order til O implies the existence 
of r+ - reriL points of intimacy in every arbitrary neighbourhood of () t 
Now if we try by a simple progressive contraction to make the first 
Hh 1 pointy to converge at 0 3 the r+ 2^* point will bo continu&Uy mov¬ 
ing away from O t so tlmt if the interval in which the r-\-2 points 
existed at any moment was progressively contracted it would soon cense 
to hold the r+2^ point. 

Again suppose wc have an unlimited number of A' points in the 
stem. These will be alternately positive and negative as we shall 
prove later on B Suppose O is a limiting point of these K points* Then 
in every neighbourhood of f? p there will be a positive K point as well 
as a negative K point and Consequently a positive A*' range as well as n 
negative K range In this case the point 0 might be called a positive 
as well as a negative A' point, Tim contingency does not however 
arise m w r o have supposed the number of K points on a stem to be 
always limited* {Vide, condition V of congeniality ) 

This theorem is fundamental to our investigations. 

Theorem VII^lt a composite K range undergo a progressive con¬ 
traction with unilateral reductions it will ultimately converge to a A T 
point of the same sign us the original K range* 

Suppose we start with a K range initially dear of extra points and 
apply to it a simple progressive contraction with unilateral reductions 
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whenever ii pair uf extra points, are developed. Thin, unilateral reduc¬ 
tion will not alter the §igu of the K range. Repeat this process con¬ 
tinually, Then a certain stage will be reached after which simple pro- 
archive eon tract ion will no further develop extra points. 

For if the development of extra points continuer] indefinitely 
while the interval of the K range converged to a point O, then in every 
neighbourhood of O there would ho a K range with extra points. This 
K range with extra points bv unilateral and bilateral reductions would 
givo rise to two K ranges with different signs. Consequently the point 
O would be both a positive and a negative K point which ifl impos¬ 
sible. 

Thus every K point converges by simple progressive contractions 
with unilateral reductions to at least one A' point of the same sign 
which is interior to is interval. The unilateral reductions we will sup¬ 
pose jriwuyH supra or always infra although the argument does not 
re(|iiiro it. 

Theorem V III,—Every K point lias a neighbourhood in which the 
corresponding K range is prime. 

Take ftny prime neighbourhood of A'; there must exist a K range 
of the same sign a* that of A in this neighbourhood. This K range 
will be prime. for if by any proper variation in the pump interval, a 
pair of exit a points am developed, then by bilateral reduction wo shall 
get a A range of the opposite sign which will converge to a correspond¬ 
ing K point, This latter A point being of a ai^n different from that 
of M,e * Jven K P nint wM be a point different from it. Consequently 
there are two A points in tho same prime neighbourhood which i* 
impossible. 

Theorem IX .—'The A' points of a stem are alternately positive and 

negative. 

Suppose 0 and O' are two consecutive K points on a stem 8, O' 
being above O. Suppose 0 is a +* point. Take any prime neigh¬ 
bourhood of O, this neighbourhood will not contain Q as on interior 
poiut (i, koy K range P ]r P f _ l in the neighbourhood of O’ will 

be potHire That » the point P, wilt be positive. Some of the 
elements of this range will be above O. others below O Wo can 
transfer the element nearest to 0 on the downside by a simple pn.grcs- 
sive contraction of tho A' range in which the remaining dements on 
tho downside of O remams invariable. By repeating this process we 
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srnii transfer all the elements on the downside of 0 except the hint 
element to the upside of 0 

Take any print? neighbourhood of O' with corresponding K range 
^ | ■ ^ P P + | * We can transfer all the elements P\ , P'. t , ,,, p’ r 
to the downside of O while / ,r f + | remains on the upside of 0, Now 

6ho interval OO is free. We ran therefore transfer P , P . J 1 

? n t i . *» >► P r respectively without development of any further 
pfdiitii of intimacy. For in a prime interval there cannot exist more 
than r points of intimacy. Comoquently P t . P t ..,P will carry 
their signs with them when they are transferred to P', t P' i , ,,,, P' 
But the tendril is determined by the r points of intimacy, Therefore 
the signs of P\ and P\ art* contrary. And hence the K points O and O’ 
ore of contrary signs. 

^ or, -In an oval there are always an even number of K points for 
they are of alternately contrary signs. 

Theorem X. —If of two prime A" ranges of opposite signs one be 
above the other, then the point of convergence of the first is above the 
point of convergence of the second. 

The two A ranges being prime and of opposite signs will converge 
to two distinct and unique A” points of opposite signs. If the two A' 
ranges he separate, that is if every element of the It rat be above every 
element of the second, with posejblv the lowest element of the first 
coinciding with the highest element of the second, then evidently tii- 
A point to which the first converges is above the K point to which the 
second converges, as the K point corresponding to each K range is on 
interior point of its interval, 

It is only in the case where the two A' ranges cross each other that 
the theorem requires proof, 

Suppose the first range is P t , . P f+ which is above the 

second range Q l ,Q i .$ r+ Apply a simple progressive contraction 

to the rango / J |t P t ,.. , t P f + ^ till the elements of the range below Q r r 
congregate on the downside of Q r + or the elements above O con* 
gtogate on the upside of It may be observed that during this 

dm pic progressive eon traction of the first range, the first range con¬ 
tinues to Ik* nhove the second range. 

In the first- case the two ranges will have external cross contm-t 
and a progressive contraction applied to the second range will separate 
ibf two ranges and the theorem will follow. 
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In tlif second case the two ranges n ill have internal cron* contact. 
Slow apply 11 simple progressive contraction to the second range, till 
the dements of the second range above P, congregate on the upside of 
P, or the elements of the second range below P, congregate on the 
downside of P |r 

In the first case the two ranges will have external cross contract 
and can b« separate)I by a farther simple progressive contraction given 
to the first range. 

In the second ca*e the two ranges will have internal cross contact. 
By continual application of simple progressive contractions alternately 
on the two ranges they will either separate or continually contract and 
converge to a common point 0, which will he thus both a positive and 
a negative K point, which is impossible, 

CfJT .—If P |f P lt ,, P r+jj be r-f-p consecutive points of intimacy 
of the tendril with the stem and if the ranges P l .,,P f+ , p^.. p ,., , f 
Pp , , P r+p be all prime, they will converge to P unique A" points of 
alternately contrary signs. 

Theorem Xf .—A composite A' range converges to n highest and a 
lowest K point which have the same sign as the original K range. 

Suppose we start with a K range initially clear and apply to it 
progressive simple contraction. At some stage it will develop a pair 
of extra points. By infra and supra reductions we shall respectively 
get two A r ranges of the sun® sign which cross each other, the first 
being above the second. If we go on applying progressive simple con¬ 
tractions with infra reductions to the first range wo shall get the 
highest K point of the range and if we go on applying progressive 
-dmpie contractions to the second range we shall get the lowest A' point 
of thi? 

If we adopt the method of cross contact explained in Theorem X 
to the two cross ranges with infra reductions to the first mid supra 
reductions to the second they would always continue to be ennss, that 
is, the first will continue to be higher than the second with a common 
interval between them or they will separate. 

If they do not separate at all thou they will ultimately converge 
to a common K point in every neighbourhood of which there will be 
two K ranges of the same sign which cross each other of which one 
is necessarily higher than the other. This impossible t Theore m [Vj as 
ultimately the neighbourhood will be prime. 
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Cor, /.—Every composite K range converges to ?Lt least fchr&a K 
points J ns between the two extreme K points of the same sign there 
is a K point of the opposite sign. Theorem IX 

Cor r 2 .— If two composite K ranges of contrary signs* each 

other, they will converge to at least four K points. 

Wc will now enunciate a general theorem of Importance, 

Theorem XlL—li an oval tendril of hind K and index r ¥ have 
(4 r +lt points of intimacy with rvn oval stem congenial to the 
tendril, then there will exist on the oval at least 2p distinct K points 
on the stem. 

Suppose P lt P ft . . „ P p are the 2 p points of intimacy. They 
form 2p raccefisin K ranges P L P 4 * . , / J , P, . , * P r + £ * - - , 

PfP I\ . * * Pr of which any two consecutive ones tire of opposite sign 
and erosa each other. 

If all the ranges be prime, then by Theorem X, they converge to 
2p unique K points of alternately contrary signs and the stem wiLS 
contain exactly 2p distinct A* points. 

If some or all ranges be composite, the number of K points to 
which they will converge will be generally greater. A complete dis¬ 
cussion of this case U beyond the scope of this introductory paper. 





DIRECT REPLACEMENT OF NEGATIVE GROUPS 

BY HALOGEN. 

StmanDHA Cbaudjia Diiak, M.So. 

Thera «e numerous instances of replacement. elimination unci migrji- 
ti.in of different group* and atoms in aromatic scries. Systematic 
Htudy has been made in the Diuxo compounds hy a number of workers, of 
whom tin* most prominent are Mdtiola. HantzBck, Orton and Morgan* 
and definite law* have been estabBflhed with respect to such intramole¬ 
cular changes Work, though of much Jess comprehensive character, 
lias also been done in connexion with migration and diminution of 
groups and atoms in aeptylated aod halogenuted pherto|s f 

1 hast? an- only generalized instances of the inability of groups and 
atoms in aromatic scries, hut there h hardly any substituent group or 
clement which is too strong to be replaced by an entrant group or eh?- 
rnent, or ton weak to enter the ring by driving out other groups or 
elements. 

There are isolated instances of the direct replacement of negative 
groups by halogen; and a* it has been found to be of great practical 
and theoretical interest a* well, it i* proposed tn study this reaction 
systematically. 

At present nitm compounds which form a very ini port ant ola*s 
have been taken up unci will be treated in some detail, but a few in- 
stances from previous work on the direct replacement 1J f two other im¬ 
portant negative group® -such carboxyl and snlphonie acid, may 
not be out of place. 

Carboxyl (-COOHi group replaced btj halogen. 

1. Benzoic acid when heated with bromine and iron in a sealed 
tube given haxabromobenzciie.J: 

Chfmiatr*/ &f the Dinzn flomp&Hnd* (J. L. t'fcijp. pp. U3—liy), 

T Ann. Mi, 147-182 [\&M\ ■ Itrr. ■!?. \ 2*7- 1 M, \f$t I] aml T. tW*. 79 3 ■ JUlif. UH14 , 

(i i *ad i 

* J, Amtr. C, A r . jy h 3150; T f9t4. 1887. 
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3. In an article on ' r Brumtnation and nitration in the aromatic 
aeries" Blnnksma has arrived at n generalization 11 that a carboxyl 


0 

Br II 



group in an o- or v - position " to NHCH, group in the benzene series “ is 
replaced by Br or HO, with evolution of CO,.* 

8 id phonic acid (--SO,H) group replaced Ay halogen, 

i In nnthraquinonc aeries many Imlogenated compounds have 
been prepared by direct replacement of snip home acid group by halo¬ 
gen, e g, 

fa) L : H and 2 7 DicliIoroanthroquiuoJiea from correspond- 

iiig dhulphonitt Gompounds a f 

(6) 1 : r, Di hromo-ant h raqninone from I : 5 disulpbomo com- 
pound 

2, Sul phonic acid group in aromatic compounds in general has been 
replaced by chlorine under the influence ot thbuylchloride .$ 

»*fr 

O. 

C # H t 80 t H —v c,H 6 CI 
Cl, 

a c^sc^h— *-cic,h*ci. 

* Prof. K. Akad B'rttnjcA, Arnatanitiu 1903 , 043 - 04 ” 

t O ff./ 1 MSGM-3 23*70. 

t D.S.P. scans. 

I D.S.P. 580730 . ir«Ml*A., 36 , 710-722 : S 6 , 733 - 730 . 


REPLACEMENT OF NEGATIVE GROUPS BV HALOGEN* 


325 


Replacement of nitro {- NO t ) group &y halogen, 

t In l&fifi, Keknle heated nitrobenzene in sealed tubes with bro¬ 
mine and got tribronio , tetrabromo- and pen tabro mo benzene.* 

2, Nitrobenzene under the influence of thienyl chloride gives 
chlorobonzene.t 

3, Meta-D [nitrobenzene with chlorine gives m. chlororntrobenzene 
and finally m dichloro benzene.J: 

4, Prof. Armstrong says that picric acid with bromine gives the 
same dlnilrobr omnphotlol as dinitropheno! gives with bromine § 

E. Dfnitm-o- and dlnitro-p-anisidme on diazntisation in hydro- 
chloric acid give substituted tfiazoniurn compounds where one of the 
two nit no groups 1ms been replaced by chlorine \\ 

Q. * or $ Nitro-Rnthraquinone with chlorine gives « or f! chloro on- 
thtaquinone-U 

1 : 5, I : and 1 : 7 Dinitroanthraquinoneii similarly give the corres¬ 
ponding diohloro^nthtaq ain ones** 

7. A few instances of the replacement of mtro group by bromine 
have b*mn found in nitrated diphenyl&ramm.tf 

Only a few typical nitro compounds from benzene, naphthalene, 
anthracene, santlionc and coumarin series have been tried and of 
halogens, only bromine has been used ; other nitro compound as well as 
aromatic compounds with other negative groups are under investigation. 

Benzene Series. 

L Picric acid with three molecular proportions of bromine in a 
sealed tube at I30° > 2 W &* or 3DO C 0 for six hours gives tctrabrom^phenol, 
pentabromnphenol and hex abromobmi zone. HexabromobcMenc is pro 
portionutely less at lower and greater at higher temperature, 

PeaffrfjroaioArRjeae bromide. 

2. Trimtrotolene (T.N.T.) with three molecular proportions of 
bromine at 200* for eight hour* gives pentabromob^nzylbromide. Fine 
white needles from benzene molting at 320°, When heated with abso- 

* Atm, js? w lua, 

t Mmmtek 733-730 | D.B.P. ICSI^- 

S /, Dijerm CeteurbtM, ISSG* Juno, p, (Bfl r 
| Fniach puContNo 3I59J* If D,ltP. 

if D.ff.p, tuiU Mamuh.t 110-712 onJ 86 F U$-73n. 

ft Pro*. Boy, IrimK Acad.; IBIS, S4 f SIS-23& 
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I ttta alcobul and potassium acetate it gives? perttabromobenzyl alcohol. 
White* needles fmru alcohol melting at 17n ff f Attempts have been made 
without *4iK!eofift to oxidise pentabrnmobemylbromide to pentabromo 
benzoic acid. Perhaps the same protective influence which prevents 2 : 
■i i 6 tribomotnlnene from being oxidized to the eorroeponilia^ trihrn- 
mobonzoic acid* in working heri', 

Naplhal*n& St.rtes. 

/ >" [4} :5 : H-T^mbromona]Aihaitnt. 

3. 1:5 Dinitronaphttaatcne with two molecular proportions of bro¬ 

mine- Hi 2oo for six hours givcH one tetrabromunaplithalene. White 
needles from benzene melting at 308". 

1 ® Dinitrnnsphtbalone under exactly the same conditions 
gives the same tetmbromn compound. The positions of three bromine 
atoms are I + 5 and 8 by replace men t of nitro groups in those positions 
and perhaps the fourth bromine atom in in position 4 

Xanthone 8frits, 

S ; " or /J-Dmi^ranthonc with two modular proportion of 
bromine at 300° for ten hours gives tetrabroraoxanthone f 

ft. DinUrodibrormxanihont,-^ Tctra-mtroxanthone obtained by 
nitrating —dinitroiantbone with four raotooular proportions of bro¬ 
mine at 300 for twenty hours gives dibramo Imitroxnnthone White 
needles from benzene melting at 265\ 

ft Telramtroxantfaone (from p dmitroxanthon*) gives the same 
dmitrodibromo compound under same conditions. 

7. *ttmbr 0 m 0 x a nthm e .-« i Tetmoitroxanthone (from «-dim- 
troxunthone) with four woleoulur proportions of bromine at 300° for 
twenty hours gives tetrabromoxanthone Yellowish white stuff from 
benzene melting at 255^. 

g Herabromwanthmu.—ft t Tetrmiitroxanlhnne (from ft riinitmx- 
anthone) with four molecular proportions of bromine at 300= for twentv 
hours gives hexabromoxantbone. White needles from benzene melting 
at 28&°. e 

S. Octabromoxan than a. Tetrabromodinit ro x a n th one when heated 
with excess of bromine in a sealed tube at 300’ for twenty-six hours 


: T. 1914, 614, 


t T, 1916, 74B. 
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gh-es odtabromoxanthontf. White needles wore obtained from benzene 
which do not. melt up to 320°. 

A nihmquinone Series. 

10. I : :t Dinitroanthra jninone with two raolaoalar proportions of 
hmmine at 3fl0 a for six hours gives 1: 3 dibromoftnthraqumone. 

11. 1:5 D i ni truant hraqnin one with two molecular proportions of 
bromine under name conditions gives 1 : 5 dihromoanthraquinone. 

<'ounwrin Series, 

12. fi-Nitro conmarin with bromine at J30° for six hours gives 3 
bromo* ft nitre counmrin. 

13. 3: to Dinitro conmarin with bromine at Jfto 3 for six hours 
gives 3 bromo—6 nitro eoumarin. 

5 4. .8 }, Uro —S ; 2 : 3 tribromo conmarin .—3 : 0 Dinitro conmarin 

with bromine nt 200° for six hours gives mononitro—trjhromo coumnrin. 
Greyish white needles from alcohol melting at LS0°. As this compound 
is obtained at n higher temperature from 3 : 6 dinitro coumarin which 
a\ a lower temperature gives 3 bromo—ft- nitro coumarin, most pro¬ 
bably the nitro group is in position 6 and one of the three bromine 
atoms if in position 3. This supposition is further strengthened by the 
fact that this compound is different from mono nitro 3 : fi : s tri bromo 
eoumarin.f 

15. G Nitrn .1 ; 2 : 2 : 2 tetrabromo conmarin .—3 : ft : 3 Trinitm 
conmarin when heated with bromine at 200 ° for six hours gives one 
mom ml trotetra bTOmOfiou ra ari n. Greyish white hu balance from benzene 
melting at This is different from mononitro 3 ; ft : H : 2 totra- 

hromo coumarin. 

A trace of iodine has all throughout been used as a catalyzer and 
the experiments have been conducted in sealed tubas. Three molecular 
proportions of bromine have been taken throughout. 

The results arc tabulated below. 

* Till* id ilid mcMn pp^t ip, 
t riUMJ'flortiw, H, Wimnnifl, p. 173 - 
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The first and the most important point to note $3 the economy of 
bromine whenever both replacement and b rumination have taken place. 
In none of the iostinces citinl from previous work excepting the first 
one, both replacement and brominatioii have taken place. So wa shall 
discuss the first instance only, because the rest has no bearing on the 
present topic. 

Kehule took 17 grams of nitrobenzene and 55 grams of bromine 
and got trihromobenzene r tetrabromoberizena and pentabromobenzene 
(1oc + cit), Some nitrobenzene is loft, unacted; and nitrogen and a 
very small amount of hydrogen bromide were found along with the 
products of reaction. The presence of nitrogen led him to explain the 
reaction thus :— 

2CJI.NX + * Br^2 C<HB ri + 4 H. O + N,. 

But neither the whole of nitrobenzene was found to be converted 
into penlabroQiobenzene as it is represented by the equation nor were 
the respective yields of the three bromo compounds stated which 
might have to a certain extent given an idea with respect to the course 
of reaction* 

Experiments are being conducted to follow the course of reaction 
by studying it quantitatively, by the isolation of intermediate products 
and by the employment of probable intermediate brominuting agents. 
So it is quite premature to attempt to explain it on one supposi¬ 
tion or another. But one thing is quite dear. From the first five 
instances (chart) where both replacement and b mini nation have been 
complete, it can safely be assumed that at least more than half the 
number of bromine Atoms used, Inve been utilised to form tho products 
of reaction. 

In the case of picric acid (l) only six bromine atoms have been 
taken and one of tho products of reaction is haxahromo benzene where 
all tho six bromine atoms have entered into the ring. The yield m 
about 70 per cent of theory* In the usual process of bromination we 
require four bromine atoms to replace the two free hydrogen atoms in 
picric acid leaving only two bromine atoms for replacement of three 
nitro groups and one hydroxyl group. So it is clear that the reaction 
is quite different from the ordinary process of bromination. In the case 
of trimtro toluene {2} also, six bromine atoms have been taken and the 
product iB penfcabromo benzyl bromide, a hexabromo compound* In 
the CMC of dinitro-u aphtha I cnea (3 and 4) four bromine atoms have been 
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taken and the product is a tetra bromo compound and the yield is about 
wisely per cent of theory. Tn the ease of dinit roxanthnnes (5) four 
atom? of bromine have been taken and the product is a tetrabromo 
nun pound and the yield is almost quantitative. 

The second important point in is that none of the substances taken 
from benzene and xanthone series can be b ram mated under ordinary 
conditions whereas it has been possible to pet bromine atoms in alt the 
possible positions in the rings and in the case of trinitrotoluene one 
atom has gone also to the methyl group which has been found to be 
most resistant to halogen.* 

Also the dinitronnthraquinones (lOand 11) ciinnot be brem mated 
under ordinary condilions But here the bromo compounds have been 
obtained almost quantitatively bv replacement. No bromo derivatives 
i.f the naphthalene (3 and ■*) and oonmarm compounds f J4 and 15) are 
known but each of them has given a poly bromo compound by this 
reaction quite easily. 

Uatly comes the question of orientation. This reaction is expected 
to help orientation immensely even after making reasonable allowance 
for migration of groups and atom*, 

in the antliraquinane series (10 and 11) the bromine atoms have 
gone to ihe positions previously occupied by nitre groups. Example 
13 is another dear proof in this line. In tctrnbromnpheno! (1) one of 
the two free hydrogen atoms of the trinitro phenol is left, so bromine 
replaced the nitro groups from their real positions and not from the pos¬ 
sibly ini'!rated ones. In naphthalene series the tetrabromo compound 
obtained is not known, so the positions 1. 5 and 8 are probable and 
l is only possible. In xontbone series the posies of the nitro groups 
are not definitely settled so the question of orientation dors notarise 
there. 

In the con mar in series it is remarkable to find that nitro group 
in position >1 is not replaced and bromine enter* the position 3 first 
whether it in free {or 12) or occupied by a nitro group (13, 14 and 15). 
This is however not unexpected as in nitration and brominathm of 
conmarin. The positions attacked are 6 and 3 reapeotiveiyt in pro 
fp rence to other position a, 

Thanks of the writer are duo t., Prof. J. F. Thorpe and Dr. M. A. 


* T. 151 4, an. 
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INTRODUCTION. 

Lo pR-aeat travail eat on rt-ntui wjUm&y* dea t^ Tanx 
j ,ii pubW* ou qui cunt parvenus a’** cnnnaWuce depuia ma These 

Afin d'abragar, je mmi* pout lea demonstrations m,s articles oriai 

nuns. * 

Dam* la premiere jWrfie do ce nuWire. nous avona cheiclic- aurtout 
k indiqtier la gtnise dr, (dies qui ont conduit m dfflnitiona el an* 
generaimooTH ausquelit* eat couaaerre la second* panic Dam celt* 


wqotsse n’usr thkorie ors ensembles aiistfmits. :t3s 

tttonde pnrtir, expwtet dt faron .fynlhitique et clnftsik- duns I’ordrp des 
complications croin&antes, on troflvera done beaucoup dc roditw, Mai- 
do cette fut-on, flic se siiflit A die murne et tin lecteur qui ne desire quo 
faire rapldemcrit con imi use net- a vet- lea rc-mltats acquis pnurm sc dis 
pensor do lire In premiere, Si nu contra i re In socondc part jo lui para it 
dispose do f*coD on peg artl Ariel le. at im aide-n^raolnt m- lui suffit 
P**! pdmra rotid re comp to dans In premiere que tt-8 devrioppe- 
incuts ne aunt pus le fruit do J'arbitrate, qir Us r&uttant du d&r 
collect if d unifier et de eonritonner on certain nnmbrode generalisations 
faitt-g dans des directions divt-rses, tiiais iih prates par leg, proutes do 
I' Analyse. 

Remarque, Cetix di-h lectcurs qui ont eu Torcngioii do paroourir 
nia Ihi-sc on quolqucs autre* de meg publications devront prendre 
itnrde qu’ it la suite des progrt-a f Bee lues j'ai etc amen - A modifier 
quelqties nm-s dos notat ion * et des d/finition# nupluvms dnus ma 
These. 

PREMIERE PARTIE, 

L EVOLUTION HE LA NOTION HE MSIITR, 

l. Point-limitt ,—La notion de limits s' cst introduite de bonne 
beure dans tes sciences rnathi mutiquea, C cst ainsi quo sa considera¬ 
tion s impose dans In gemmation ties progressions geomf-triques 
eonvergentCH Ude mi fnmeux pnrnfioxe de Xenon. 

Si Ion utilise 1 image gfcmietriqne qui fait cor respond re a tin 
o ombre on [mint dune droit e ay ant pour abaejsge ce o ombre, on 
pourra priciaer ainsi eette notion. Une suite infinie S de points d une 

droite / |, / ,. P, ettt uric swife convtrQtntt s' ij exiato un point P 

tie la droitL* tel quo lu distance PP t derienne et resto A pnrtir d’tm 
rang n asses elev6 nuasj petite que I’on rent. Le point P eat a tors dit 
Jo painldimde de la suite tnrtverqenie. 

~ Pendant deg siedes one telle definition de In Jimite a suffit A 
tons I«a beaoins ties math emu tiquea. Elle s’ cst ihendue sans peine A 
des classes d’ojoments plus gemtete. CYst ainsi qu’on peut oonst-rver 
exact cm wit la memo dlinition dans lea monies tenues si I’on substitute 

nux mots points de In droile, leg mote points du plan points dr 
i espacc. etc., . 

3. Point d' accumulation .—Lc developpwnent do lannlyse dan* le 
siecle precedent a ce pend ant nd-poggiti l Y- largissc men t de la notion do 
pom tii mite ti'utir* unite con verge tite, 
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On pent dirt 1 que l T une des raiaons principals quE nwcsssitent 
Fin trod nation des limitcs est la suivante : une certain* propriety avunt 

lieu pour tine suite convergent* de point* P |f P t .il arrive frcquem- 

ment que |e point limit* P possed* la memo propriete. D’autre part il 
eat aouvent plus facile do prouvnr que P est point limite debt suite que 
do prouver qu* il n la propriety consid^rce. 

Or il arrivi-ra ROUVdlt quo FuQSflmUk* E de points satisfyisont » 
ime propridt*' 1 determine* no forme pas one suite convergent*. rti Foo 
veut cependmit nppliqucr In proel-dt 1 que nous venom d’iruliquer, on 
sera am*n6 h considerer eomme jouant vis a vis do L’ensemble E do 
points le mem* rflle que 1* point P jouait reiativoment :‘i la -uite $ de 
points P |p P. L ,.., . tout point Q qui est point limit*d un* suite conver¬ 
sant* de points Q lt Q it Q -distincts el e*trait* de E. 11 ctait assez 

nature I de dir* quo Q scniit point-limite de I'eneemble E et o’est o* qui 
a etc fait par la ptupurt d*S auteurs. Oertains neanmoins ont -enti I* 
besom de marqtter qa’i! v avait la une id** nonveile et distinct*, et out 
employe 1* mot do po>i*f dactumvlation d*un ensemble, Cesl pur 
exemple ce qu* fait Jules Tannery dans son Introduct ion ri fa Tfit&nr 
da fonction* d 1 tm ( tfarmftie; oi hien qu’ayant jusqu’ici employ^ mob memo 
l 1 expression point limit*, je me nJJic h Femploi de ee nouveau term*. 

C’cst 1’ifcude des dieeontinnit£* des fonetions d une variable 
rcelle, institute a prnpo* dc la llieori* des series de Fourier qui somble 
avoir 6t& la raison d 1 etre de Fintroduction des points d’accumulation 
dee ensembles lines ires (c *6t a dire des eu soluble h de points d’uno 
droite). Dans le plan, I etude des singula rites des fonetions anulvtiqnes 
,l montrd eombien la notion de point d'accumulation d'un ensemble 
plan dtftit indispensable . on Bait en cBet quo tout point d'accumulation 
d un ensemble connu de points singuliers o,st atissi on point singulier, 

4, DMtariM,—Mail le devdoppement del ana lyse eonduisft.it sussi 
a one extension do la notion de limit* dans uue autre direetion. Lu 
conception de classes d elements autrea que les points do Ftspace a 
J, 2 ou 3 dimeneions susdtait d’nhord une ^etefuion dr la notion dt 
distance. C’ est funs! qu’ on pent diflnir la distance de deux functions 
/(*^)> f(*) dont les carrrs sont int^grables sur un mem* interval!* jf. m 
com me In vnleur do I 1 ox press ion 
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Cette definition ne as prison to pas cotfimn imp generalisation a rbj- 
traire ; c' rat oils qui fait comprendre 1’importanee do In stfrie de Fourier 
d'one function fix) da oamS integrable, La somme d’un nombre deter¬ 
mine de termer de oetta eerie se present© en effet par mi lea son imps 
imalogneu avec des eoeffioionts difF6rcnts com me 4tant celle dont la 
distance & f{x) set minimum. D’autrc part, pile jouit dee proprtpt^s 
essential Ira do In distance eyelid ion ne: c’ rat A dire quo si Ton d&igxie 
par {/, c) la distance dee functions if, «>, on a ; 

(»./) = (/- 

if, *)£(/, ♦! + (♦./> 

qutUca qoe anient les fonctione f, t. *. Eniin on rat anient dans Is 
de velop ppm ent de In theorie des fonntioiH dc caret's integrablcs A ne pas 
o<msid£ror comme diatinctra deux fomtions dont la distance cat nolle. 
(En fait, si /(*) et f(i) sont continues snr x tl , leaf distance tie pent 
ctre nullra quo si /fa:)=>( 2 } on tout point de x . ar t .) 

Cette extension dc la notion de distance permedtait de gcncraliser 
imnn-dintemcnt la notion de point-limit© et dc point d’accumulation. 

H. CltMfeJt {/}}. — Une cl ease d" elements dc nature qitvtconque sera 
ditc eiaast (£>) si a tout couple d'^Laments o, ft de la ciasse on pent fairn 
correspondre an nombre (a } 6) que 1’on appHte distant dc ces deux 
elements et qui jouit dra propriety Huivantcs 
I (a, &}=(£, nJ^O 

tl deux elements dont la distance rat null* ne sent pas oensi- 
dercs coni me dislinets. 

III (o, 6)£(o, e)-f-( c i 6) que les q«e soient Ira elements o, b, c 

de la clasp e. 

IV une suite infinie d Elements a t , . . rat dite con very wte 

fl’il exist? un element a dont la distance h a t pent 
dovenir et rester aussi petite quo 1’on vent A partir 
d'un rang n asaez cl eve, 

Et alors a eat djt fliment-Hmite de la suite convergent© . 
{On voit en effet iTaprte If et III qu’ une suite eon- 
vergente ne pent avoir deux f\ cmcnts-1imitea distincis.) 
Ceei etant, un element a sera dit itimiftt d'accumulation d’un 
ensemble E d‘ elements de la classe si I’on pent extrairode E une suite 
•onvergente dont a est element It mite, 

0. fl est important de remarquer 1« role cssentiel de la condition 
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Tan tot on cffet com me dans le cas dcs fonctiona de cantos integral)- 
lea cert nine* analogies nvcc I’espace enclidien out conduit fc introduire 
un certain no mb re nppete distance de deux elements et idnrs la condition 
IV constitute proprement un' 1 definition dcs elements I i mites. Tan tot 
au conlraire certain?* propriety tie* elements d' unc certain? nature 
ont conduit A adopter a priori tine certain? definition de la limit? ot il 
«o trouve quo eetto definition eat telle qu'on pout imaginer unc definition 
(le In distance satiafaisnnt aux conditions I , II. HI et telle quo la defini 
lion poste d'avance, dos elements ti mites satisfait a la condition IV, 

Par psemple on a ^ ament dans certaincs recherche* h considersr 
cuminc Elements dcs suites inflnies de nombres reels; on pent aiusi 
appeler point de i’espneo a une infinite do ccordounces une suite mimic 
X do nombre* reels 

3T| I 3^ p Xj K -nr * 

qii*on appellors les “coordonnces” du point X, 

Suivant les questions traitees, dilb rentes definitions des point’- 
ii mites dans cot os pace peuvont etis donniea. On pout appeler Mpacr 
f K*), l’espace dans !equal une suite de points 


X™, X®.X'*i. 

est elite converger vers le point-![mite X si. quel que soil/’ les coordon- 
n -es de rang P 

_|li Jll Urn, 

* Fm * P *' * - - 

de ces point? tendent vers la coordnnntc £j a tie memo rang P du point X. 
<_ est la defini linns de I a limits qui n r impose h 1 'esprit la prepiiere et 
qui a tHe par exempli consider^e par Hilbert sous le nona dfc convergence 
faible. 

Or II eet important de remnrquer qoe l*espaco E m ^st uno classe 
[D) t e efit ii dire qn r Dn pent y duflnir une distance datjafaisant aux 
conditions J f lt p HI ct tdlcqu® la definition des clement* limitea, poafc 
cTavanee dans E m v^ritie la condition IV, II sufiit en effct t d^appeler 
distance lie deux points X t Y donfc las coordoniritt respective* sont 

I ‘^S> p * ■ - * * ■ 

^ll i/lf * 1 ■ J/ltr <■ * * * 

h\ scutum* de la aerie convor^cntc 


(jj, y + ~j^* 


1+ix - w 


L 

a! 1 
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7. La possibility d'une definition de la distance satMaUant A ces 
nufttie conditions cat, dans le ens act.,tel. la sank chose in te rebate 
L expression fortnelk do cettc distance cst tout A fait seeondaire 
pn.Bqu’ une to I to expression Atari possible, on pent on dMuire aussitflt 
une infinity d’aulne qui n’alterereroiont ni In convergence dos suites 
* p0ints leQr " 'iniitrs even tu elk*. (Par ox cm pie (o, 6) ftant In 
dcstanco rfc deux Entente, on pout la remplocer par 2 fa . b) on par 

(*. b) . 
i + (u, by) 

, 8 ' 11 fftut in sister sur ce quo. cc qui caractfike len classes (&> 

•( n osl pas <|ii on puisso y tirfinir une distance salL-fuisan? aux condi* 
tiont, I, II. ffj IV ; o’est ({tie, une do tin it ion dos elements liraites 
ytsnt donn£o dune part, une definition ,le fa distance wtlsfafsant A 1 
II ttant donnAe d atitre part, cos deux definitions soiont entre 
olles dans une dependence oxprimeo par IV. 

. Ufl p,ut tr,u i°u™ cn effet pour nltnport* quelle da««e d'iUmmU 
efimrde bion de* famous une distance satisfaiaant A I. IT, H.[ c t en 
ded litre par IV a no definition dos Elements limit os Par example on 

pour rail prendre K i}= l si a, 6 sent distinct* et (a, b)~o dans le'cas 
controire, l t Jl Hj ter ai cnt vArifiAs ot ij ny aurait auciine suite con- 
vorgente d^meflte distinct*. (b or. pourmil. pour introduire dos «A- 
Incnts hmites, otnbljr une eom^pondance quo Icon quo outre une parti® 

, olAments de la dassc ct |e* points fou dea points} d W intorvidle 
et ftppeler distance do deux elements hi distance dcs deux points eor ’ 
respond ants lorequ’il y on a deux el la longueur tie I’intervulk dans Je 
ca* contrairc. En nomine pour des Elements de nature dt ; term iuee ct 
dnus une theoric dAtannmcc, ks (Mfinltiom de la distaneo et d«j At* 
mints limiti$ r qnoiquc thAoriquement arbitral res, doivent, pour etre 
utiles, etre chokies aonveniiWoment, correspond re A la nature dos 
c &b*s t Et alora sftvoir m cm?b deux definition* sont li&m par Ia rel&- 
lion IV eons tit ue un renseignement prAcicux. 

°* 11 fant etl remarque-r quil n’est j«ia toujour* possible 

|>-ur une definition tkmnee des Akinenta limit™ de choisir une definition 
de ia distance life A la precedento par k condition IV. Et ceci mime 
-ails forger artificiellenicnt In definition des elt-mcnta-Jimites. Par 
exemph. si I’on considere la clause de* femettons dune variable rAelle 
et HI on y delinit la limits (Pune suite de functions /, {x) f f i t 
sue un iHeme intervulle a 6, de la fn^on ordinaire, on pent prouver 
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(XXIX)* qn’d uexiste nucune definition de la distance satisfaisant 
dull oatte clause mix condition* I< II, II l t IV, O' r*t probab lenient 
r impossibility de dormer urn? telle definition de la distance qui eet hi 
vraio raifloa du pea d 1 utility de entte definition do la Bmiti et qui expli- 
qut; pourquoi ] r on doit ton jours stthMituer dans la pratique 4 la conver¬ 
gence ordinaire, la convergence uniforme ou tpiite autre eapfce com pur- 
able d>' convergence, 

I0 t Classes {D\ compHte*,- Remarquotis quartan* tonte clas.se 
si unc ™ite d'eleinent* a ♦ « > -. e»t convergent^ on a tin appelant o 

1*41® tncnt-li mite : 

(°h 4 a* * F J£i«*pu) + 

Or a purtir d T uu certain mng (a at a} peut etro rendu aussi petit que Ton 
veut Dime pour >2 grand, on a nuelque *oit p 




retain mi nombre positif don no d p avance r (Test Id une propriety d*une 
suite convergent^ qui rae fait intervouir que sea proprea elements, In- 
vtirsement ai uue suite d'lHements d T une dlaaafe (/>) possede cette pro* 
prielr U si cette finite a au mnm* nn Element d’accumulation. La suite 
mt convergcnte et a pour element limlte eet element ^accumulation. 

On vuit que la rdciproque comporte une restriction* FA eu eflet 011 
peut otter dcs classes pour lesquelle^ une suite d + «16meny pent possMcr 
ht m&me propria sans efcre convergent^, Et memo, o 'eat It* cae de la 
crldMSB qui s f ost presentee la pnomidre dans 1'ordre historique. Lore 
que la notion dr nombre u commence k ne pledger, lea souls nombre^ 
cooslderes eta lent le* numb res mti annals. Dans la daw (0) former 
par k-H nombrcHi l 1 irmnoLs consider* '.* vatehisivemcnl et ou Von appdlu dis¬ 


tance de deux dti cch mumbre.s la valeur absolua de bur difference, la 
suite des noinbfH former par Is* racines eurres de 2 approdice* h -i_ pres 

Ti + e?t pap convergento et pendant die poaa£dt la propriety meutionnde 
si-desstts 

Cost settlement pares que oette class© a itt complete© par Vm{~ 
jouction dVderuenttt " impropres’ on *■ ideaux 11 4 savoir im nombre^ 
irrationnels, que Cauchy a pu demontrer sou theoreme bien connu star 
la couvergence F pour la elaase coiistitucc par tou« |*& nombrea reels. 

D'ailleuri rmarquona bien que dans one clasae {f)) F une mime 
definition des Aliment# d accumulation peut itfe obtenuc par Vinter 
midiflire de deux dt-finitionH de la distance, rune admettant une 
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^■naralisatiori du thcoreme de Cauchy efc l'a litre non. Pur example, 
considerone la class* formfe de tons les points d’uxue droite. On ob- 
tiendra In meme definition de sum cements dacoumulation si Loti pas&e 
par rinturnitdiaLii 1 d'unc distance {a, h' }i qu’on prmne pour (a h 6} le 
augment [a t b) en valour eibsolim ou qttkn pronne pour \a t b) Fare (en 
valour anserine) eorrefipondant *i o 6 duns une inversion d£terming* 
La second? definition nYsfc pn? propru k la Snorri lisa turn flu theor^iiie 
de Cauchy {quunri on prend une suite He point? 3'idoignanl h l inflni). 
In pr cm lore Test, 

Xo 11 r nppdlerotis claaae il>) romjditu ou cks^o (/J f )p une clause {{)) 
oil Tune mi mains dea definitions de la distance qui nkite-rent pas la 
definition Hum elements rikcci ini trial-ion, ndnu-t une generalisation du 
tlrforemc- de Cauchy, 

L’ cxernpio dimne pin- haul, de la elapse dc* nnmhrus ration ncia, 
ruoiitrc quVn pent parfoi* rend re une ciasnc complete par Padjonotion 
d Elements nouveau* (ici lea no mb res irrationnelfl), Lc second example 
le niontre aussi (par In notion du point *i llnlini} mak il montre ogale¬ 
nient quo cola n'est pas imlispe liable et qu" un simple change me nt 
de definition de la distance change men t qui nkltere ni iktendue de In 
classc, ni la definition de scs element* dkocumtri&tion pent j-uffiro. Or 
mi !'adjunction des element? improper permet Moment du ainiplitier 
certains cnnitces, oertaines demonstrations, il tfloigno generalement Am 
application?, Cbftsiddrer par example nn prisme do mine une pyramid* 
(dont !c sommet est a J'infim) a certainemept qudques a vantages tMo 
riqnes mai? c'ust lhim si ignore r une distinct ion opecntieJle dans le numie- 
ment den instruments employes h representur graphiquemeiit- ces deux 
surfaces, ]| ne fant hdroduire et snrtemt ntili-r r elemerri- impro 
pres qukvee discretion. 

IL Bean . — Ri&nque pour certain** definition* tics ekssique- de 
la limifce, si soil impossible de verifier it la fois tea conditions L I f B IIL 
IVp cWt a dire de definir ks <ri^mentsdi mites par nntrodiiction d'unc 
definition convenabk de la 11 distance 11 il pent arriver qnVm ne sc it 
pas oblige de renonoar h la fois & oea quatre conditions 

O’etft eii partseijher ee qui n lieu quand on pent ddtinir lea ele¬ 
ments* I j mites par nntermediaire d*un ^ ccarL” oksfc a dire en attaebant 
k taut couple b dklemcnts un nombre (a r 6] appele *'cart do a et de b t 
qui sans neceasii ire ment satisfaire qaele que aoienl a, h*c k la condition 
III (a, 6)4(o. c) + [£, b) 
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satisfasse A lii foils aux conditions I, II, IV*, du no. 5, Dans ce cus nous 
oppflltroH In cltifse une eltisse “ t'," L’inl reduction d’uti tor me special 
eat jnstitie par I ox isle nee de wrlfliiif* classes (voir par rxrmpic It 
paragraphs miivant) ou In definition de In Jimite est compatible av«c 
line definition d'un ceart satisfahunl dux conditions I, II. IV sans 
<iu'tl so it possible do modifier la definition de cet eeart dt %ona le 
Inire verifier Ja condition 111 sans altdrrr In convergence de ses suites 
d'elements ou kurs Ji mites. La notion d’court cat done plus gene rule 
ijue cehf de distance. II sera it d’ail lours into ressa.nl, de dounor un 
>'XeiU|ilo [iioius arfiticicl quo celui du pnrsgniplie suivant. 

Classes [Bj, 1 On pent definir les classes (£| Computes oil classes 
(£.) dt; la meme fn^on qne nons avons defini lc« classes (A) competes 
ou (A). Seulemcnt, dans cc oaa, la condition de Cauchy non seule- 
luLiit ii est pas sink sun to pour assurer lu convergence, inn is on ne pent 
jdua s'apptiyer sur la condition (U pour month*- qu’dle cat uecessaire. 
On pour rai t se demaadcr s’i| exist# dcs classes (£*) qui soient completes 
.'iinB elre lies clnsses (A}. La reponse cat affirmative couitue le montre 
I’cxemple suit ant. 

Const (It-runs la classe formOe des points du plan 
de coordonnees (0, 0) 


«. de coordounecs 

m 

a m tn de coon I un lives 



l ^ 1, 2,.,*, 


Kt definisaons y pour eeart de deux de ees points leur distance geo- 
mvlriqtie quand ilr sont tons deux sur nx on tons deux sur une meme 
parallel# a oy ct un t-curl egal b 1'unite dsns le cas contraire. De finis* 
sons y lea suites convergent** efc leura ohiments limitea par l'inter* 
media ire de cet eeart. Alors une suite convergent devra a partir dun 
certain rang ne eon ten ir quo des points a. ou sculement des points a <*■ 
eorreapondant A une meme vaieur de p. Alors on voit bien que'la 
elaasc sem unednssc (Ej complete, Cependont on ne pent d aueuue 
mam ere y definir une distance oatisfaisant a ] n condition 111 XI none 

S (Oj * 

ll ■’ .1 uconnts classes (F).—Los classes (A) sont des classes {E) 
<ians lesqudlee, on particular, la condition (voir jj 18), 

- tm renvoi™, A Is lists b.blir^rnph^us k k dn d* w 

niDiiiojrfj j| [kh^. 
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5 ; Tout ensemble derive eat ferine 

** verhiec, Si on sait seldom cat dW classe (£, qu 'elk trifle j* con 
d.tion 5\ on pen* demontr*r (XI, page 63) qu ’ ft to „t Mment ft H ft 
lout nombrc posilif £ on pent faire correspond™ „n munbro ,, tel q „ e ai 

* "* un ^ ment Mtanaii* dont iVicart avec ft soit moindre que , ct si 
- i*t un nombre convenablemcnt choi*! une fob connus $. f/r ft, c, alor* 
pour^tout element d dont locart a vie c est moindre.quo „ t on aura 

1>im * |e cas cm eil outre „ iie depend pas de ft. il cxiste une font tion 
+ 0», ftj telle qne (ft, <f)i+(fft, c| + {e, 

t (0, ft) lendant en dftcrofettanfc tpr zftro quand b nombre g tend en 
dftcroissant vers zero Dana le caa ou en outre * (•>, ft) Pfl t independent 
d,? raA *“eiit b - °n voil qttbn poBant P (0 - +<2 <), bn fn^Iit^a 

(1) (&, c)£* t (c, d)i«, 

m'nwcaL (2) (ft, djZ* {») 

* (*) fttant imp fonction qui tend vein zftro avec « 

J’avain amenft duns ma Thftae ft introduce ft c6t£ des classes (/>} 
(qtie j’appeiaiB alors cliw (£?) ). bs clauses quo ibppelais nlors 
cltis*e? f I ) et o i nn ftoart (quo j\ippebis alors voisinngc) pent ae deliriir 
do fa 1 ; on ft suhsfuire ft la do micro condition cxpriiii&c par (2) quand (I) 
eat vftrifio. J’avais cru alon? general iso r utibment la notion dt> 
elasse (/>!. Mais j'ens bientflt ta perception que cette gftnfralilft 
eiait plus apparent* quo roelle (XIX, § 31. p 22). Cette conviction a 
eti- juatifiec par F.W. Chittenden qui a demontrft (XXIII) que dams 
toutea les elates quo j'appebi (F) dans ma These, on pent suns changer 
lea elfments d'accumulation definir uuc distance satisfaisunt ft la condi¬ 
tion IV dii | fl ; autrement dit ces nnetonnes classes (T) stmt toutes des 
classes {ft f , N n'y a done plus lieu do lour fairc un sort ft partet cVst 

pourquoi on no les trouvera pus mentionneea dans la Reconde Partie do 
co mojutiire. 

12. Clause {£).—Mats si Ton veut reduiro In notion dc limitc A 
dbmonu essentials, on doit encore alter plus loin. En effet, nuns avons 
rtippcb au § 9 qu'nn no peut dedlitre la convergence ordinaire d> s 
suites do foiictions d une variable d'aucuno definition de la distance 
suiisfaisant nux conditions I, II, III, IV. Or, ii cn eat do mime brsqu* 
on laisse de cote ia condition III iXI, page 69. § 11): On no pout dedmre 
la convergence ordinaire des suites do functions d une variable d’auouno 
definition de I'tjozirt rte deux fondtions. 
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[1 y a done lieu do conaid^ret d'tme manure gencrofo ]e* rlasw* (L) 
oil la definition des Buites convergentes efft donnee a priori indcpendam- 
iiient dc tout*? notion d + 6eart entre deux tlemeiita do la claese. Mais 
pour nous cnnformer h Hntuition que mm avom de la notion de limits 
et on particular pour adopter dea conditions verifies par la conver¬ 
gence ordinaire dea suites da fractions, qni soient md^pi-ndantes de la 
nature dea elements oonsideres, nous suppoaeions quo lea deux condi¬ 
tions siiivanteB aoient remplie^ 

Nous avons ad mis quo pour toute suite duiintV duvanectf,, a r a _ 

d’^lementfl de la danse la definition de la limite (que nous n'avons pa* 
h preciacr) aie pour eflei de c lesser cette suite com me divergent^ on 
comrive convergente ct dans ce second can de Lui attacher no 6l£ment 
unique bion d^teiminfi appeifi £I£ment4irnite de la suite, Mais cette 
definition doll tre telle quo : 

l 15 si les Elements n Jf a.,.... .sont identiques an premier la suite 
cat clns^e com me convergent^ et a } eat son td£ me nt^ limite* 

2 lea Elements a t r a iM ~ m .. 6tant disllncts ou non si lent suite 
cat convergeiito, toute suite infinie extraitc de edle H est aussi 
convergcnto ct a le meme 

Co sont la les deux conditions casentielles, Mats il faut reninr- 
quer que si Ton ifa en vuc que la determination dea elements d’aceu- 
mulatto n» on pourrnit (X, page 11 T $ XIII) sans changer ceux-ci 
modifier an besom une definition don nee des suites convergentra ct den 
Attmenta iimites Aatirfawint snx deux conditions pcAtiAdentes, de sorte 
que la nouvclk definition satisfaaso encore a ecs deux conditions et on 
outre anx Ruivnntea ; 

3° si ime suite S converge vers un element a t il en e&t de 
inemc de toute suite obtenue en ajoutanfc KJ3 tin noinbre fini 
d^lements (distincts ou non}. 

4 ? si un n ombre fini do suites 8 t t S (1 _ 8 u convergent vers a il 

en eat de memo de toute suite obtenuo m rangeant en tine settle 
suite les dements {distinct* ou itont de 0 (i S it .* *. 8 N „ 

Bieti entendu, toute clasae (D) et memo toute alasae (£} est tine 
clause (L} + II suffit d*y d^finsr nne suite convergent^ a it & ir .* ct 
son clement limite a aomme teUcs que Tceaft (a 4 , a) tend vor« tin 

l 

avee 

n 
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13. Xmvefie extension tit la notion dt limits . — Mata la considera¬ 
tion dcs classes (L) ne pent etre consid^rdo coni me le dernier terme de 
Involution do la notion dV' lenient d’ace mo illation C’est ninsi quo pour 
doncer uno demontratlon plus simple du tlieorenic tie Cantor-Bendixaon 
Lindeldf a <&te amenc a introduire la notion do point do condensation 
d'mi ensemble 1 inquire A’. 11 appelle ainsi tout point x tel rpi'i! eriate 

line infinite non drnonibrable de points do b' dans tout inter v alio de 
Centro x . Or rim ne nous empeche de ennsiderer uno clause nouvclle 
formic dea points d'une drojte, main oil tout point d’accumulation 
serait defini comma Lindelof d^finit les points de condensation. La 
correspondence qui determine lea elements d’accumulation, an sens 
nouveau, d’un ensemble jincatro est parfai tem cut dMnio. Cflpendant 
elle est definie sans passer par I’intermidiaire do la definition ries suites 
denombmbles convergentc-s. II est memo impossible dans Je cap actuel 
de passer par net intermddiaire ; on d’atitrca termes. on ne pent trouver 
a ucu ue definition equivalents do ees points d 'accumulation qui per met to 
de considorer cello non voile clause comme uue class® (£,). En etfct 
dans cette nouvelle closse aucun enseml.de denombrable no saurait avoir 
d olenient d accumulation su sens doqvoau, (Nous verrnns pourt&nt 
plus loin quo cette classe satisfait aux conditions 1° 2*, 3 , l° t 7° 
de*§ 15, 10), 

It. Introduction du misintuje. — En introduiHunt la consideration 
dca elements d'act! u initiation comme dependant men t idle merit des 
notions de suites eonvergentes «t dVdcments-limitca nous avons suivi 
I’ordre historique. Mais la notion d’eWment d’accumulation a dejn 
deborde son cadre original. Tel que nous bacons d’ubord defini, un 
Element d’accumulation d’un ensemble doit etre cn me me temps 
element d’accumulation d’une suite denombrable particullore d’elements 
de l'ensemblc. Lea progres de ('analyse ont conduit ft une conception 
plus generalo de la brake. comme noil* venous de le voir. Avant 
durriver au cas general, I cxemple suivant nous feu franchir un 
nouveau stade. 

Considerons par cxemple une suite ordonnfc d'eltments, e’eat ft. 
dire une ensemble dYdements tds que deux d’outre eux etant donnes 1 
une loi deterred nee tiie celui des deux qui est dit d’un rang inferieur 
ft I’liutre ce qu’on exprime par la notation 
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avec In condition quo n_i et £_c dofinenfc o^c. On pourra 
al»rs appelcr segment o 6 r*»aembla ties elements Q tels que 
Et on dim qu’uti element n eat un element. d'accumulation d’nn certain 
ensemble E d’6t6menta de eetto suite ordonnee si tout segment uuqucl 
ap part lent a a ausfll un element i n commun autre quo a avec E. Dana 
le ens oil la suite ordonnee eat compose dea points d'une drnite ranges 
dans leur ordre geometriquo cette definition est equivalente h la defini¬ 
tion par rintermediaire dcs suites d6 no mb rabies oonvergeniea \frjj» 
clans le cas general, il peut trds bieti arriver quf nucuno suite de nombra- 
ble n’ait d’£16 merits limited. 

15. Classes (T),—Cette definition attribiie un role fond a mental 
flans la determination des elements d’accumulation h dcs ensembles 
p&rtiels attaches ii claque ele ment de la ciaaae et qin jouent le role de 
voisinagos de cot dement, 

Mais rien n'oblige ft limiter k conception de voiainage & f’esemple 
precedent, Cost ainsi qu'en HH I, Ralph Root (XlJ) conatdire Ip cn-s 
de voistnages qiielconques a&sujettis seulament i quelques conditions 
'|U» ri’en determinant pas la nature et qu'il precise dans tm ml 5 moire 
de 1914. CVst ainsi qtt'en 1912, F. Hauadorff H6ve]oppe oral ament 
dans son eours et qnYn 1914. il expose dam* son Hvre if Grundzitoo der 
Mengenlcbte” (XXV, pages 2M, 213) la theorie de Yt^xce, topolryiquti 
fondee snr de* consider at ions analogues. Msiis je ire donnerai pas iei la 
definition de cet espace qne nouw rrtrouverons plus loin comma eus 
pnrtieiliter de considerations plus generales. 

Rten n'em per bo en effet do partir de In notion In plus g&u>rnJe de 
Toiflinage et de no Ini imposcr dcs conditions restrictive* qn’en vue 
d'oppli cat ions dStcrminees. Cost aprfes avoir prttanti dans ce sens 
deux generalisations de pins en plus 6temlue> panics on IBOfilXVJtl 
pages 17, IN) et en jauvier IBi S (XI, page 57), que j'ai public en mai 
Uilfl an moyen de notes esquis^ea depuis Jongtempa et niiaea an point 
an front, un m^moire oil j;'expose eo point de vue (X. page 3). 

On pent done presenter la notion d olement d'accumulation de la 
fa t on aiiivante, A ohaque clement a d'une ccrtaine olasse, on attache 
une certaine famille d’cnscmMra V, appeles voisinageit de o. On dit 
alors que a cut Element d'accumulation d’un ensemble E si E compnnd 
des elements nusai voisins quo 1'on veut de a c\wl ft dirt a j lout voisin- 
age 1 „ de a, a avec E un element au moius, autre quo a, en cnnimuu. 

Nous appellerons rtasae ( V, toute els sac d ements ou lea dlAmcnta 


ESqiJISSE d'UMJ THkOHIE DES KNmKMHLE^ _4 BSTfl A ITS. 2i*I 

d’accumulation soot deiinis par rintemiediaire dp t wisinages de la 
rnaniere <|ue nous venous cTmdiquer. 

II egt evident que lea souls elements des voisjnages F« q«i inter- 
viennent din* cette definition sont diatincts de a ; il est done Indifferent 
d ajonter ns 1 , ou dc I’an rctrancher. Pour eviter ton tc confusion, 
notis Buppoaerona tmijonra sauf mention du contmire qtie V, eontienl a. 

II est Evident egalemcnt quo si l’on remplace tino familie de vois- 
inages de a par uno ftntre on n allure pm nccossairement In collection 
des ensembles dont a est element d’accumulation, il esfc alor* utile de 
pmeiser h quelle* conditions deux families { F } t ; If' } de vobinages de 
(1 sont. ^qtnralftths a ce point de vuc: II faut ot iUuffit quo tout 
vohitiage I , continue l T nn des voidnages If, et rfiotproquement (X, 
page 5. & VIII). 

Exempte.* de classes f P). Tout* classe (D) et memo toute cltisse (E) 
peut etre consider^ eomnie une elapse £V). I! suffit de chojsir oomme 
Toisioage d un clement n, los sphfiroTdes do centre a el de myous 
quel conquer en appelant spherotdo dc centre a et de rayon c Fen* 
semblc des elements b lets que («, On nbtient line famiile 

fiquivnlonte en ne prennnt pour p quo lea inverses des nombres entiors 

Unn olftSHfl (L) pent etre atissj otmsidfirfie oomrnc une classe (Vj. 
tl audit de prendre com me voisi tinge* d’un Element a les ensembles 
nuxqnelfl. a oat mfoSnctir. 

Memo la class* conaidfiifie an § 13, ou aucune suite dfinombrable 
n T a d’element d’ accumulation pout fetrn conaidfirfie com me une class* 1 (V). 
CVsfc alors hi dftHPe formee dcs points d’nne drnite oil Ton consider* 
eomnie voiainages d'un point a lea intervalles dc centre a deaquds on 
retire une suite denombrabJe quel conque de points distinct* de a. 

18 Mu is les considerations prficcdentea montrent qne e : est la 
notion delfimcnt d’accumulation qui doit fit re primordial*. Ilya done 
lieu de n’en limiter en ricn |a portee. 

Xoua pourrons alors gcueralistr encore ttnc fois la notion de point 
limit* de la frtyon suivante. 

Xous sopposerons do mice line certoinea olattaedefilements do nature 
quelconque et une certain® loi de correspond#nee K qui attach era d'une 
raaniere d ailleum tout A fait quelconque k tout ensemble E d'file men ts 
de la clause un certain ensemble E' d'fitfinumta tie la memo class®, en¬ 
semble qu'on ap pel I era ensemble dtHvi de E. La fait quo E' est le 
dfirive de E pourra s’exprimer par la relation E K E 1 . 

C 23 
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On appi-llrra alors Element d'occumutation de E tout Element de son 
ensemble derivA E’ *, 

17. ha quotre conditions dr F, Rios/., — Suivant Jjt nature de la 
question ou intervient la elapse conflidArAe la relation K aura telle on 
telle forme, Si I on examine Ion diflArentes definition* des Aliments 
d’accumulation qui ont A<A passers en revue jusqu’lci, on volt qu’eUes 
HJitiflfont a quutre conditions qui ont 6t6 explicit ament Anomees pour 
la pramiAre fnis par F. Rie»z. (XXV, pages 10, 20). 

Ces conditions sont leu suivautes, 

t u Tout clement d'accumulntion d'un ensemble eat uussi 
A1 Ament dacettmuhtron des ensembles dont le premier fait 
par tie. 

2 Pi I on par (age un ensemble on deux parties, tout element 
d'accumulation do I'onsemblo ent element d’accumulation de 
Tune au moms de ers deux parties. 

3 6 Un ensemble eomposA d’un seu! Alemenl, n’a aucunelt- 
ment d accumulation, 

Dn AUsment d'accumulation d'un ensemble E ost dAterminA 
par Fonsembla des sou mensem hies de E dout il eat AJement 
d'acc um ulation. 

Ces conditions sont indA pen (Juntos entre elles. Sj on en suppose 
pluskurs vArifiAes en mtmc temps, on peut les formuler d'uno manure 
tin pen difFe rente, 

1 it 2 : L operation de la derivation d’un ensemble eat unt? 
operation distributive ; ce qui s'cxprimo par ia notation symboli- 
que 

{E+Fy^E’+F' 

appliquee it deux ensembles qoeloonquo E, F „ 

3' (cn tenant eonipte do 2 °): tin ensemble no peut avoir 


- Him, an nirfmair* .on, p Wi0 fXXXVJT!) N. \Vi*a„ p.rl d un ahi™ paint do vUo 
el qm fh'iu If 1.0 fiWJ. IL hi- dtnne un onsembki 1 do Imnrformetiotd de K en 

*1W„"0 e( d-Ulnil Lln ^-n, d wbtia,, A do t.n n|,Wnl invariant 

dcLiiB L^titc inin-furmotion do E * a \ Iww bvariant, f-Wn* d** tktnimi* do E mut pent 
A ' " dbwrtttU.* IsJ&hfc*qui J unpin *t u niton 

d £tri* ib lu 11 ’■-f j ri ■ t >ij j l jir^^diHifo: 

Un «. donee ti„ en-Table s do iron* format bn, de In oW : In n-l.tion E K E‘ » fo 

lolio q ,„. If * Iruj, - 1 urn !U ! iuub |*q r . p< ^. biuni Vuquo.) d, l ,(,™t „wi bll-Ohtinua. t oil 

f Ba Tt f do11 4 pwirqi**, problem p^iUJ, .ique 

b rcUti&n A dent Uir L DUiL^F 
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dVdements d* accumulation que s*il eomprend un numbre itiflni 
d'^J^raenta. 

4° 8i or et b sont deux elements d 1 accumulation de E q ji sent 
it] i-tinct^, il exjste nn sous ensemble do A + dont I'ensfmblc derive 
comprend a ot non pus b ou inversement, 

I H r AulreacoTidition#. - On pent ranger h hi suite de ces conditions 
de F Riesz drux autre* conditions md^pondantes entre dies, ind^pen 
dantes de^ conditions do F + Rie^z et qui ftnnt v6tifi6vz par un grand 
nombre de* classes quo Y analyse amene h ecmsjdcrer, mais non pas par 
toutes: 

Avant do Ics enoncer* fa iso ns com prendre la necessity do lent 
introduction. £?j ] r on cnnsid^re tin ensemble E d'diments d'uno dasse 
(D) # cot ensemble pent avoir dess dement* d’a oca mu l at ion qd Formoront 
Pc use ruble derive E\ Celia i-ci a son tour peut avoir dcs iSJiSrorntn 
iraeeumiilation, formant ] ensemble dftrive du second ordre E w < Or 
w! u apparent ft E* il y a des ekinicnta, (distinct^ de a) u p dc E' 

tels quo (a, ajz - et par suite de* elements b m do E „ distincts auasi 

ds n p teh quo ( n ^ t 6JjL 1 Done bj- « appartjent a E\ 

Autremeut dit 1 "ensemble E* appartient a la talfgorie des ensembles 
/«Wj t dest-a-diro des ensembles qui coutimnent lour ensemble derive. 
Uno telle propriety n'esfc pas vifiriftee par toutes lea d^finiMona class i- 
qties de In limitc CourfdorotiS pnr exemple la da#*e {Lj formee par 
lea fanctiona uniformed d 1 uno variable renIJo aur un in terra Lie fixe ] H 
d^fini futons y la limitc riaine suite do functions a la fagon ordinaire, 
aaus preoccupation ti'Uniformity de la convergence Dans cetto clause* 
['ensemble I: de* functions continues a un certain ensemble derive E\ 
l 'ensemble dcs functions ditea de premiere c Lasse an gens tie Baire. Dp 
menu- l/en^emble E f * derive dn E* forme ronsemble des fonctiona de 
seconde eluase au sens de Rnire, etc... Or rinteret, memo de celtc- 
el aerification consists cn ee quo E nVst qiruue partie da E w E J nne 
partio de E * cto_ « Par example t la function ignis A un pour tout* 
valcur rritionnellc dc la variable ct indie nillctirn appartk-nt a E* sansi 
appartenir a E\ Autrcment dlt E' n'est pji_s ferine. On est ains 
amone ft ranger ft o6t# des conditions de F. Riesa la condition : 

5° Told ifeririT fjf /trmfi * 
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Cotte condition eat vcrifieo dans toute class© (D); elle n’est pas 
verifiee dans toute classe (L) comnic le uiontro la cl anal fixation de Biure, 
In ver.se meat die pent etre vcriMe Sana que lea condition a de F. Rios* 
sofent rempUes. On peut citer (X, page 7) une class* qui nW pus one 
disse (V) et rerifie pour taut 6 J . 

fotn arriver k 1 introduction de la demiere condition annoncec, 
noun n-tu uquerona l importance <|ue jo tie on tnatliematiqucs le fait quo 
tout nombre irrationnol est ]a limit# de no mb res rat Sounds. Un grand 
noin lire do propriety *c< demontrent en leu ctabiissant pour le coa dea 
nomlirea rationnels et passant ensuito h la limit# (evaluation des 
volumes de la geometric iWmentaire, proprbnSs de [’exponential]*, etc.), 
li peut arriver (cotume dans les exeruplcs cites) quo la method* reus- 
sisse par suite deft proprietor arithmetiques dess nombres rationnets. 
-Mnis il pent arriver qua la seiilc proprieto dos nombres rationnels r^clie. 
lueuL utilise soil le fait, qur leur ensemble est denombruble. C’ost 
par exemplc le cos de la methodi: de Borel pour 6tab1ir uno formula 
d interpolation voluble pour toute function continue. Nous vovons 
ainsi utilise la proprittc suivante du eontinu Jiibaire, cello d'apri* la 
quelle tout nombre reel appartient a un certain ensemble denombruble 
(celui dea nombres rationoels) ou k arm ensemble derive. Or il import© 
dc fain* retnarqucr que sj non settlement I* ©out inn Unfair©, majs encore 
bien d’a utrea classes import an tea passed ent une proprieto analogue 
eettc propriety pent n'avoir pas Hen et ccci m&me pour des classes dont 
la consideration ee prison te naturellement. Rcmarquons d’abord que si 
tout Element Am clatst (£) appartient & un certain ensemble 
norabrablc ou boon d6riv6 chaque 6Mmsnt do la dasse poumit etre 
d^fini par une suite de numb ruble d’ indices ei(tiers. Done la class© 
aurait au plus la puissance du continu, No«* savons d’autre part que 
la dosse consider^© plus haul des functions dW variable reeJI© a une 
puissance superieure a ceile du continu (f>. On peut memo ©iter une 
class* oil on pent drifinir une distance et on cett© propria n’eat pas 
verifies. C’est la class© dont ciiaqu© element * est dotinipnr une suit© 
inffnic dc nombres reels r,. .. qoi a0Dt s , s coortlonn6t . s otfft 

coord onuses dtant supposes, poor qn Element x dAtermurf, borneea 
quel quo soit » ; danse ou nous definitions la distance do deu* Aments 
*, y cotume la borne supreme de 1« difference fx n -yj de Leurs 
coordoriti^ee de me me mng (VI, pngp \&\ } 

11 nous sera done utile de distinguer d’un nom social cette 
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propriety ; nous d irons qu'mi ensemble E eat eiparabte quand j| exists 
uri ensemble donombrsblc AT d'oldmerits dc cot ensemble tel qno tout 
element de E appnrtiennr' it Af often soil un Alenient d’accum illa¬ 
tion* 


Le dernier exempli; quo nous vcrnons do do oner montre que k$ 
conditions l 3 , 2 . H 3 , 4 a t fi 3 (et sues! la condition 7 ’ Anoricec plus loiiL 
pen vent otre verifies sans que la clause soit separable, On pour raft 
auesi invoquer Texemple donnd nu § 13. 


L exemple de la classo denombrnbte considAree nu $ II moot re 
qu uru* dasse pent dtre separable et verifier les quatro conditions de 
F. Riosa suns verifier 5*. 

En fin en choisissant com me c lasso Jcs n ombres rationnels* on 
d&finit facilemont lea points d accumulation do fju-ou A avoir une classe 


non (V) mats separable, 

En definitive on voit qu’il eat important de distingucr si uru* 
classo vt&rifk- ou non In condition d’etre Sparable, c’ost A dire la 
condition : 


r 11 exist* au moins tm ensemble denombrable N d'eloraonts 
tel quo tout dement appartienne 4 N ou ft son ensemble ddrivA. 

Enfin il ost evident qu uno clasae aura dea proprieties plus 
homogAncs si die vc rifle la condition. 

, Pouf, element est element d Accumulation dAu moins un 
ensemble d elements de la elasse oonsidirtSo, 


Cette condition cut elle mesne independaute do ton tea les prAee- 
dentes ; par cxemple In elastic |D) qui sera formec par uno droite ot un 
point pris en dehors dc la droite en y fltiuptant la definition oidinairo 
dt.i la distance no verifie pas 7' mats vorifie les six a litres conditions, 

„t>, Dans les questions de geometric de situation, on 

serait nmone it remplauer ia condition 7 s par nnc condition qui la 
oomprend mals plus restrictive encore et exprimaut que la clause forme 
un tout cohere rent sous la forme suivante: 

8 U La elasse ost ud continu : 


Nous dirons avec Jordan qu'ua continu cut un ensemble feme; 
con tenant plus d'un element et qu’on no pent divjser en deux ensembles 
formes disjoints,* Par definition memo uno dassc eat un ensemble 
fermi. Elie pcrdralt lout intArdt si olio ns oontenait qu’uu dldment. 

* Dbui Qiuemblos soot dUjoinU *' it* a» on t ftw:uil MfIlmuiJi 
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La condition 8 fi prut done se r^duire h 3ft suivanto : la ola#ae cons!d6r4e 
ue prut etre decompile en deux ensembles ferine s disjoints* Appe- 
Ions ensemble auvert im ensemble dont nucun Aliment ire*t filament 
<j Accumulation de lAnsembb eomplementaire, On volt alor* qu* la 
condition 8 D pent encore s'enuneer alnsi : 

Un ensemble no prut etre ft Ift loi-s on vert ol ferine. 

It eat dAilleurs evident sur In scccmde forme dr- k condition 8 L 
que collect enIniino la condition 7' J r La recjproque nAst pa- vmie 
comme Je rciontrorait fexomple d T uno clan^e forme a dea poinLs d fc un 
plan *uuE un point do ce plan, la limlto y otant do (hue coniine dVirdi* 
nairtv 

SI. Los conditions ] J 4 8 & son! 6 1 * id eminent compatibles puis 
qiiA-Ele^ aont realties dans Ift cos den erase rabies tinciures. En re qur 
concern* letir intau (Upend anoo nous savons dejA quo 8 a entraino ? c + 
kiftsonft done do note pour Je moment la condition 8*, 

Left conditions 1 ' a 7° sent indcpc-ndinics [I suffifc de dormer des 
<?serapks do eludes vArifiant toutes cm conditions sail! Fane d'entro 
dies. 

On pout verifier S° h fi’ 1 sans verifier 1 D en prenant pour clajise 
I 1 ensemble des points d T une droite £) et d P un |Kiint extdrieura et 011 
prenant comme ensemble dArivG cTun ensemble E IWemMe d6ri*A 
ordinaire quand E ne comprend pa* n at touto la droite D qunnd E 
comp re nd a et une infinite do points de I), LVnaemble dfcrivti de a seul 
clan I nul. 

L example dos eraserabies EintAiror- moritrn d Ailli'Ura quo left condi¬ 
tions l® i\ ,H° sc*ut compatible** 

2L En coiftbiuant rntre eilcs un raombre plus on moms grand de 
condition*, on obtient de* rlanses moiris q U plus £4n^raie$ et dins 
le*quelles on pmirra gftniratiser un nomhre plus 011 meins grand dcs pro- 
prietei dos arise mb lets liuomres, Nous aliens pa^gor en revue qudqucs 
11 ties de cea elates. 

23. Claws (F)*— On voit Avidctnment quo Jos elates (V). delinks 
an § 13 vfirifient la condition l* de F Kies* [§ 1 4| et une condition qui 
est line consequence de Fenaembk dos condition* 2* t 3 ® de R Eiesz 
nan* etre £quiv&lr-nte 4 cet ensemble ; 

Fd si un cement a appartient 4 la fois 4 un ensemble F et a son 
ti^riv^ F\ il rcate aussi ilfimcnt dkoemnulation do p q U(m d Qn 
prime a tie F, 
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L'ensemblc dcs comlitioua P et (ft) eat Equivalent ft l$tsemble do 
In condition 1 3 et de ]a condition suivante : 

la propriety pour uu emirs cable E devoir pour ftlftment d'accuruula- 
lion a ne depend quo des elements de E distinct* de a. 

D'autre part, rEoiproquoment si dans uni- da*se la relation EKE' 
Miitrc lea ensembles et k>u» derives vftrifie k* condition* l- et ft, 
Cette clause cat (V) et on pent cliofeir X com me fatulfk d« vokinsgcsdfi 
uhaquQ clement a. la familk cotistitiiftc par ks ensonibks auxquelsa eat 
iM£r\&tr. (On dit que q est intErteur a E. »i a appartiimt h E et ai a 
n eat pas 616meat d'accumulation do rensetubk den element* n’apparte- 
iiant pas A E), 

Bien entendn, 11 pout airiver que, les families de voisinagfw Etant 
douncos d a vance, la fainille relative A un element a nc comprcnne pus 
toua ks ensembles auxquels a eat intftrjeur* ftfai* quell ■ qm> suit cetk 
fflinilk, o sera in tori cur A tons ae* voismnipss et rk plus pour quo a 
soit intArieur k un ensemble E il faut et il suffit quo 1'an uu nudns des 
voisinagos de a appartienno tout entkr a E, 

24, 1J est intcrofi^ant do recheroW A quelles Wind i linns doiveut 
satisfaire lea families de voi»inagea f jusqu'ici eniWfoment arbitral res 
pour quo i'unc ou rautre dea conditions do 1° A 7° snit vEriHEe, 

La condition l ' eat vErifidp dklk memo dans tonic clause (V), 
Pour une classe (V) lea conditions r k 7° soot respective- 
ment equivakutes (X t pages b, 7) mix suivnntes, 

- ’ L ensemble commuti a dens vojsinngcs qnckonques dc 

tout element n con tie lit entiiTemeut an mm ns un des voisinAges 
de a. 

3° 1,11 Lcs voisinages d'un element qudconquc a n’orjt en 
com mu n quo 1c soul element a. 

4° *■ Pour tout couple d elements distinct* a et ft il exists 
au moms un vos«inogo do a qui no comprerul on tie foment aucun 
vokinage do ft ct inverse men t, (Tout mi tuning oeci doit avoir 
lieu qunnd on retranche prculahkiiumi des voisinages do chaque 
Element cet Element), C’est la condition qu'uii obtient quand 
dapH la condition 4° on prend pour E Ja clause elk-meiue. Si Ton 
vent que la condition soit vdriltEo pour tout ensemble E avnnt 
a et ft com me element d'nccuinulutiuu, il faudra quo la condition 
Equivalents euoueeo plus haut soil encore vEnfido quoad on 
remplucc lea voisinages par lenr par tic commune a vac E 
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H> gnelK chic soientl ’dliment a ct le voisinage J'„ de a il 
exiate un voisinage V* de a dont tout Element b possede mi 
moins un voisinage V h ~ appurtenant onlieremeni a V,„ 

°° "' N ftxisto un ensemble dcnombrablo A* d’elements tel 
que tout voisinage V„ de tout clement a contienne un element 
au moins tie .V (Element qui pourm etre dutinot on non de a). 

7' "* Tout voisinage poss&ie au moins deux 616 merits 
distinots, 

CVa nouvellcs conditions don neat le moyen de montrer, purfois plus 
oom mode men t, qtie lea conditions do F. Rlesx soul ind^pendantes. 
Par cxemple on voit facilemont quo la class? dea points d’nne droilc 
eat utje danse (V) qui ve rifle !es conditions 1°, 3 3 . 4 , 7 C sans verifier ]a 
condition - J , ni fl a , ni 6 3 lorsqu on adopts com me famille de voisin- 
ages de cheque point *, b famille des suites do points qui convergent 
an sens ordinaire vers ,e. Autreracni dit dans cette etiMo un point ar 
seruit point d‘accumulation d T nn ensemble E s’il etuit le centred’an 
intervaUe no oompmmnt, sauf pent etre r, q.,e des points do B, Ainsi 
2* ost iqdepcnrijuite de 1°, 3°, 4\ 

2ft. Dans )o C4s on plusieyrs di* conditions 1° a 7" sont v6rifi6es. 
lo« conditions dquivakntes formula pour | es class? (V) peuvent se 
simplifier. 

Par ex? in pie si 2 et 3 4 sont ddja vdrifieea, on pent auppriiner de 
4 J,! * la restriction outre parentheses, 

Si r cat verifi^e, la condition ,V pe ut renoncer ainsi (X 
P»«p »). 

5 tor: pour tout 016merit u et tout voisinage V. de a, il exist? 
un voisinage V; de a dont tous !e$ 6\6me M * sont interieurs k V, 

St i est verifide, la condition s’cxprime ainsi pour une class? (V): 

m6me tempkfanfe las famillw de vniainagea par dee 
families equivalents, ii » t impossible d'effcctiier une coupure 
dans ia collection des voisinages de toils lea elements, a’mt*lr 
Aire de lea Sparer on deux categories de sorte qd’un voisinage 
quctconque de ia premiere categoric soil disjoint (To* voisin- 
nge queleonque de la seconds cat6gorie, 

26. Clares (£/)>—Entrc lea classes (V) dune genera I ite extreme et 
lee classes qu. so mpproohent do Tespaoe euebdien, il eat utile de 
considcrer nno categorie pra^ue aussi simple quo les classes (V) et qui 


KSQCtSSE D’ujiit TiniOHlE DES KNS Rlffl L ES A P ST HALTS, 355 

joui&sent d T un grand nombro de proprictcs import antes, com me on ie 
verra plus Join. II s'liglt dos chu*ae$ (If) qui HfifUnt ht rnuditinns 
J% 2’, 3°, fi-. lin rherehnnt 4 gftncrnliger cert-nines proprides ties 
ensembles linenires, on a" aperient cn did quo la condition 4 9 tie 
F, Riesji jo lie tin role beaucoup moins important que la condition 5 ’, 
Une telle clause peut otre eacom dcfinic dr hi fagon auivante, 

C'es! tine dnssc 0 T ) dont le$ vdsmages veri licitt Jes conditions 
1 . 3 J1 " f 5 ,J 11 * du !i 24 On peut presenter eelles-ei ti 1 line ration 
legerement different* i 

On remarque (XXXII, $ 23) quo duns une class* (H). on obtient. 
une famillo {JF„} ric voisinages equivalents 4 une famlUe donnas ( V } 
do voisinages do a on prenrint pour 1F H . Fmtdrieur do V m - Alois cliaque 
voisiiiiigo [l 1 „ eat tin ensemble on vert et la ehus.se (H) eat finnlcment une 
claase (V) aatisfaisant aux conditions auivantes: 

£*d) A lout clement ft correspond au moins tin vaisinage Jf 
obnque roisinage IF,, contient Fcliitienl 6. 

(■$) tltnnt tlonm-s deux vo is in ages !F fl ",, JF* do b, il exist e un 
voisinuge IF* 1 de b appurtenant a In fpte k IF, 1 ot h IF, 

(C) Quel quo soit Fclement i? du voisinuge IF* do ft, il exists un 
voiainage IF, do e qui appartient entiftrenitml a TF*, 

3 a ,lt * Four tout couple d’elomenta tlisl incts ft, c, il ex is to un 
voisinage IF,, do ft no comprenant pas c ot mversement. 

On recommit dana lea condition* (A). (B), (0) lea trols premieres 
conditions imposes par F, Hausdurff (XIV, page 213) ii son *’ eapace 
topolngique,*’ 11 impose on outre au lieu do 3° w " In condition 

(D) Pour tout couple d iilftmeats distincts 6, c, il cxlste deux 
voiainuges respcctifs do ft et de c qui soul disjoints. 

Ur il faut remgrquer que cette condition entrain* /s# drill* condi¬ 
tions 3“^ et 4° 141 du § 24. Par consequent t'es/kicc topohgiqut de 
F. Umiadotfj eat une eUia$e (//) et la elastic (it) est plus gene rale, Of 
on verra plus loin que les propnftt^s lea plus importuntea dee classes (I)) 
qui bp gunftrulisent ii I’espace topoiogique time elusae (D) est evidem- 
ment un cspaco topolugique) se genera list'at au dels jusqu’aax 
classes (H) 

27, Eiuerubles ftomr*.—Dans la theorie des easemhlas lineaires, 
on n'attache pus une grande importance 4 la condition pour un 
ensemble d’etre borne, e’ust a dire cantenu duns mi interval!* flni. 11 
est cn diet si facile de reconnoitre qu’un ensemble est borne et de 
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distingvier proprit'^a des ensembles born£s qut no s^tendent pa^ 
hue onsembhs lUimitd^ qn'on n^gtjga asse^ sou vent do ap^ctfier aj les* 
ensembles dnnt on parte sent homes mi non. Hien que lc danger 
d uno confusion soit petit, il exist* pourtant, II grandit dans le caa 
d ■ -nsetnbles plana on par example les definitions (Tun ddntinii dues A 
Cantor el a Jordan, Equivalent os dans le eas do continue bornEs sont 
distinctes tifi^ lo fas g^i^ra], 

Muis dcs qu on Eludic des classes fPEIfemerits d'une nature plus 
gencmle com me (a classo des fonetinns continues, la uEocssiti do 
distinguer enlre les ensembles qui gencraliscnt lea ensembles ]impure* 
hornaH, et lee out res deviant abeohiment essentiellc. Une difficult se 


prEsente i in media tement: A quoi neronnaitrat-nn qii*un ensemble ost 
borne Pour cor ti muss clauses, !a generalisation para it immediate et 
elle lest, cn effet, Par example, un pent appeler ensemble born* de 
functions continues un ensemble dr fonrtions contintiifldunt fes valours 
absolues restent tafirieures a uu nombre fixe. On appellant ensemble 
boniE de courbes continues un ensemble do couthes ronUnuw. touies 
situccs dans une sphere fixe, etc. „.. 


Mais fli l T on rout £ Loud re k notion d’ensemble borne A un ensemble 
ah^trait des generalisations do ec genre, esse ntjc I lenient fondues sur la 
nature purlieu I a-re des Elements considered ne sout plus possibles. 
Tout mi pin, pennon appeler ensemble horn* d'Elements d’nne 
claase fll) [on d’lme clii^e (E; j un ensemble d’elements con to mis dans 
un spheroide fini. Et encore pent il arriver, com me e’est Je cas pour 
I >space E w que la definition ninsi obtenue ne coincide pas nvco la 
definition qui decoule nntare dement de la nature des Elements consi- 
dErEs, Mnis la pin? grande difficult* n'esfc pas h’i. 

La difficult!■ est non pa+ de general iser d’une Tricon nnturelle la 
definition des ensembles Imcaire* limits, mais de k generalisr-r de fa C on 
utile Autrt-ment Hit i! fact gEnAraliser la notion dense mblea I jotaires 
limit** de telle manierc que lc plus grand no mb re possible des propriE- 
tEs de <xs ensembles puissant etr- aussi gEnEmlisea. On s’a permit 
alors qu’il faut prEukblement aubstitner A ia definition des ensembles 
[j Hilaires bornEs une definition Equivalent* ma,s ex prime* sons une 

forme ne faiaant pas intervene la nature particittiEre dcs ensembles 
Impaired. 


"**' Etiaem ^ rjl compacts et parfaiitment compacts.— On [wut fair* 
cette substitution de plusieum matin* Celle que jki indiquee dans 
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m& Tfadae (XVIII, page <K S 9) a fct£ cfaobie pour ^adapter au ms den 
classes (L) qni en £tait rob jet Elle est fundee stir Ip theorem e de 
Weieretrass-Rutzono,, d'aprc ^ lequel tout ensemble infini {c a j d ^om- 
prenant Hite infinite d'element a dktmcta) lincaire born6 a an mniiw un 
element d’accumulation* Pour eii tirer mm nou vello definition des 
ensembles lindaires bornta si faut k completer sous la forme auEvante : 
la condition necessaire ct auffisante pour qu*tm ensemble linioire E 
suit borne cat quo: tout sous emcmble inBni do E adraiot un element 
d'acc simulation, On vent ators immediate merit comment on poum 
gtiii&raliacr In notion d'ensemble borne. Mala pour distingutr do* 
goraljaations on appareuce pltia D&bureltea quo nous avons mention- 
rsites plus haufc, j f ai mtfoduit uno nou*relle designation : 

Nous appelletons done fnxembic rnmpurt un ensemble E tel qur 
1 1 mt :-ou ^-ensemble- intioi F t do E ad met an moms un ^lernorit db&oeu- 
mulatiun, Gt element n’&pparthmb necr^airement ni h F, ill h B T 
Ltirequ’U existe toujour# au mo in* un element d'siccum illation do E 
appartcuaat a E quid quo aoit lo sons ensemble iiifini F de E t on dira 
quo E eat compact en soi atrivant one denommatkui qua jemptunits it 
i Tiittrnden. 

Non soukuneoEi cette qouvotle definition coincide avec cells dea 
enaumblos borne* qu&nd eeux ei aunt Impaired; non gvuLiiment oik 
garde un sons precis pour des classes (L) at memo pour des olnSi«s oil 
k cliuix do* did men to d'accunmlatEon n’est sounds it aiieunc ro-^trictsoa i 
n\i\[* surtout alia per met cornua on le verra par In suite d? gdndr&liacr 
trfes bin le* principales propri£td§ dea ensembles Iioi5aires homes, 

Gepeadant R, L. Moore a r6eeminent mimrque (XVII) qubn pout 
eneon.' gagner cn gfincSrilite an lui substituant une definition qui est on 
general plus restriotive^ mni* qui est iquinibute a oeila densembles 
eompaot!;* dans Jo eas tre* general do* okaaea (D). Employant une 
locution employee dans un autre caa par 8. Jani^awdki, nou* pre.iiciater- 
on* la definition do R. L Moore do la for;on Buivante : 

Nous appelleroos d T abord avee R. L. Moore Ji*i^ jnanQittnz d’en- 
sernbles aim oolleotion d’emombles tels quo de deux d'entreeax Tun 
soit toujourw niiie part to de V autre. 

On dira qit'un ensemble E eat parfaitommt mmp'icf eb pour toute 
rtuite monotone E do sous-eusembba G de E il existc un element 
oommun it lous tee G de S on un 6Mment eornmun aux derives de tons 
les G de .S\ 
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h\ un ensemble E eBt parfaitn merit compact In fmifca S t obtemn 1 
pta^uit E psirmi leu ensembles G de 8 est nussi ime suite monotone 
^ sous trembles de Jf; par finite on bien tl orfato un Alimlfat d$ E 
appurtenant ton^ h** G de $ on bien il cxistc un element dt E w qui «£t 
element d accumulation de tons !e& 0 fie Si, dans lc ^pcoud on 
pent toujours suppose^ quelle qua unit hi unite S r qu’un Element de E 
ft de A appartient mix ememblu d4rirta do tons lea de v? p on dim qup 
E eat pnrfa item out compact m mi a 

t T n ensemble pnrfaitemonl compact (en soi) cal toujours compart 
(eri «oi) {X_\X1I P $ 3} r L* itksqjnwjuo n'eat pas v retie quelle quo soil 
la definition des elements d 1 ace nm illation ; rile n 5 est pas vraie com me 
\ *wait deja romarqtie F. RIesz (XXV) dans IVji^uiiblu dca nombres 
trnjiafinia de la second c olasse r ensemble qui forme lino elasse {Ll 

Par contra la reciproqiie eat vraio dans [us cla^e? (D) T (XXXII, 
§ S); on parti cutler t a condition n£cresaaire et snffisante pour qu'an 
ensemble line a ire soit borne eat que fret ensemble so it purfaitemenl 
compact. 

F oneti&nniltes *—L ’ Analyse oblique s’acoiipe essential lenient 
des louctiona d T ime mi da pludciira variables nuntcriquea. Dependant 
elle pmento do nombraox exempted cfexpraesians qui dependent 
d’ontitis mathfiiuatiqucs plus gfruAraitt quo lea pointa de Tespace 
I inf? a ire on do I espace a une infinite do dimensions. Par example 

I Integra!* 1^= j f(x) dx fait carrapondrc un numb re determine l r k 

■ o 

0 W«c fonction }{x) continue de 0 i l. De mSme encore In soaune 
d‘iin& Serb dcjwnd (run nombre inijnj do variables. Ln conception 
generate d'lino function dont la variable pourrait fitra antra qu’une ou 
quo I’ensemble dun nombre Uni do valcurs mimdriquw rest faite jour 
}Km a pou an fur ofc& mosura dea besoms dc 1’Analyse, Los matMmati- 
cicdb it>dions AscotArzcla sont parmi lea premiers ii avoir ctudif los 
propriites dra Innotions do ligne dont un? i-mde sjstlmuttqne ct 
magistral* a cIk faite par V oltorra, Lehids? ties fo net ions d’unc 
iufinitd do variables a etc enterprise sysWsmatiquemeiil d’abord jmr Lv 
Kou* puis par Hilbert, on memo temp« que ia ueoessiti de cetto ttude 
so trouvait manifostce par les travaux de HtU, Potncari, von Koch, sur 
los determinants in finis. De notnbreux travaux sont venus s’apnter 
a cettx de coa preourseurs et jo ne puis sooger ii on domwr la liste. 
( "cat Hadamard qui a attiri !e premier l attention avee le plus de force 
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(voir par oxemplc sa communication (IX) au congres de Heidelberg.) 
snr l'utility d"6tudier tie fiujon generate ce qo p ii appclle unc fonetiotL 
nolle, c*est ii dire uno fonetion dont la variably rargument* est one 
entity matbdmatiqae quelcotique E, H* Moore (XI11) a an^i Arigfi en 
corps de doctrine oe qiTil appelte Lb General Analysis *' et qui precede 
cks memc* idton. 

Nous adopts ron* nus^i La ddno mi nation de fonctionncllc de 
St Iladumard, Bieti cntetulu pour pouter logiquciturnt lcs const- 
queuces de lu nouvelle conception, 1c Caleul E'onctinnnel ou or qu'il 
vaudrail mieux appellor avec Paul Levy 1 T Analyse Fonctionnelk no 
devrait pas limiter sea teoheicliiss h . r&tn'd* iIcb fonctioimelles qui font 
correspond re un nnmhrr k un cl emeu t de nature quelconquc, mais ausfri 
comma fa d'uUenn remarqur Paul Montd, entreprendre I'ctude de«* 
correspond tmees generate*. CVst toutefois line extension quo nous 
hiisaeros de cote dans ce me moire 


SECONDE PARTIAL 

GLASSmOATIOX ET I'ROFIIl£T£S GEX KTMLf's Dg£ BKSEH&LES 
AfJSTIt A1T3 ET DE3 FONCTJU* BELLES, 

Pour suit re un ordre logique une tMorie des ensembles abstraita 
devrait d^buter par urtp tbeorio des nombrea cardinaux et ordinaux, par 
une theorie de* grouped ab« traits, par une Iheofiede fin tdgrideifendue 
A tin ensemble Jibstrait (lit, IF), theories qni peovent «odeveloppw in- 
ddpendeniment do la notion d T <?linietit d’aoCemulation. Hals ii existe 
dt-s ouvmgefl nombreux exposant cos tiieoriea : nous nous contonterans 
d T y renvoyor le keteur. 

En introdoNumi la notion dElement d + aceumillation sous son 
aspect k plus general* puis en usBujettksant cette notion a dcs condi¬ 
tions de plus en plus nombrenfies, on eat nmene A consider dea elasa-s 
do ruojne en moins general us mais de plus en plus riches en propriAtfe 
et bo rapproelmnt de plus en plus de 1ft dusse qui forme lob-jet de la 
Theorie dfs c^nfipmbks liiiiaiits. C T est I exposition des prop net os do 
ecfl classes suoces^ivcs qui vj fitw lob jet de oette Seconds Fartic On 
aurrut pu y jointire In thdoHc des typos de dimensions quo no ii£ 
Iflisaerunfi uus&i. de cote (VI p VII, VIII). 


:t63 raqtrira* d'und thGobis des ensemble* abb traits, 

Classes ou lbs i5l£mej;t.s d'accumulation sokt DErms d’ctne 

SIASjfeHE QUKLCOSgUE. 

31, Suppraons quo dans one categoric P d elements tie nature 
fMtrrminve, A cheque ensemble E d elements do la closoo oofffspciiide un 
ensemble determine qn’on nppellera eimtmUi dtrivi do E ot qn’on 
repr^entera par E ' (On pourrn au*si considorer le css o4 h E nr- 
correspniid nucun ensemble dd-iv6 et dire dans ee cos indifF^remment 
qm* E n*a pas d’cnsemble derive ou quo cet ensemble ddriv£ rat mil,. 
On nppellera duns ce ciw chaque Element do E un iUtntnt d'accumnlatwn 
do E i i'ensemble di&rivtf E' de E rat S'ensemble deaAments d’accanju 
Jation de E. 

En employ ant une notation due ii B, H. Moore, iwu* appeffmm* 
dawe i'iBnenh, (e *y*teme {P, K) gni determine la categoric P dfjf (U- 
taenti gite Von considire ft la relation K qni assign r A ckaqne ensemble 
E d'Mmtnl* tie P un certain wwemWe rfdriw? E’ [qui pent d’ailtevrs 
itre nut). 

Thcoriqueruerit la relation K rat purement arbitrage. Mais 11 n’v 
a d’inUiret a considdrerdca relations K arhifcrairement choirira que pour 
cclaircir cette notion. L' analyse en effet impose In consideration dc 
eert nines relations K con vena nt chacune A utie nature particulars dra 
elements considdi^s. C'est senli ment pour eviter de nombreuws 
repetitions d’liim part, pour suggerer des ru^thodes d’investigation ei 
de generalisation, d'nutre part, qu'il v a lieu de team abstraction de 
la nature des fijAiuents et pour ainsi dire do diss^qaer Ira diffe rente* 
proprreles que pen vent oflrir |ra diverse* relations A' quisesont preseu- 
tfira nalureltenieni aux mnthtmnticicns. 

32. D£fin ifirms r( notations *—Ajoutons nmintt-nnnt quelquos d£fi~ 
nitiutis et notations pour la pluprvrt empruntdea a la tbeorie ouiin tenant 
class! rjue rte* ensembles iin&airea (f)* 

L’opflemblfl dra elements appartommt h un ensemble E ou n un 
ensemble F sapHle sommt de E et de F et sc represent*- par E+ F, 

LWrnbie dos dements d’uii ensemble E qui n’appartlennent pas 
h un etiwmMi* F se rr presents par E F. 

I/enwmble dcs Aments oommmw & B e t F sc represente pur 
ExF on E. F. Lorsqn’il rat nul, on dtl que j E et F sard disjoint*. 

Lorsque tons les eJdraeuts do E appartiennent a F t on tferit. 

E<F ou F>E. 
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On appellc comj^immtairc d'im ensemble E k I’eneemblo des 
oients de lei class© consulate© qui n *ap part ien neat pas h E . Plus 

g6n6ralemenl on ponrrait dire qne F E eat lo complement.lire de E 
par rapport h un entembh fondamentnl F. 

Un© fonctionndtc uniform* U„ eat definie aur un ensemble E si it 
tout Element a de E correspond un norubre determine U al appde vateur 
tie la fotlc domicile U pour rargument a. 

UoscriUtiion fl'une fonctinnnHte U m sur un ensemble I est la differ 
ence entre la borne supdrieure et la borne infericur© de* valeur* 
prises par U sur I. 

Un ensemble E cst fermv si son derive lui appartient 

E > E* 

Un ensemble est dens* cn soi s f H apportion t a son derive 

E < E\ 

Un ensemble est parfait a 1 !! eat a !a fois forme et dense on soi 

E=E\ 

Un element b d’un ensemble E eat isote s*il n'appartient pas mi 
derive do E , Un ensemble est [sole si ctsueun do ses element* eat iaole. 

Un ©imemjile E est sparable s'jl exist* un xons-onsenible dinombm- 
blc E de E tel que tout element do E Jippartienne a A r ou a son 
derive N *; 

N<E t E<N+N* 

Uu ensemble E eat compact ai tout suns ensemble infini do E a un 
derivd non nuL 11 eat compact m soi si tout sous ensemble inflm d© E 
donee bon h au mo inn un Element d'accumulation appurtenant it E, 

Un© collection d'ensembles est dit© monotone si de deux ensembles 
do ©ett© collection (qui est dononibrable ou non) I'un dVm appurtieut 
a r autre (En con* id© rant celui ci com me do rang SLipedeur ii celui la, 
on vpit qtrun© telle collection est line suite ordonn6e]. 

Geci ©taut, un ensemble E est parfaitanent compact si pour toufce 
suite monotone 8 de sou* ensemble* de E t ii exist© un element an 
moins qui est oommun a ees ton* ensembles ou qui est coimiiun a (cur* 
derives. Com me une anil© monotone res to monotone si Von place E cn 
tote, on prut ton jours sup poser quo cet element appartient a E on 
4 B\ On dira quo E rnt parlaitemont eompact cn £oi si Ton pout 
toujours sttpposer quo cut 6lament appartient k E m 
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Uo Element 6 est un ilimcnt de eondtnsalum d’tm ensemble E a'i! 
eat clement d" accumulation non .•‘eulement do E mats de tons ics 
ensembles E—N ob ten us en snpprimant de E un ensemble ddnomh ruble 
A quckanquc ri'elements. D'apres oeIft i soul tin ensemble non ddnom- 
brnble petit avoir tin element do condensation. 

Un ensemble E cst dit con rimer si tout sous ensemble non denom- 
brahle d Element,* de A' donne lieu it un element tie condensation. 

Dn 6 lenient i> cat dit intirieur h un ensemble E si non seulenient j| 
nppartiont k E muis encore s ij n'est element d’nccumiilntion d'aucuti 
sons-ensemble du eompldmentaire do E, Un Element est extfritvr h E 
s’U eat intirieur a 1‘onsemble coni piemen tai re de E. La franliire de E 
cat constitute par t ensemble des elements qui nc sont ni i uteri dura n 
etterieure a E. 

Un ensemble tst ouwfl si clinciiti de sea elements luj cat intefiniir. 

Un ensemble E possdde la propriety de Lindelof si F Atant unt 
famille qudconqne d'ensemblca I tel que tout clement de E soie 
intcrieur i. l un des I, In me me propria appartient ii uno certainc 
famille F. dinvmbmbfc ext mite do F. 

Si Ton peut quel que soit F, sup poser F t fini, on dit quo E passed? 
bi propnete do 8owt-L*beapue. Si I’on peut supposer F. flni. qunnd 
F eat one famille ddmombrablc, on dit que E popeddo In propridtc do 
Borel. 

On voit que In pmpridtd de RonO-Le brogue oat dquivatfionte A 
I>nsemb)e lies propnetds de Lindelof et de Borel. 

Deux ensembles E, F sunt nirhaiuis I'uti A I'antre si un 61 Ament 
dt* 1’nn est element d'ncciimulnlion de I'autrc on a’ilx ont un AlAmeat 
< I’accumulation comrnun ; autrement dit si 

E\ F+E . F'+E'. F'j *0 

Un ensemble est fcien twch&ni si lorsqu’on !e consEddre dc Unites 
les mnnirres possibles comme In somme de deux ensembles distinct^ 
non nubq ces deux enHembka (disjoints ou non) sont ton jours enebninds 
Vxm a l + outre, 

Lm rmilmi* est un ensemble fennd, bien encbainA et auqncl 
apportion! plus d n un eminent* 

Le company I d‘un ensemble E relatif A un clement b de E est In 
Hiimnic de tons Ida som?-ensembles de E qui con tier nent b et eont bien 
enrhntnds. (II pent nrriver qtie oc eomposant sc rAduise A b.) 
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CLASSES QUEUED MQtfES. 

,13* QudLe que suit la relation EKE' (§31) qui delinit les ensembles 
derives : 

Tout ensemble parfiutement compact (on soi) ©at compact (m &oi}> 

Tnut parti* cTim ensemble (parfaitament) compact eat uil ensemble 
(parfaitement) compact. 

Si un ensemble contieiit tin ensemble (parlaitament) compact, il 
n'est pas tui mciue (parf&itement) compacts 

Un ensemble (pur fakement) compact qui eat ferine eat (parfail¬ 
ment] compact en soi, 

31, Fmeticmnelle# continue* rfuiw *fe# cfa^ses qudronqud $.—Efcant 
donnfle one fonctiormdle V uniform© sur an ensemble E parfaitement 
compact eu soi H il exists an moms un fllflmmit % de E tel quo la borne 
sapflrjeura, finis on non do V sur E suit ©gale h La borne supfl rif-urc de 
V a nr Jn par tie d© E apparteimnt a un ensemble quelconqu© a u quel a,, 
cat intflri*ur (XXXil, § IV). 

Oct flnoncfl s agger© la definition imivante des fonctiomiollcB 
cwilitoneA. 

One function nolle U est continue sur E cn un dlement a,, de £ si 
la borne inferieure do Pose ill at ion do U sur la partied© E qui nppurtient 
a un ensemble I esfc null© quand on fait varicr I do aorta qua a lui 
reate intfirieur. 

II eat en effet equivalent de dire quo : U a doit flit re toujour* 
cgal A Tunc des valours ou Tune de* limitea des valours prises par U 
sur un bquh ensemble quelconque dc E ayanfc pour element d f accu¬ 
mulation (XXXII §■ 17), 

Moyuimant la premiere definition, on wit quo: si une foncti m- 
neUe V eat continue par tout sur un ensemble E parfaitement compact 
on soi, I cctfce fonetiofineUe e*L borufift stir B 2° die attaint en au 
moms un element de E sa borne supdrieure et en au nioins un Element 
de E sa borne inlineure. 

Plus gcncFidcmentp on pent appear fonctioHnelle Si.mi rtmiin im 
.mpirizuremt ui Mint E en a nt un© fountionndle dnnt la valour Ua } en a it 
r^t £gale a la borne inferieure, quant! i’ensemble I vurie de sorts que o n 
lui rest© iut£rieur h de la borne snpdrieure de* valeum prises par U tmr 
la parti© de B qui appartien! A f. 11 eet equivalent de eonvenir qua 
Utt n doit cire uu mains £g&l A Pune des valems ou Tune des limit©* dca 
C 24 


364 


ESQIH35E U’uND THllORIE BES ENSKMUMC? ASST It AITS. 


vak» ra, prise? par O sur un sous ensemble qudeonque de E admottant 
(*n pour element d'accumulation, 

Ccci etant: Tout# fonotionnelle semi-continue su pencil remen t par- 
tout sur tin ensemble E parfaitement compact en soi eat bo nice super!- 
eurement sur E et attaint sa borne superioure cn au moine un element 
de E. 

3$, Lea fonctioimelles d une fnmille sent elites rtjatemmt continues 
en sur E si qud quo suit lo nombro posilif f , il cxiste un ensemble I 
auqud a,, eat intericur, tel qua 1'oecillation de chaque fonctirmnolle do F 
mT la partie de E qui apparent i* J, soit z c, Bien entendu 11 on 
rfeulte quo ebacone dea function noli es do F est continue en a, aur E, 
mais Ja Jt j €iproque n^est pas vraie. 

L T into ret do la notion d'6ga!e eontinuite reside dans Ic theorems 
anivant: 

Etant donnee une famllle F do fonctionnHles horneea dans lour 
ensemble efc £galement continues on tout ikment d’nn ensemble 
separable h, sur E, il exists une suite de inncdomiciles oxlrolte do F 
qui con verge sur E vers une fnnctionnellc continue on cbnque element 
do E, sur E, Et la convergence eat uniforms sur tout sous-ensemble de 
E qui oat parfaitement compact on soL 

Pour demo hirer ee ilienrtftme, i] est bon d« commencer par de¬ 
ment rer lea kmmea atiivants qui out ausai leiir intertit (XX XU, § 20), 

Consickrons une suite do formtbundles (7‘ [ , (7*1_, JU | converge 

sur un ensemble E : 

Si ces foncti on nodes sent egalement continues on «, aur E, knr 
limite eat continue eu n, sur E, 

Si ccs fonctionnellert sontigalenient continues partout sur E et si E 

est parf&ifoment compact en sol, la convergence est n^cesaairement 
uniforme sur E. 

Si ces fonc ti nnn el lee sont e gale merit continues partout aur Pen- 
wimble E+E\ quel que soit I’ensembte E, dies convergent auBsi sur 
E + E-, 

36, Etant domi^e une famllle F de fonctionncllea U dMnies sur 
uo ensemble E, appelom 7 1 * la borne sup£rieiire des valours des fonc- 
Lionnclles £7 de F eu b Si ces fonctionndbs sont bornecs dans leur 
ensemble en ebaque £kmenfc b de E, la fonctionnelJe T sera bien dSfinie 
eur E : si lea fonotionnellea V do F sont egabmont continues en a, sur 
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leu? borne sup^rieurc 'F eat une fonctioniiellc continue en a n eur # 
{ XXXII r 5 20“*)* 

Classes (V)* 

37. Nous nppel1cron& rim$e& (F) une dassc d elements ou la 
relation qui determine les ensembles derives est do time tie la 

rnaniere suivanu? (X p page 3). 

A tout Aliment n on fait correspondre une certaine fa mi lie [ V H ) 
d^uwembleft P m qu’ori appdle voisiwiyc# de a. L "Aliment a sera 
oonaidiiA oomme jliiueat d 'ago mutilation d’iin ensemble E si colui-oi a 
deft elements ausst voisius quo Ton vent de m t c'est k dire s T il a un 
element &u moins p distmH dt o, en comraun aw ohaque void mage F, 
de s.* 

On pent ajontar on ref-rancher (element a k cltactin de ses voisin- 
ages mnn alter# r la relation EKE\ Bien quo ce no soil paa itidb- 
pensable p male pour nous rapprocher du cas den ensembles Imeaires 
iioub conviendrons dans la suite qua chaquo element apparticnt k 
chactui de sea voiHinages, 

On pent encore dAOnir lea classes (V) par nn precede descriptif 
(X 1 page SJ en appelant clause (V) une clause d^lements oil la relation 
EKE r aatfefait aux conditions : 

P (E+PY > E'+F 

|ij un element d'Accumulation a d un ensemble E cat ausai ele¬ 
ment d "accumulation de rensemble E <s. 

Si can deuv conditions sord rom plica, on pent obtenir la memo 
relation K on dctinissant les ole mentis ri 1 accumulation mi moyrn dr 
voi-unages convenahlement oboists, pour Iraqnels on pourra prendre 
par exempt# comm# void in aces do a tous les ensemble* AuxqueU a eat 
intdrieur (X # page 4). 

Quand on utilise la concept ion de voiaiuage, on peut unoncer ainsi 
cert&tnes definition* relatives aux fonetionndles. 

Une fonctionnelJo II eat continue sur E en un element a, do E si 
-on oscillation suit* Ja parsfe do E qut appartiont a un voisinage do u 
a une borne in fori cure nulle quand on fait varior co voisinage de o,,. 

Lea lofictionnellca formant nn certaine famiUo F sont ditea Agale 

1 to natation cliuifij* (Vj I'fliproftniDii voiiinOf^ii flout done Amplay^ timH tin Wfti 
da wtiii qua > H nviii* ftdopLA dmn mn Th™ (XTOX* pfigo ISj ot quo j T tti 

nbiindonn^n ISIlS (X, piLgio 3). 
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meat continues on a a sur E, n’ii exists quel que soU r > 0 nn voisinage 
F’ de a n tel que 1 Wei I lat ion de chaque fonotionnelle tlr F but Is partis 
do Jf qui apparent a F 1 soit < E. 

•18. PTQptitUa des douses (F).—La aotnme d un nombre fipi d'en- 
seroblcs {pnrfaitemeut) compacts est no ensemble (parfaiteroent) 
compact. 

LVnflemhk com mu n A des ensembles formes cat ferme. La sum mo 
d'ensemblea denser on aoi cat dense on soi. Tout ensemble possklunt 
In proprkte (§ 32} 

de Lindelof eat oondensA (XXXI I ,5 14). 
de Borel eat compact cn soi (X. § XIX, page 15) 
do Horel-Lebcsgiie eat parfaitement compaot on soi (XXXII,, § 8), 
L‘ensemble des elements Isolds d’un ensemble separable (jj 32} cat 
denombralde. En partirulinr tout ensemble isolu cat ddnombrable. 

Par (loti nit km un ensemble Reparable E appnrtient A la so mine 
X+N‘ d*un dos sous'CnRcmbles do numb rabies ,V do E et de son derivd 
A" : qua mi E eat form A E = X-\-N'. 

Classes (H). 

3!t, One class* (H) est unc class* (V) parttculidre ; c’esl; une class* 
ou Jes elements dbiceumulation sont de finis par 1c moycn do families de 
voisifiAKu ( V. j satisfaisant aux conditions siiivantrs (n dtalit supposd 
uppartenir A F„) (XXXIt, $ 23}, 

gj JV, F a * sont deux voisinages queleonques de 6 
cxlste un voisinage do b qui appartient on tier cm out a la foia a 
Fi'fttit F*\ 

;i c lrt . Sic cst un clement quelcnnque du I'ou V* des TOisinages 
do b, il exist* un voisinage de c qui appartient A F*. 

3° ta . Etnnt donnas deux Elements rtistincts 6, c, i) exists an 
moiits nn voisinage de b an quel e n T u jq in rtien tpjvs et mveracment 
(I faut d’nillours remarquer quo si Ton re m place lea families de 
rnBinagPS des diflercnts A Seme nl*? par dcs families Aquivalentcs, £ ow> et 
3' "' subsislemnt; nuns 5° lp * n’eat vArifiA que par un choix convertible 
dea families equivalent's satis Icquol, raule subsist^ au lieu de 6 , ‘", la 
condition 

®° M * Si Vi est un voisinage qtielcunqiie de b, il existe tin 
vobinnge V% do A Id que pour tout element c de F*', il exists un 
voisitinge de e appnrtenant A F*. 
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On pent encore dormer dea claves (H) une definition descriptive eo 
lea defmigsnnt commo deg classes d^d<£montsaa£isfai*ant juix conditions 
1°, 3° do F. RIesjs et ft la condition 5 3 montionn£c*j an § 18- Nona 

aJlong done ranger cos conditions parmi lea propriety des classes/?. 
mai*i nous nous fiouviendrons dc pins quo cot ensemble do quatre 
proprietes cametirise les dashes (H)> 

40. PfOpri£U& ihs dames {//)*— 

1 J ct 2 a . La derivation des ensembles est line operation distri¬ 
butive ; en d’autren termed 

[E + Fy — E±F\ 

3 . Un ensemble ne oomprenant qu’unnombre fini dVIAmentfl 
n T a aticun element d accumulation, 
ft Tout ensemble derivi esfc fornix, 

Rnntirqm. Vensemble dc ceslrois proprUtes catacUrise ks classes {H). 

Soit E it JET t) * . . nne suite dVnserublcs nontenant chftouu Ic 

suivant : si lc premier eat compact {ct par suite aunai les suivants), il 
y a un dimenfc common si tons les E u , on un dement commun auat 
derives dcs E n (XXXII, § o). En partienlier si E fi . sent chacun 
compact on sot, (Is out certain cm eat un element ciommun. 

La eornmD d f uu n ombre fini d' ensembles fermfo cst formic. 

Quel que aoit roDseinblc E y parmi tons lea ensembles ferities qui 
oontienncnt E, il en ex isle un qui appartient u tous ecux-ci, o*est 
l + ensemble E-\-E\ On pout J'appeter (aveo F + Hausdorff. qui a otnhli 
cetto proposition ofc la suminte d ins un oas rnoins generalj> , It plus 
petit des ensembles ferm£s contenant E (XXXII, £ 25). 

Quel que .suit reuse mb lo E s’il esiatc un ibmctit common i\ E et k 
E\ il oxisto au mains un ensemble dense en am ct appartenant k E ; 
{a somme dc to us lea ensembles de ce genre eat a usd den we en soi ct 
e’eat rensemblc commun 4 E ct k E\ On pent jiuiai Tappeler avee 
F. H&u&dorff. !c plus grand des sous ensembles denies en soi do E 
(XXXII, S 25), 

L’ensemble des Elements non intorie □ cs 4 un certain ensemble cst 
ferm£ , 

Tout ensemble separable dense en soi appartient an derive d'un dc 
sos gons-cnscmblcs do a om braider* 

Tout ensemble Sparable p&rfait est lo d4riv4 d T un do ses sous 
ensembles dduombjrablesp 
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Si ufi element 6 est interieur a tin ensemble E et a’il apparticnt an 

derive d'un ensemble F , il exmte un .ions ensemble F de K dont ton* 
lea elements sont inttfrieurs a E et dont b eat- element d'Accumulation 
Cette propriety reste vrnic hi on suppose ^implement aur E quo b n'est 
pas element d'accumulation do I’enscmble com pie men kairc de E. 
Inv erst merit si cette Hern lore propriete eat ten her- par une alassc (Vi, 
colloci verifie tieceasni foment lea conditions I s , 2* et 5 (X t page 

On fie sort de cette propriety pour de merit rer quo : La condition 

iieceasaire et fiuffisante pour quun ensemble posulide la propriety tie 
Boral eat qu’il soils compact en SOI (X, page 19). 

Ln condition neeesBniro et suffisnnte puur qu'im ensemble poas£dc 
In propriety de Borel-Lehesguc eat qu'il aojt pnrfaitcmcnt compact en 
soi (XXXII, § fl), 

[Par analogic. le nonce nuivant, vrni dans une clafifle (V) en ce 
qui concerns la condition neceasarrc et au moms dans uric class;?? [I>> 
{§ 40), en ce qui concern* la condition suffiaEinte, ne nerait-il pas vrni 
dans une clasfie {H)! 

La condition necessairc et suffisante (1) pour qa'un ensemble- 
posse dr la propriade Lindelof ost que cut ensemble soit condense.] 

La condition ndeessaire et suffiaante pour qiTun ensemble soft 
enchnine a la somme E±F de dens ensembles eat qu’N soit enohoEat* 
b run ou k I'autre. 

Deux ensembles composes chucim d'un nombre fini d’elements 
no peuvent dtro enehaitu's. 

Pour qu un element soit enebaine a un ensemble il faut ct il aufFt 
qu'il en eoit element d'accumulation. 

Deux ensembles enehaines a up memo Element aont enchainds. 

La condition neccasnire et suflisante pour qu’im ensemble E ferrae 
soit bipn en ell k tile eat qu'il ne puissc etre ddcomposden deux ensembles 
formes disjoints. Si E n est pas fernui, cette condition doit etre romplic 
par E-\-E’ qui e*t. ferine. Ceci peut sr-rvir (dans une classe (H)) de defi¬ 
nition des ensembles bien cnchaints (XXXII f § 2S). 

La condition necessaire et fiuffisante pour qu'un ensemble E soit 
bien enchain* eat quo deux quelconqncs de aos elements appartiennenl 
nun ensemble bien enebaine qui soit sous ensemble de E (XXXII 
*2«). 

La somme de deux ensembles ehacun bien enehainfo qui out tin 
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t j Irment eommun ou qui BOnt enohaines Pnn il’ratM eat Wen enchain^. 
Plus general ement: 

Lii sonnuo cTeaBambles hi on ench allies qui deux 4 deux out un 
turned* commun ou sont enohaines est him enchaines (XXXII, § 23)* 
Tout ensemble eat 1 a stotame dkusembles bleu enchaines (ou reduits h un 
^tuj element) p disjoints et dont deux quel conquer ne sont jamais 
t rjoKuiint'a, a g a voir, aea composanta, Recrproquemcnt si tin ensemble E 
1 ^ ^ ^o ramie d un Rombrr: (ini dkngomblc bien oneb&snis (on red u its A 
un fieul element) disjoints et dont deux quelconques ire, sont jamais 
enchained, ees so m ensembles sont lea compo^ants do E (XXII, § 29) r 

Si un eontinu a un (dement an inrun* en eommun avee un ensemble 
aana hai apparttimi- entieroment il a aussi un element uu moins un 
eommun avee 1* fronton? de G (XXXII, § 29), 

Si tin ensemble E eat biou onchaiue et s' il contiunL plus d'un ole* 
men!, il est dense en aoi; il est done contenu dans son derive E\ Eu 
ajont&nt a un ensemble bien enehalnt E des Elements d J accumulation 
do A 1 , cdui-ci rat* bien cnchMne. En particular, E J eat bien enchaini ; 
il eat d*ai Hours forme; done: tout ensemble bien enohuiiie fait puttie 
d\in eontinu, par exerupk sou propre d6rive + 

Tout eontinu est un ensemble purfuit. 

Tout corn pedant d T uu ensemble fermijeat un eontinu oil so reduit 
a un element, 

Appelons are do Jordan d'extremites h B c un ensemble qui eorres- 
pond Je fa^oii biunivoque et hicontimic avee un segment de droite 
forme ot limit* dont ks extremites correspondent a b et c. (Uno corres¬ 
ponds nee entre deux ensemble E, F est bicontinue si 4 tout £ lament 
d'ace mutilation 6 d f un sous-ensemble E t de E correspond un element 
d’accumulation c du sous ensemble F { de F qui earreapond 4 A 1 ,/ 

Si pour tout couple d T eleclients d T un ensemble A 1 , il exiate un are 
de Jordan appurtenant 4 E et ay as it ces deux clement* pour uxtremites, 
E eel bien enchain^ 

4 L Limit* de forieiionnellcti continues .—Si uno suite do fonction- 
nelles. £7'^ converge sur un ensemble E aur lequel elks sont p&rtotit 
continues et si Iknsemble E est parfa I lenient compact en sol,, U taut 
pour quo la limit* U des fonctionnelks U [a * suit partout continue snr 
E quo la convergence soit quasi-uaiforme sur E ; 

quel quo soit rensemble cela snlTit (XXXII # § 22}, 

[La convergence sera difco qua si-uni tor me sur E si queb qua soient 
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left nom tires pnsitifa , et N, un nombre AT N exist? td qqe I’on ail 
quel quo soil l'diiment b de K 

i P, - / 4 « 

pour dm' valour tin moms do n, variant pent Atre avec h mate comprise 
entry N et N ' : N 4 » 4 jV ). 

^ I l ". I dlcufs tBlfdnfrffnirM,— Dnt fond inn nolle continue partnu~ 
Mir im ensemble Conti mi ne pent y prendre deux vnicurfl distinvtcs sans 
passer *ur cet ensemble nusai pros qtie Von vent de* valours IntormAdit 
a ires. 

Uno function nolle continue 1 partnut sur un ensemble continu et 
compact ne pout y prendre deux valours sans prendre eg a I? in out louten 
les valours in termed iairns (XXX. II, | 2yj. 

Classes (Lf 

■*2. Arrive ns main ten ant au eas d" uno Loi do correspon dunce en tre 
ensembles et ensemble* derives su rap prochan l plu< du cas lineaire rjui* 
eclui do* H eLisseo on odui dcs classes de Hausdorff. 

Cost le cas quo j’avai J consider^ dans ma These: 

buppi)94Q3 uno loi tjui per motto de distidguer ptirmt ics suite!; 
iniiiiei a l} a u . . . .d oioment dtetiuctu mi non, cello* dites oouvergentes 
ot do lour assignor un element dit ole men t-Ji mite do k suite, riupposons 
quo eetto loi aatisia^ao aux deux conditions suivantea : 

i une suite composoe d'y lenient* id (uniques a a oat eonver- 
gente et a a pour dloinentdimite, 

2 s ' uno suite extraitv d’unc suite oonvergonto est convergent^ 
et a le mime clement llmite. 

On pourra alors tl^tinir Element d’accumulation d’un ensemble A' 
lout element qui soit ole rueut-li mite d'uno suite convorgenta exlraitc 
do A. Si on ne pent extra! re de E aucune suite eon v ergon to. ET<s sr 
nol. 

On voit alors facilement quo le* conditions t J , 2°, 3*, l u de 
Ries 2 (§ i 7] sont saiisfaites, La condition 5° pout mi non Atre satis- 
faite par line dftssc fL), e cun me le m outre ] exciuple suivnnt. 

OorcddAroiut eorame elements les fonctions d’uno variable rfojle 
j,x t dans 1 intervnlle firci I. Dixon* quo A,/ Jr . , forme uno suite con ver- 
gonte et a /(#) pour Aicment limito, «’t! ex is to one function f\z) telle 
quo /„(*)—pour ahaque valour do x dans I. On voit faoilement 
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<jnr cotte dospe eat (Ii). Elio no verifio pan 5 : ' car si foil promt poor 
E I’ensemble dea functions continues on aait quo E’ no sera pas 
forme. 

m 

43, ProprUta dot dm*™ (L}*—Urie foneliotmello f. r est continue 
on o n eur E si quelle quo no\t La suite convergent* a,, a ... .a w 
d^litnents de E tendant vers u, Jes vakurs rk U itir cetfce suite con¬ 
vergent vers sa v&kur £/„ en (X f page 14), 

Dos fonctionnelks £/ imnt. egakment continues en a M aur .ff. si pour 
toiite Huftc? convergent* o n o it d'clements de E tendant versa, 
lee valours de 17 eur cette suite different d'aasfli pen quo Tan vent de 
*» valour U atJ ea a |h , a partir d'un certain rang ind4pendant de eelle 
des fonetionneiles quo Ton consider® (XVIII, page I l}> 

Koit F une f amide de Fonetionnelks continue* par tout sur tm 
ensemble £ compact et ferine; pour quo de tonte famllk infink F 
extraite de F r on puisse ext rake tme suite do fonctiounellec qui con¬ 
vergent imiforraoment aur E (vera line frmetinnnelk nicmairemerit 
continue partoub sur E ); il f&ufc et il audit quo le* fonctiornielks de 
i 1 soient borrke* dans lour ensemble et ogakmeut continues partout 
^ur E. Il a titc <t£montr6 que la condition etait sulHsunte sans rien 
suppose? sur la definition des olSmonts d 1 accumulation (XXHI.) 
mats en aupp.'Hant E purfaitemenl compact on sol, ee qui dans te ra* 
actuel d T une abase (L) eat equivalent ft : E compact et ferrck, On 
pout aussi do monitor sans diffkiilte et sous b me me hypotbfee gene rale 
qn’il eat necessairc q\ie les fonctionnelles soient bonieos dans leur 
ensemble, Le resfce de la condition ikccfwairo a ohtenu dans ma 
These [XVIII, § IS, page 13) dans le cas plus t-trait do l^nonce 
(das** (L) } mak il parent certain qukn doit pouvotr 6teudre la 
demonstration, en la inodillant, aucus d’une rlassc (H) tout an moms. 

Piikqu’imo elnsse (Lj ^itiwfast asix conditions l* f 2* 3 3*, 4*\ ckst 
«nwi une elas^e (V) et on pout y d£ffnir ks Elements d'aeeumubtion au 
moyen de voisinngea Gonvenabkment ehoisis (par oxemple on pent 
prendre com me voblnages de roloment a M ks ensemble aoxquels a , 
cst Lntcrieur). Itelativemcnt h cea vnisinages; 

vers merits limite a ftt sont totia contemiB h partir d J un certain ran^ 
Ivariabkj dan^ eb&que voiainage do n, r 

Ijea vo images de ebaqiie element forment uue suit^ ton jours de- 
nombrable, pour ccrtaines oksae [L), 

La propriety nkat pas toujours vraie ; inente en r^mpInfant m 
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besoili Iph fam Silos di^ voisinagea de ehaque Element dune class* (L> 
par des families dqujvakntea, on n* peu t to« jours snpposer ddnom- 
brable ebacunr de ces families; tel cst le cas de la class** (L} des 
functions re dies (NI r page .■ 59 ). 

Lcs condition? necessaires el suflisaiUes pour quil e n soil ainaisont 
li*s fluivantes: (u) toute suite con vergonte teste convergent** quand on lui 
adjoint tin nombre fmi d'dldmente; fjj) pour tout element non isold a„ 
route finite * dttemfttfcs a," a ",.. ,, 0 /., .. e t tout entier n, il esistc 
un entiej* Q. te! que - . r|1 . ..etant one suite do suites (diatinctes 

mi non, convergent vers fl , et n n ..une suite d’entiere. la suite 

11 • 1 ll ** .tooverge vors <i, )t si queique suit A*, i, eviste de aortu 

que pour Or,,. oil ait n,Ces deuv conditions («), (0) Sf >nt 
diulleur* indepnnrlant^ (XI, page 68) 

L T n ensemble (parfaitement) compact i m sol est D^ccssairement 
forme, De soite que dans les classes (L), il y a identity ontre les 
notions d'ensemble (parfaitement) compact en soi d une part et 
d‘ensemble (parfaitement) eompuot et ferme, d'autre part. 

Tout ensemble separable a nu plus la puissance du continu 

(XXXII, § 14 ), 

Classes (S), 

44, Nous upftelleions dasse (S) une class® (L) verifknt la condi¬ 
tion. 

fll Tout ensemble deriTt* eat fermir. 

II cat entidrement iquivalmt (XVI, page 3) d’appeler classc (S) 
une class* fL) dans laquella tout ensemble compact et fermc possede 
la propridtd de Borel, 

Si b eat intcricur ii un ensemble / et si 6 est dldment limit* d’une 

suite convergent* d'dldments o, f a. , les dements de cette suite 

sont mterieurs k I a partir d’un certain rang. 

Il Ml eat de meme ri b sans appartenir !i / esfc intdrfcur a l-t-fr 
(XXI). 

Classes (E). 

46. Une dasae (E) est une ctasa* ou la relation EKE' qui determine 
Ice ensembles derives eat ddfinie par I'intermddiaire de la notion d’deart. 

A tout couple d, e d elements de la clause correspond par bvjmthdsf: 

un nombre (6, c ) appeld dcort de b at de c et qui satwfait on* conditions 
an iv ante? 
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(I) (ft* *) - (e. 

(II) VdgAlitE (ft c} = 0 sc present* loraque ft et c ne soot pas 
considere* com me distinct, 

(IH i un clement ft e&t element d'accumulation d T un ensemble 
K H*il exiflte une infinite d "Elements do E f qui aont 
distinct? et dont lea distances ft ft tendon t vers 
^m r 

En appelant sphe reside do centre a, y et do rayon ^ensemble de* 
Elements A tel* quo (o„ f ft)£ *■, on voifc qn'on pent couridErwr une 
daasG (E) com me une clnDw (V) dans In quelle ft chaque element <i , est 

attache*' une famiHc dcraumAfioAk de Vo is mage*, ft savoir lea aphorufdes 

, 111 
de centre u H rayons 1, .... 

* * IP 

Reciproquement oortaidftron* une classe (V) oti la fa mille de voia- 
iuagea attachee ft cliaque element est Equivalents ft une fami He de- 
riombruhJe, Pour iju’une telle cl&sse eoit nne chuae (E) t 11 faat et it 
audit qu p il exist* pour ebaque Element ft une famille dcnombrablo do 
voiainages TT * t . *, _ Tf , * «., , Equivalents ft la faniille dnrmce attache e 
ft ft ot telle quo pour tout entier N et tout Element 6 on puisse dfiter- 
niiBer un entier m pour kqud le vokinago T/ % contiont nEcessairement 
ft, si c apparfcknt ft 2V* (XI P § 14)* 

DVilleura la condition qoe nous venous d'Enoricer eat une veritable 
condition ; olle u T est pas satMaite tfelle ineme: On peut citcr un 
exemple de clause (V) oii les families de voiiEnagea attachces ft cheque 
ElEment arml dEnnmbrahlos, example choki memo dc fai;on que cette 
olassc soit une class* (L),et qni pnurtanfc n'est pas une claas* (.IS) 
C + cBt Texomple de la closae des points d'utie droito on Ton n’adroet 
com me suites convergft&tes quo colics qni convergent ft la in an il re 
ordinaire mnis, ft pnrtir d J un certain rang de la suitej jamais ft gaucho du 
point limit?. On pourra aloes chobir comnic vubinagea d'un element 

I 1 

x nf lea interval lea de longueur fc t av ant leure ext re mites 

d mites con fond lies avec x a (XI, S 12), 

It emu rq cions aussi que si une elas.se (E) eat une ebase \h) ce nest 
pas ncceBBairement nne clas^e (8) f autrement dit nu ensemble dfrivft 
n J y eat pas necessaireracnt fermd (XI; § 1), 

Inverscment one classe (S) n f est pas nEcessairement une classe (E; 
(XI, § 6). 
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Pf>ur q triune dasse (K) soil one class* (S). uutrement dit pour 
quo tout ensemble dftrivi soh fermA dans one class* ou Los onAcmblt'K 
derives sont dftfinis par lc moyen d’un 4>eart, il faufc et 12 soffit qu’/l 
tout ildmont ft et tout * > 0 eorresponde ij td quo r etant un Aliment 
quoloonquo pour Icquel 1 6 , c)< v ft « un certain nombre detor- 

rafno par S, ft, e, on alt 

ift, d)< A pour {c t d} < •». 

Classes (D), 

i!5. On appclle class* ID} une olasae d’fil&mertte ou la relation 
BKE* qui d^finitles ensembles derives eat rid time de la fa^on auivanto : 

A tout couple d elements b, p correspond un nnmhro represent* 
par la notation [b t c), nppdd distance de ft et do r et satisfnisant aux 
conditions suivantcs : 

!l) (A, c) «■ fe, ft) ^ 0 

<111 d Wt equivalent d’dcrirc (ft, e) = 0 on de dire quo b et c 
ne sont pns consider** com me distincts. 
till) la condition mice&saire et suffisante pour qu un dlument 
ft soil Element d’accumuJatfon d’uin ensemble E cBt 
quo la limite inferieure dra distance* de b aax £t£- 
ments de E soil nulle, 

(IV) quels quo solent les elements o ,b,t 
<«. bt 4 (a, ft). 

Les dosses (EJ, plus g^nAralcs que les classes (D) sont cel lea qu’oii 
obtient quand on n’imposo pas la condition IY r . 

line class* {!>) cst done one elnsa* (Ej ; e’est misai tine class* (L) 
com me on lc volt en appelant suite coiivcrgento tom o, f unc suite 
<*i . .d ollt If* distance a o„ tendant vers ^r 0 . 

C est aussi unc class* (V) comme on lc voit on appelant fa mi lie d*- 
voisinages attache a un element Sft ] n fomille dcs spOroides dc centre 

°° ct rayons l f j, - . <° n appelle spheroid® di* oentre a 

rayon e > 0, IWmble des dements b tds que (a n b ) 4 ,>). Comm* 
los conditions «M* ** sont eviden.ment sat bfaites par 

ces voismaeoa, on voit qu’nnc classe (D) cst au-si uno elassc f H ) et 
one class* (Sj. C est done un cos particulier do toutes lea dflsscs qui 
veminent d'etre envisages dans cetto Second* Partie. C T est ausei „n 
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eae particular do Fespaco topologique dc Hausdorff (§ 26). Malgre 
uno appnrento plus grande generality les classes que jVvain appek 
classes (V) dans mn These (§ li bi ) s &<mfc dkpr^s Chittenden dcs 
classes (D) (XXIII), C*esfe pourquni feroploie mnmtcnant 1/expres¬ 
sion de elnage (V) et de v trial nuge dans un sens different, 

47- Prapriiii# de# dosses ( D ) —Dans tine telle clause : 

T1 y a identity entfe les notion* dknacmhle purfaitcmcnt compact 
fen soi) et d’ensemble compact (en mfi) t (XXX JL § 0} 

II y a auaai identity dans ee cu# entre lea notions d + ensemble 
Sparable et d fc eiisemblo condense, (XXXTl* § 14). 

Etnnt donn6 on ensemble E. U eat toujour# possible efe d'une 
infinity de manures d'lmaginer pour tout nombre positif *, line fatntlL 
AVd'on#Frubles Jfe ( tel que T I la distance de deux £l£menta dVn de 
oes k* reste tnujours < * + 2° tout Element de E appartkmt j\ Fun de 

Co# i*. On pent dire avoc M. Hadinuard (IX, que la puisaancc dc K t 
^mimyre M E m Lea deux r6enlteta suivant* out done leur iatyfet h ce 
point de ™e : 

La condition uceessairo et smftLunfcc pour quo quel que soit ■* > u, 
Fune au moins des families K w aoit detiombrabie eat quo E soit Sparable 
(XXXlI. § H). 

La condition nceessairo et sufli saute pour quo quel que so it < > 0 g 
Fane au moms dee families K r aoit finie est que E aoit compact, 
(XXXII, J U). 

Lcs rtfsultats [precedents rcstent exacts ei Von rempkeo dans la 
deux tome condition impose au% h r In mot r ' appartient 11 pur Jl eat 
intdrieur. 1 * lh restent auit&i exacts si Fon assujettit \m Jt* a fitre doe 
apli£roIde# nynnfc pour centres des 61£ments He E. 

Ajoutons ausfti les propriety auirantes (XXXII p § 14). 

Toute partic iFuu ensemble separable e#t un ensemble separable. 

L p ensemble derive d*un ensemble separable est Sparable 

Tout sous ensemble fenny et separable d'un ensemble G dense cn 
#oi pent eirc considdid com me !e d6riv6 d T un aous ensemble deiiorii Lia¬ 
ble de G. 

Un ensemble compact o*t separable flu reciproque iFest poa vraie), 

Et memo (XVII, f 32), la sommo rFune infinite denombrabic dkn- 
semblcs compacts est separable (la r£eipmquo n'est pa^ vraie comme 
on te voit cn prenant pour ensemble parable 1 espace (£*) flu § fRr J 

Tout sous ensemble fenny dkn ensemble ayparable A 1 pout etre 
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htenii cn supprimant do E lea elements appurtenant A un certain 
ensemble denombruble tie sphdroldes. 

La condition ncccssaire et suftisaiite pour qu’un ensemble posacdr 
la propriety de Lindelof ost qua cot ensemble scut separable. 

Tout cnnoinblc feftrf ot sipsrabls F est la somme d un cnsamblc 
<lonomhrable A et d'un ensemble par In it P. L'ense ruble par fa it P pout 
ftre oaractfrieo commc I'etioc ruble dee Elements do condensation do F, 
on com me t ensemble coramun a tous les ensembles derive da F d’ordiv 
jini ou tranafini. II y a d ailleurs un rang fini ou transfini, *, b partir 
liuquel tous lee d<Sriv6s do F sont identities h P, L' ensemble di'- 
notnbrable A pout etre repwaonb 1 par la somme finie ou transtlnie 

Etaussi (XIX,* 0) : *'* L J 

L ensemble derive dun ensemble 1 compact est compact, Et- par 
consequent; 

Tuut ensemble compact B fait partie d’un ensemble compact et 
form©, it savoir E+B.' 

Pour qu’une fonctioiincllo U suit continue an o sur 1’ensamble E, 
il faut ot it sufllt qu’ii tout nomhre i > 0, corrosponde un uornbre >j tel 
que pour tout element b do E, I’incgalitr 

{°tst 6) < V entrains / V a ^ - U t f < *, 

Pour que dcs fonotionnolles noient tgnhmmt continues on sur 
1 ensemble h, il faut et il suffit que lc nomhre 7 qu'on vient do dclinir 
puisw etre choisi ind6pendammenl do cello dcs fonctionnelles consider* 
qni figure? dans la seconds inegalite. 

Une function nolle eat dite uniformf.mtnl continue sur un ensemble 

E lorsque le nomhre 7 df*fini plus bant pent fetre cboisi indipendam- 
ment de Foment c*^ 

C'est la notion dc distance (ou d'd-cart) qni permet do ctefinir ] a 
notion dc continuity uni for me dont lc sens ne parait paa ires atsd (1 
ctnblir autrement Il faut bien remarquer en effet qu’unc fonotlon- 
nello continue sur un ensemble petit y etre uniformement oontiuue ou 
non auhmnt qu'on y d*finit la distance d’une fa^n ou d’une autre, 
meme uvec des definitions qui n’alterent pas, quand on passe de Pune 
a J autre la relation E K E' entre ensembles et ensembles ddrjves. 

Par cxe tuple, lea Aments d’accumutation des ensemble* Lint sires 
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*w sont pas changes quand Oft remplace ]& distance ordinaire da deux 
points par. la distance dee deux points correspondantg dans une 
inversion deter mi nee. Or la function qui represents I’abs-oinse est 
umfornK-ment continue dans un cas, continue nun uni for moment dans 
1’autre. 

Toute fonctionnclle continue sur un ensemble compact et femu- 
oat uniform^ment continue sur cet ensemble (XVIII, page 2{J, § 47), 

IJ on reau I to alors quo pour que dcs fonctionnellea U formant une 
famitte F soient egale merit continues part out ear un ensemble compact 
et ferine E, il faut ot il soffit quo Ip nomhre >j defini plus bant puisse 
Ufcre choisi independnmment do la fund bundle (7 dans F at indepen 
dammeot do a n sur E (XVHl, page 20, § 4R). 

£tant doom's (XVI1 Tj uu ensemble quoiconque E, il exist® au 
mains line fonctionnclle U par tout continue aur E sflns y <ftre constants 
(si E ft plus d'un filament. II serait interessant de determiner des classe* 
ces plus good rales jouissant do cette propriety. 

La condition neceasaire ot suffisante pour quo toute fonctionnelle 
continue sur un ensemble E y aoit bo race ot y atteigne sa borne sup£- 
riouro et sa borne iftfArieure est quo E soft compact ot ferine [XVI [I, 
page SI, § 51). Il serait into recant d’Atondre ce theorem® A de* 
classes plus g&tfrftlee quo lea classes (D). si cola est possible ou inverse- 
ment da cheroher quellcs sont les classes oil il est vrni. 

Si deux ensembles sont enchains, la limite interioure de la distance 
d'un clement de 1'im A on 6I6inent ds I’autre est null®. T*a nbiproque 
cat vraie si Tun au moins dcs deux ensembles cat compact fXXXil. 
§ 24 ,,to ). It faut remarquer quo nousdistiuguons ioi la limits interieurt- 
de la borne in fori cure. 

Quel qne suit * > 0, on pout joindre deux elements quelconqucs 
d’un ensemble bien onchaind par unc eh nine 4 mail bus < *, o'est 4 dire 
extra ire do (ensemble one suite ordomrfe d*im nombrefini d'Aifimcntx 
dont lea deux extremes sont les elements don nos et dunt dcus 
conscrutifs soot 4 une distance < c, Reciproquement si deux Aliments 
quelconqucs d’un ensemble peuvent ctre, quel quo soft «, joints par une 
ebuinu * maillons < i, et si i’ensemble est compact, jl est bien enchain^ 
4S. En particular eonsidcrons cellos des classes (D) duns l&sqtid- 
tes tout couple d'AIAments appurtenant A un memospheroids peuvent 6tfe 
joints par un are do Jordan appartonant 4 ce sphenoids et ayant pour 
extrAmitAs cos elements. On verra plus Inin (§ 52-62) quo Jes classes 
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lea plus important^? canaid^rees en Analyse satisfont u cettc condi¬ 
tion. 

Sou» cettc hypo these : 

La classc coimderve est p&rfoita et forme uu eontinn., 

Un ensemble no pout etre k In fois ouvort et ferrae. 

Le» conipoaonts d’un ensemble ouvert aont des rnwmblw ouverts. 

Utt ensemble hien enchains rests bien e neb rune quand on lu> 
ajoute des compnsants da 1’ensemble complements ire* 

40, Ctfts*r (/>) ixirfaite.— Dana une elasse [D) parfsite. II y a 
identity outre lea ensembles ferrate ct lea ensembles derives, Et memo, 
non flculemcivt tout ensemble derivC 1 est forme, mais tout ensemble 
ferm6 pout etre consider^ comme la dtfrivd d’un onaemble denombmblo 
fXXXfl.§ 14J, 

."id. Classt ID) complete .—Dans une ol&wse (D) complete (ff 10); 
un ensemble parfait quelcouque n’est jamais dAnombmble 
(XIX. i 14, page IS), 

nn ensemble par fait separable a exsetement la puissance 
du rontimi (XVIII, page SOS), 

Pour qu'un ensemble E aoit compact, il faut et il suflfit quo {In 
definition de la distance etant con ve on b lenient elioisjc), tout sons 
ensemble 5 f de E oil la distance reste n It > 0 aoit compose d’un 
nombre fini d'^Icments pour totite valeur de k. La condition est 
d'ailleura neci-asaine mime si la class? n’est pas complete [XIX, § 4), 

50 ' Dans un mte noire actae Element sous presse (XXXVIII, § 5} 
X, Wiener introdull une conception intcressantc, cello dcs classes (D) 
vtetorieUra, e’eat a dire dcs classes (Dl oil ii tout couple d’616ments n, b 
correspond une entity a b jouissant des propriotte de composition doa 
toc tenra et ou la disiawe (a. b) joait des prnpri$tte de U longueur du 
veeteur a b. 11 introduit aussi la conception de classes (T)} qui ne wont 
vectoriellea quo localement. 

11 serait intcressant de chereher a quelle condition uce classo (D) 
vcotorielie separable est hointouiorphe de la classe fsj) ctffinie nu 5 60, 

Classes ( D ) siW rubles, 

51. On ensemble B est separable a il exists un sou 9-etl soluble 
denoihbrable N de E tej que B< N+E'. Si Ton prend pour £] en¬ 
semble de la olasso, N‘ appartiendra a E, done: 
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r//ie (D) cat Sparable s*U exlstc une suite donombrable N 

d'fttmenig do In classs tello quo tout 6 lament nppartienni? k N ou suit 
ekment-limitei d’ppe suite ettnite de N* On (fnenre s*il exists une suite 
d&nombrnblo N d'^Ieraenta de la das^e tollo qua la borm* UikrieurB den 
distance* d s im dliment do In elusae aus diflforents elements tie N rest* 
nulla. 

En la cun side runt comma uneclasse (V), on peutchoisir las families 
da voismagas des different* dlements duneolasso (D) separable, da aorta 
qtie fWsemZd* de tons tea v&isiftaj&s dr tow li j» (litttfnte mail dinomhrabte. 
H sufBfc do prendre comma voisinagaa las spheroides ay ant comma 

centra un des element* da iV at com mo rayon Pun das inverses - des 

A 

antlers success! f?. On prendra comma voisi cages d'un element a eeu* 
da cos spb^roidoa dont la cant roast k una distance da a infariourc au 
rayon (XXXft. § IG Hi ) t 

On en dad nit qua des ensembles disjoints dont lea iut^rieurs en 
mnt pas nub penvent etre denombr6s Plus g4 morale men 1 1 

Soit F one familla d"ensembles Q distmets dont chocun poss^de 
hu mnliis un dkment intdrlour: s*il n'exHte 4 mum ikment intdrieur 
A la fob Li une infinit6 non dinombrnble d"ensembles Q distinct®, la 
fa mil la F est alia me rue d^nombmble ; la r6ciproqtie est d" ail Laura 
6vid^nte. 

Dans una dosse (D) separable: tout ensemble est Sparable at 
aondena^ 

Par consequent, on pent r4p4tor ioi, an supprimant pour un 
ensemble In condition d etre separable ou condene£ f tnus lea tlieor^mw 
etablb pour las clashes (V) fc ill), (L) p {S), (D) oil cotta condition se 
crouve impose : 

Un ensemble qudennque E eat toujour® com pm dans la somite- 
d’un do ses eous-enaombles d4nnm.br ablea N et do non tie rive N*: 
lorsque E est ferine il est la soiurno da N at do JT; Lorsque E est 
dense en aoi, il appartient k N*\ lorsquo E eat parfait. E—N\ 

L'cnsombte dcs 4t4mentn inoleu d f un ensemble est denombrsible ; 
en partieulier: tout ensemble bold e*t ddRonibrablo. 

Tout ensemble a au plus 3a pub^apee du coptinu. Tout ensemble 
form<S F cst k soinmo d'un ensomble demimhrabb N ct d’un ensemble 
parfiLit P m L'ensemble par kit P pant etre earuct^rtsd com me ronnernble 
des eiements do condensation do F ou l'ensemble com mu □ h tens jea 
C 25 
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ensembles derives <1e F d'ordrcs finis ou transfiim. 11 y a d’ailleuni 
un rung ■<, fini ou transfini it pnrtir duquel fens lea ddmr&i do F son* 
idcntiijtit-a A P. LVnsein blr N prut etrp repriscnte eomnn- In somme 
rt nno suite denombrahle d'ensembles d^nombrnbles qui ont line signi- 
fiention simple: 

#;0 L J 

avee f4* + l * = _ =/* 

rmit anus-ensemble forme F d uu enpcniMfi dense on sot (/ pent 
f'tre oonsid^ri com me ] e derive dun ensemble d6nombmble flVHfannife 

de 0 , 

font so us-ensemble forme F d’lm ensemble quelconqui; E petit 
Sire obtenn en supprimnnt dc E leu element^ nppartennnt n un certain 
ensemble dtmomhntble de spl^roldes. Tout ensemble possode In 
p ro priori de Lin del (if. 

Quel quo soil * it rsiste une fninillo donumbruble K. de s pi l oroide- 
k, do rayon < « tel quo tout element soil in tori cur A Inn dee k. 

Etant donnee one irun tile F fie fonctionnelles btrnucs ct egajement 
continues on tout element ft’un ensemble qurlcunque E , sur E, it exist' 
Une suite de fonctionneties cxlrfiite do F (jui converge sur E vers une 
fon et ion nolle continue en ehaquo (dement do E, sur E. Et la converg¬ 
ence est miiforme ?«r taut ■wuK-«nMmbie do E qni est compact et 
ferine. 

Prophiktks dr quxujues classes imfortantes en Analyse. 
Eapaa ' ttelidim a n dietmnbiu. 

52. Lea element* do !Vn P ace euclidien A n dimensions sont dli finis 
cbscun par IVnsemblo de n nombres riels, pria dans uu ordre deter¬ 
mine. nombres i|u’ou appetle les coord onuses de l'dlement ou point 
cons?kleri. Dans ret espace les blenumts dWuinnlatkm sont delints 
par riuteruridiaire d'uno distance, la distance {x, a'J do deux points 
x, x r dont lea coordunnres respective? sont jc |f ui,',... x ' 

etaut par definiliun egale ;i 

V'f X, - r')' +-+ (r, - r/.'j* 

Cot espaee constituc une cUase (D) separable, complete, continue rt 
ou deux elements quelconqucs d un sphorolde peuvent Aire joint* par 
un are dea Jordan (un segment de droite) situ£ dans le fiphAroMe, 
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La condition ncecssaire ot suffisanto pour qu'un ensemble .soit 
compact est H dans net cspace, quo eei ensemble soit born£ p o*est a dire 
quc les enordaimces do tous led points do cot ensemble scurnt oomprbe^ 
entro dent numb re & fixes, on encore,, si Von proretv. quo ton* les pdintn 
do 1’ensemble appartiennent a un memo aphoroide, LVspaco ouelidiciii 
cat done cv idem meat la somme d'une infinite dfnombr&ble cTeti- 
pcjnbles compact*. 

line fonctionnftlJe dont ^argument cst nn point do cet cspace *hi 
une function de n variables mim£riquos: les coorciomnces de cot espucc. 
Une function m 1 He continue on snr E est une fonction de n variables 
qttl est continue par rapport h chaque variable x { '\ . . ,r.f prise flApnre- 
ment. Mats la r^ciprotpie nVst pa^ toujour* vraie. 

CtaS&4 rlex f sHCliom rtmiinu&t. 

53. Dade la clause ay ant pour elements lea functions uniformenimH 
continues dans un in tor vatic determine fixe {a i fr)* Appel o ns suite 
conversant vtrs / unc suite dc fonctiona uniforra£merit continucs 
dans (a h j 

/,(*}r f,[x), f - ■ 

■ i ui convergent iinifor moment dans \& r b) vers la fonction f ( 2 ) ndseta- 
saimuent nniformement continue dan& (a, 6) Un Element de la classi¬ 
est ^Mutant d 1 accumulation d'uii ensemble h'iI eat tit ment-limit* d’tine 
suite converge nte d'filenients distincta appurtenant a l* ensemble. 

On obtient mw definition cquivalcnte par r inter nufidiaire dime 
distance* cn appelant distance (/, #) do deux Elements /, g t lo maximum 
do / / Jar) - tj ( c) dans (a r h}+ tin poutrait evidemment remplacer cette 
definition par une autre n'alterant ui la convergence des suites m lenr 
limite, mnis it oil Evident quo cette definition ofTre 1111 camctcfe do 
simplicity qui en impose le cboix. 

La clause ermsiderta cat une ciasse separable complete, continue 
(XVIII t $ 56} ct iietix quelconqUCS do sea element* appurtenant a 1111 
memo sphcrolde pen vent etro joints par un arc do Jordan appartonmit 
h ce mo me apherolde, (XXXII, § r t2). 

La condition access ai re et sufftaante pour qu'tin ensemble dc font:* 
lions umformeiuent continues dang pi K 6) forme dairs cettc clause mi 
ensemble compact est quotes functions de oct ensemble soient bomcea 
et egalcmont continuea aur ft) p (XVIII, 5 57) On cn conclut 
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(XIX, § cetta claBaf? ne jieut etre consider^s conrme la itommc 

d'nn orisemble d^iicim fir able d Vn&embi&f compacts. 

Le fait qne C6tte classe est Sparable pent s’exprimer cemrae jft I'ai 
montr6 danfl nm Tljtee (XVIT I § 56) gfins un^ forme amlytique aaaez 
Haisiag&nte. 

On pen I Fortner une fois pour tontea \me Kerie de fonctiom 
continue* 

t-, (af)tP s W+..m + ^ (*)+..„ 

***** ^°* t€)llt0 fonction continue / puisse el re represent^ com me 
somme do cette «6ric quami on y proedde prdalabtemenl A on groups 
ment con vena bio de sen termei : 

/ W — [ ^ (x) +■ ., *„ + p f| _j + | r f( (x) + ■ * ** + (*) j + 

K (*)+....]+„„ 

t-t ret;i aveo convergence uniforme stir tout interval]? fini oH f est 
unifbrmlmeiit continue. On pent riiome supposer quo lea o a {r) sent 
des fonctfona particular* ment simple*, par exempt* quo c« aont de* 
potynomea & coefficients rationnela ou bien quo ] eur * rep Cental ions 
graptuquee flont dcs lignes polygon ales dont les eommeta out de* 
coordomriee rationnelks. 

Six nus nprefl. Sicrpinski domnntrait dan* li* Bulletin de I'Acs- 
di5mie due Science* de Criwovio (HH2, pace 80 ) une proposition ana - 
logne ou le groupement ties termua est rempluce par nn changement 
de Vordre dv» tunaea. 

54. On pent aussj noter que les proprit'tds rlos elates (D) ^nnnedes 
an 5 47 ence qoi conoernc La, pittance des families K, impendent enticre- 
mvnt dans te ™ plus g£nd™l dcs classes (B) h tine question pos^e en 
I8!i7 par M. Hadamard dans ]r cas special de la clause dcs fonctions 
eon tin new (XXIX). 

65, Si Von voulait considerer lo css dm fonctions continues pour 
toute» vnlcurs de x t on flerait amen* ii considerer com me suite conver¬ 
gent imc suite de fonetiona continues qoi converge un. for moment dans 
tout intermit' fini. Alors on aura it encore une classe (D) separable 
parfnite, complete. Ou pourrait adopter coin me definition do In 
distance (/. g ) la definition propose par Gateaux, siuoir la borne 

infcrieuro quand Ic mmbre positif a vario, dc J + (/, 9 )„ fa quantity 

if, g) m deaigna.it |e maximum de f{ x ) - gx)j dans I’iutervaVb ( - 
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On ponrrait ausai cn sFinspirant do la definition que j'avniB propose 
dan;* mm Thfeno pour Je cas des fonctinrc* holomorphes. adopter commr- 
valeur do la distance (/, g) r Fexpresskm 

fM) i f f .L f/tffl, t 
i +1/ p e?Ji «!*+(/, Ik 

dfl*£e Jt-s amr rfi cowries continue#, 

50, Appelons arc do courbe continue AS une suite ordonnAe 
continue do points do IVspaoe ii trois dimensions aymit com me origins 
m4 et extremito B. Tout point de la ronrbe cat determine par: so 
position duns fospace ct son rang Do sorto qubin memo point de 
Fespaco pent etre le siege de pludtufs points de la coarbe de raugs 
distinct!i: oe sera un point multiple, On exelut been entendu le ti&s oik 
tons Ins points do ia courbe dont im rangs sent situEs entre deux rungs 
distinct* coTncideraient dans Fespace. ^lais nou* supposeroris en outre 
one Ford re de multiplicity des points multiples eat ton jours denom- 
brable* 

Kn disant qne Fare est continu h on entend qua pour tout point F 
de la courbe de rang «, et tout rtombre *>G, zl tixisto deux rani:* 
comprenant * : ft<*<y tela quo tout point do la courbe de rang 
eompris entre ft et y srsk a une distance de F mferioure h n. (Dans Je 
can oii P colncidefait avee .1 ou fi I on BrtppOBefait 0 = n, Ouy-«. 
respeetivement). 

Nous iivcm* ainsi donne do Tare do courbe continue uno definition 
purenient gEometriqueon iFintervient une sine representation umvlytique. 
On demontre cfailleurs (NIX, § 35) que oclfc dO finis ion est Equivalent» 
k la ssiivimtc: 

tin are do courbe continue AB est Fjmagc d*un segment do droiti 
dont lea extremites correspondent j\ AS. Oil encore^ ce qui revieni 
hu memo. 

tJii arc de courbe eat une suite do points dont lea coordoimEc* 
pen vent efcre TeprEsentEes sous la forme 

*={#}, <y=j/ it). z-h{i) 

ob /, h sont trois functions de t unifonnEment continues dans FLnt&r- 
valle {Q, 1} (par exomplc) et non constunteH ii la fois duns tin mena 
intervalle, Forrirodes points de Faro Etna! eelui qu’on obtienten hisH.nl- 
crolte I de 0 is L 
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Etant donate une representation nmUytique dr Fare AB tout.* 
It'Hi representations unalytiques du merne arc s'obtiennent par Is 
subatitu fci on I „ ^ h j 

i j ii e»t uue fonetion continue qui emit conatanimrtlt.de u h I qnand 

F emit dr (1 » I (XVIII P § 77)* 

57. Ced etnnt la clause coneideilb a pour elements les arcs*Je courhr 
continue el les elements d’accumulation v aont dr finis par I’ inter 
mediaire dr fa definition dr Filament-limit* d p iine suite couvergortte 
t Fares continu& 

On dira qu p une -saite dares A B , *. *A m B u , * c^t tint 1 suite 

convcr^ente -L|Ui a rare .4££ pour ck-mont limiUt si Fon pent rtablir unr 
correspondance binnivoqiie ot bicontinue (cGuronrant Ford re dt^ points) 
telle que si if cat |r point do A B ( correspondent siu point if dr AB, 

!ri distance MM converge tiniformewj'nf vera x4eo. 

11 rovieiit an memo de dire qu'fl existo une representation atialv- 
tiqne dr rare AB 

y = p(J) P 2-A(<) 

it urn- reprintntion analytlque de Faro A B ti 

x^Utfh V-Pm(lU 

tefles quo / - // . r/ u - (t! p /A. - A/ convergent tmifbrmcm&nt vera 7^ro 
[test main ten ant important do remarquer que dam la chsse que 
n ous venous dr definir, on pout defimr \m elements d 3 accumulation 
par rinterairdiairc d'une distance. 

J T ai propose dans rna Th&ae la definition ttufirante (XVIII, § 7:*} 
Riant donttfes deux are- ,-JU, -4 L fi l? on elubbt entre eux une correspon- 
danne 8 biuniTor|iic, btctmfcintie ct oonservaut Fordrodcs points ; sob nt 
\f J| | !<** points correspond a dts. Appelona ^ Its maximum de la 
longueur J/Jf, lorsquo M parcourt AB . On appollera distance cb-s 
deux arcs do®aes la borne inttrioure de quand !a correspond anc* 8 
vatio dr fa^on quelcunquo. 

On voit ulors quo 1* oloase des arcs continue cat une ebsse fl>} 
separable K complete ct continue (XVIII § 7 * a S4) (D'apras la section 
pr£o£dexiLc, la ot&R&e cat evidemment l'ensemble doriv£ dc Fensemble 
denniiibrablc de-* lignys polygon ales dont [os sommetB mit dun coordon- 
n&es rationnelie&b ^ ri outre H dans eettc cIuhsc, on prut jnindre drux 
■laments appartenant A un momr apherokb pur an arc dr Jordan 
appurtenant h ce spMrdlde (XXXII p | 32) B 
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Poor qiVun ensemble dares continue forme un ensemble compact, 
ii fruit efc il sufHt quo lea area do cot ensemble soieufc tons situes dans un 
tneme domnine fini (par example une iphlre fixe) efc soient umforme- 
ment divisibles (XV I II, ft 91J. 

Coe deux conditions sont mdependantes de la representat inn ana- 
Ijtiqnei; on dit an effet qnc-dea courhea sent umform£vncnt diviaibi-s 
A h tout iiombre * > n on pent Faire corrcapondrc un ent er n f tel quo 
cliacune dcs courbes consideives ptiisse etro diviflAe en n urea dont 
iWdlfttion (la plus grande oorde) soit inFericure k *. 

Tmdiiit en langiige analytique. eeoi rent dire qu'il extote fm 
- vsteme do representations amity Liq lies simtilb&ntafi dei dtfiifirentes 
Qourbes dc la Camille nu les functions qui reprfsentent lea coordonne^s 
sont burners dans leur ensemble efc cgnlement continues (XVIII, § 

Commo application: un ensemble de eourheii recti fin fries dtnAra 
dans un domaine fini esfe compact si icons longueurs sont hordes dans 
lenr ensemble. Mais cette condition muftis ante iVest pas n^cessaire 
i XVIII § 9ft). II i Vest merne pa* mtacssaire pour qubin ensemble 
d’nrcs aoit compact, quo ces arcs aoient rectifiable?, 

Pour dAntonirer les diverse^ propositions precodentes, il rat ut le 
dVmployer le theorem*? suivnnt dcimmtre dans la Note 1 do ma These 
fXVIFT^ page «7). 

Etant donne sur one drnito ox, un ensemble Q d 1 intcrvalles 1 mm 
points commune dam le segment fondamenial (04*41) il existe nn 
tuol m une function continue qui ™ sans jamais denroltre.de 0 h \ 
quatid j? croit de 0 h l et qui n’esfc admtante que clans lea interval!^ f r 

J'uvais Citfi com me cos particulier, le ras oil iVnarmblc OOTrtpl&men- 
taire dc I'enicmblc des points dv< mtervallca / c?t un certain ensemble 
de meaurc unite eonniderc par Q* Cantor (XVIII h | 99), Cinq an* 
apr£a. W P Sierpmski a 6tabli ii son tour le memo tbeorftme d'extttence 
dans ce cm partioillier, en montranL cn outre quo *ous certaiuea con¬ 
ditions fonctionnHlcs In solution eat unique (Bulletin dc I s A endemic des 
fioicnccs dc Cracocie, 1011, page 577)* 

< 'Iwse# de.i fmictions hohmnrphes. 

US. Cette clause est formce dc^ fonctione holomorpbcs d /"inlftrirTir 
d’uno nire fixe A. On y considers une suite d elements / (£),-- - 
/»t s K* * - -commie convergaent ^ers un fitment j(z) si f m z) converge vere 
fit) uniform^ment dans toute airr- corapWtement interieiirc k A . Un 
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clement est alors 4 l£ment d’Accumulation d'ttn ensemble a*U cwt^inetu- 
limite d'une suite d 'elements distinct^ fippnrtcnfmt h Fen&fimhle. 

IJ faut rpmnrqqer qu'il aurait pu paraitre plus nature! de auppaaer 
quu ohaque olement eat vine fonction non settlement hnlnmorptie 
,i Tinterieut de - 4 . mais iktitifti bolomnrplrc on tout jiu main* deflme et 
continue stir A et de aupposer que la convergence uniforme c*mHid< 5 r£e 
nie lieu uivifornieiuent dam tout .4 contour compris r Maia a!oW on 
nttrcnt itd arm?n£ ii exeliife pour A le ccrcle do convergence d P Ufte 
fonctbn bolomorphe, par eieinpte on :i m pais, contid^lfer eelle ct dans 
soli eerale de convergence com me l s 616 montr limit® d ew sommen de- 
termea de son developpement do Taylor. 

Non Houhuuent lea definitions proposes pnSvionnrnt cel to exclusion, 
mai* cllr^ permettent de dffintr ausd le^ element* limited par Tintcr- 
xm-diaire d une “distance." J*ui propped dans mn Th&se {XVIII, § 70 * 
com me rfetfmtinn do la distance do deux functions f (t), 17(5) holo- 
morphes k nutorievir d f une alre A la quantity 

(/. flL t (A ff), 

U ■ — f 77 T — + ■ 1 ■■ - + —3 * —• —T *■ - H ♦ * 

1 t(A P)^ h.1 

oil </. f7l ,, design® ie maximum de jf{s) -y{z) dans une nirc A n ontiere- 

rnnnt interim Lire A A . [A ,, A . A m . .«tnnt une suite d’aire* chacuno 

comprise dans In iiuvanle ef dans A et dont IiV snmtnc cmlirnflsfl d), 

Bicn entendu, d'antre* definitions do la distance cmiduiraienl nux 
! 'loin*elements li'acrumulaliun ot cctto definition ti'ufTrC pas le memo 
canto to re de »implicit^ quo cello ndoptie dans la cltisso de* functions 
continue 1 ). 11 sera it mtcrcsannt d'en ttouver one equivalente ot pins 
simple, telle par exempli? quo I'on ait I’flgalite 

(» (/-?),*'(/-*) (Afl) 

queQw que anient les eons (antes i, V ot loo fanotions /[r) ( p(*) hole- 
morph es dntis . 4 . 

Main 1 'esseatii'l eat le fait qne la clnssc est imo clause (D) qui eat 
d'ftilloura en outre separable, complete et continue (XVlIf, ^ 7 ). Un 
dos ensembles dcnombrables dements dont la chiapo est ]« dcrixi ost 
J'ensembJe simple constitu^ par les poly no nice ft coefficients rat ionite! £ 
(la partie riel to et la par tie imaginaire sipsrtinent rationnclles). 

En mitre si l'nn adopte la definition do la distance mentionnie 
plus httut, on pent joindre deux elements quelconquea de cette clause 
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app&rtcmuit o un memo apbEroide par tin arc do Jordan appurtenant z\ 
c* spheroid* (XXXLl t § J 2 ). 

Dana la dasse conshlerEe, la condition ntecssaire et sufliaante pour 
qu'uu ensemble suit compact CEifc que les fouctions de oat ensemble 
restent en module inf emu res a un nombre fixe dans tout aim mterieure 
4 A (XVIII, § 73), On m oonolttl qua cette ebsse ne pent 8tre 
de compose* cn une infinite denombrabio d 'ensembles compacts. 

Remnrqm /. On pout cc memo itudicr I™ cmMmbl&J compacts d* 
fonetions moromorpbes, etc.* *.,. 

//. Pluaieurs aimcen aprEa ma These. s'est repond u rusage d' 
employer J* expression do f&milb nor male, pour ensemble compact, dan> 
Jo ccs on las Elements sunt dee fonctin-nn annlytiques. 


Jfojwiee iw + 


M* Lcs elements do cct esp&co sent cimcim d&finia par une suite 
indnie do nmnbre* reel* uppdeta Gourde nudes do Telemtuit on point 
Un point :r de Fespace E... cat diL limitc d’une suite convergent* dr 
points x*\ x l \. . ,.^ di y .. *.ai lea coordomiEea des points do c-ctto suite 
tendon t respective merit vers Its cnordunnEus do me me rang du point 3 :. 
Un point x eat point d accumulation d h un ensemble E s il eat 1 unite 
d*une suite convergent* dc points distinct^ appurtenant a E r 

Ainsi dans oet espaco, e'est la notion d^ldinent limit* d'tine suite 
eonverjrente qui e*t fund iimuitab; die est dbillours tout* nftturolle et 
s T impose pout l etude dbn certain nornbie de questions, 

II est ccpendant remarqnable qu'on pent ubtenir line definition 
Equivalents par 1 mtcrmcdiaire d'nne distance. J'm jiroposE (XV111 
§ ft 2) r expression 


(*p *') = 


i — -T|V 


+ 



/%m “ X* i 

. — — +■ „ . . . 
I + ,1 J A “ -t'B 


pour h distance de deox points x t z' dout les coordonnees respective* 
sont aJ |P x it .., *x m . . .. j z' t x L \ . . , * « . Mais bbu eutendu d'ltuires 

espressiona mmviondniient tout aussi bien. I/cs^entkd^ ebst lo fait 
que l espace Eu> est unc clause (D), ts6pambb p compbte, continue. Le 
fait qa'on peut y joindre deux points appartenant k un meme 
sphEroldc par un arc do Jordan appurtenant k oe metne apbfiroido fail 
interveuir cssentiollemcnt la dell muon particubere de la distance choieie; 
maia nous avons vu qu*jl a des consequences independantes du chyix 
particular de cutte distance. 
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Dans cet cspaee In condition necessalre et sulfisantc pour qu'un 
ensemble soil compact est que led cnordonrkea des points de Von se ruble 
sojeufc bomfiee pour ehaque rang (XVIII, ^ rtfl). Cot espace n'est p&a 
In flomnip d'une infinite d&nomfarabk d 1 ensembles compacts* 

Eapact 0 # 

fit*. Lea elements de Tespnce ft snnt chaeun detini par line anile 
infinle de nombre* rfials (appeles coordonneea fie riUmeat} efc dont la 
nomine de?+ oantfa converge, Dan* cet esp&ce lea Aliments d'aceu inula- 
tion Mto t definis par rintormediaire d'unc distance, In distance {x w af'J 
rlo deux points dont 1&? coordonnecH respective* sunt a M x,... ,r rf , .. 
el x t \ sr\.. . ,* h k h etant par definition egnle a 

%/(r -* ’)* * (*. - x,T + . .77+ (ar.-O 1 +- 

La 8£r!o sous k radical est certain ement con vergent-e j masque 

(x ( ~%T + , a + , + [x* -r m y& 2f Jf, 1 + „ _ + V) + 2(*| p * +-+ »„'*) 

Pour qu’mtc suite do points deDespotic ft ■ at* 1 ** 
converge tcib un point a?, il faut qne lee coordonnees ten dent respective 
ment vers lea coordonnees dc memo rang do r, Maifl cetto condition, 
n*pst pas suftisante, 

Cet eapace constitue une class® i D) separable, complete„ continue, 
XXXVI) et ou deux elements quelconquea dun spherolde pen vent 
ctrt' joints par un arc de Iordan {un segment de droite) aJtufi dona le 
eph^rolde (XXXIII, $ ft2). -1 aj d'ailkurs runutre (XXXVI) quTpu pent 

y devdopper une gdoniAtrie projective et nm+triquo eotierement scmblable 
h cello de 1'espoee euelidkn k on neunbre fiui de dimensions. 

Dans cet cKpace, la condition neccssaEre et Euffisanto pour qu^un 
itnHembk salt compact pent s'exp-rimer m us diverse? formes (XI X t 
page 18, | 29)* O pout lui dormer la suit ante : 

la Somme ties carres dcs cnordnnrrfcs dee points de Mensem hie doit 
Hre bnrnee sur I 1 ensemble et y converger uniformcment vers ga limitc. 

O en conclut fnoibment (XIX, § !i|) qu’un tel c*pace no pout ctrr 
iJ6compo&£ en on* infinite dt-nnmbmbie denstimbles compAOts. 

Cla&#£ des functions mtiurabte*. 

rtl. On a interct parlois ™ Analyse a considcrer, ou lieu do la 
ojaase tics functions con Ei mi is, la ctassc (XV) plu^ ctenduc des? fonctions 
mesurabks Appelon^ clflJSefM) hi clause dont !c,h elements soot dr b 



KSKHTUWB P’UWD TKlSOlMR UM ESSBMltt*9 At)STRAITS 


3*r+ 


fonfitioiK mesii rabies au sens tie M Lcbcsguc et oft unesuited eli'itient.i 
est elite convergent <|uand die cunverg .0 *'en mosnte ’ ati sens He 
p. Riesz. On dit que (Jx> converge on mesure vers f{x) dans l inter 
vatle Rvo (a, b) si qttd quo suit -i>0, il ex into un n ombre «>0, et nn 
enticr p ti'ls q«« pour n > p 

ffiW “#*■)/<? 

•muf pent etre dans un ensemble de points de I'intorvalle fa, h) pouvant 
etre enforme dans nn ensemble d inturvnlles do longueur totalo <t On 
remarquern quo cot ensemble pouvant varicr quand a varie, il a'on 
result e pus quo f m converge presque pur tout vers /; ii pent memo 
urriver quo fj%) no convolve nulle part Tors /, Mai? pour ehaque 
valour do n, f- x) ne di fife re sensible moot do /(*} quo setr un ensemble 

dont !a niesure tend vers zero uvea . 

n 

U2. Ceci btant. on pout domontrer quo In dawe (Ml dee function* 
mosurabloB est one cta«e (D). Autromont dit la converge nee on mean re 
do F. Riesz pent etro definic par fintermddiaii'e d’une definition eon- 
vennbto do la distance do denx fonctions mesurnblep, J!ai propose 
(XXXVII) comma expression do la distance de deox fonctions /(*). ♦(*) 
mesurabloB au sons de M Iobsspu sur 1 intervflllc fa, t), la borne 
infer) pure de la acunnir 

M 4- HI . | _ Ti 

//— v> 

lorsqtffl w prend toutes Taletirs positive ou nnllrs. en dcsisgnaut put 

r/i la meslire d© 1 Ensemble mesarabte des points x on 

ft—W>* 

*$/>*= 

[| est probable qti'oti pourraii eonecvoir une definition de la 
distance qtd foil rn Esse encore la convergent 1 en meanr© et *|ui wrait 
pmirtnnt moins nrlificielle. Main L’esaontid ml que cettc definition 
exirtte et que par consequent on pnissa ftendre imm^dantercaent Mix 
fonettons mesurnble* t miles lea propriete* dos daises (D) qunnd la con¬ 
vergence imposed n (|u T cn inp^iire, Il y lien d observer qu il 
nVn mrnit plus do memo si on reoipla^Ajt edie-ci par La convergence 
M presqne partmit ” de M, Lebesgue, Celte-ci, h peine plus restrictive ? 
puisqu ’die n’exige la converge nee ordinaire q«*& 1 "exception oventuelie 
d T \m ensemble fixe de meffort nulle n’e^t pourtant pas compatible avee 
une definition de la distance iXXlX), 

D'mlleurs line telle class© (Dp eat separable ; cWt memo 1‘ensemble 
derive dr r ensemble denombrable dm fonetions qni aont oonstantes et 
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de valears rationndlcs dan** chacune dcs subdivisions de I’intenralte 
\m t &} Imiitaes par mi nombre fini variable do points d'ftbsekse.s ration 
nelles, 

Cette class* eat aussl complete et continue; et on pent jnmdre 
dense do ses dements app&rtenant ft un mrae spheroid o par mi nro de 
■Iordan upparlemmt ji ee spheroids (XXXII, § 32, VH) r 11 serai* 
intercamnt d^tablir A quelle condition un ensemble d'el&meiito de eette 
classe rat enmpad. 

Chase. 

63. A ppdon* dasstj D* In dasHe dontehaque element x ost deter 
mini par uno suite infinic do nonabiw reck 

1 ?■ * * . ■ - 

qn’ott pent appder les coordcmnies de rangs l, 2,.- . ,w. , . r du pom 
£ f et ou une suite d dements on points x^\ -. .ost ditet 

convergent^ vers le point % si lea coordaiiue^a do & 1 tendon £ Kni/prim'* 
tami vers lew coordunnics do memo rang do x.* 

On voit que lea trek classes F Ww O, D v sent trois eapncea k une 
in Unite denuiubrablo do euordonnfcs. Dana log train spaces pour 
qjTano suite de phntB x n \ af*K .. . P .converge vers un point x t if 

faut quo ks conrdomiees ile x { i convergent vers bn cnonbumet de 
menu* rang de x m Mei*, alnrs que eette condition eat suffisante pour 
E ttfm il faut cjirielle aie lieu uuiforinenicnt pour D* ; cello condition 
sup pie in entn ire suffisanle pour D*, n'vnt quo neeessftire pour 12, 

Cos diffe rence: sont cspcnti idles coniine le monl-rr- la rem&rque 
Huivantc : si lea elassw E#et t? sofit, enmme nous 1’avotts vu p separable*, 
il n'en esfc pm de me me tie D tr< (VI, page 163). Et la rem cirque 
wiiivant^ accent tig le earactere do pltia grande gtn£ ralit*' de D a ■ toutc 
Ha>ge (D) aeparable, complete ct parfaito eat homt-omorplie d’une 
partie de D*; plus encore on pent tHablir entre eettc cla&se et une 
partie de D* une enrrespun dance qui conserve bs distances (XIX, 
page 12* § 23), Dans ce but, on appebra o ni at a v .. fe4 iiB 

rnsemble d^nombrable d^bments do la dasae (D) considered td qu= 
tout element do In dasse appartiemie it cettc nuitti on k son etiaemhle 
derive, Il ajors de fairc correspond^e h tout element a de la 

dasae \ D) p le point * de coordonneea 

«) - ,o tl a, j ; jr, = (fl uS a) - ( W|f V,- ( *. - (fl„ a) - [a M < <* ,) t 

M Jpr^eAdutnnienl [V[ p XIX( cIom D Id qIurm aotafilt#. ci- qui pn/Lftit % 
i. Ini if union av&s h>m ulAA^s (Pj fin { *iL 
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Millin'- tout, laelnsae D, est relativcmeut simple, puisquc oVst line 
ulasso (D) complete et continue. 

La definition de la distance qut fournit tine definition lies suites 
converge ntes equivalent ii la definition indiqnfes plus haul, s’impose 
ici; la distance de deux points x, x' sent la bomo supSHeure des 
valeurs absotnes des differences fx m - X.7 ^ coordonnGes de me me 
rang de x ct de x\ Tnntefoie, si 1‘on veut 6vitcr deH distances infimes, 
il sera preferable de n’admettre enmme paint de D„ qu'un point dont 
le$ coordonnurs aunt burnous dans leur ensemble. 

Ceci act mis, deux points nppartenant au tneme spheroid e peuveut 
encore ctro joints par on are de Jordan ap par tenant a ec spberoide 
iXXXtt, § 32). 

RetitfirqHc finale, 

U4. En term man t ce so mm aim dcs principes do l’Analyse fonction- 
nellp, il coimcnt d'ohserver qu‘ nresumer (sans rappeler lea demonstra¬ 
tions) un grand nombre de travaus. on encourt fadlcment k risque de 
commettro dcs erreurs, par I’oubli d'line condition esaentielk* dans tm 
On on d, Je serais done recoimawasnl. mix matb£maticfens qui voudmnt 
bieu me signaler lea AnonoAa inexaets que j’aiirais inures par m<£ garde 
ct aussi lea re an tints nouveau* rent tun t dans k cadre de ce me mo ire 
ct dont je n’aurais pas on connnissiunCF* L’Analyre fnnctionnolle fait 
counts m men t do nou*'canx progrfo et jo me propose de devrlopper it 
nouveau cette premiere Miauche oil profit ant des observations f| ill m'&u- 
ront Fa it os, 

Tlien quo de nombrenscs prnprietea d^montrees dans nuiThese pour 
certaines classes aient pi: etre ^ ten dues depuia lor* a des classes plus 
gendralcs, et mention nee* ioi anus cetto nouvelle forme, ii n’e.t pjudnu- 
tnux qu'un certain nmttbrude r&mltats men tionn^s dans k present travail 
pnimnt etre un**! £ tend us h leur tour. JVn ai aignafe quelquea tins 
pour lesqudft Cette extension pnrait cerlaine. Mais, en ilassant par. 
ordre de c^o^ralite les i&iiltnts acquis, Je present travail permetra 
sans Houle d'apercevoir la possibillte de no u veil os ex tensions et aid era 
pent cl re fi I os r6ali*er. 

D'mitre part, i’ai tfti arnmi ft modifier quelque pen dans la suite 
de trnvaux left notations et la tcrminologfe proposes duns nia 

These f'elles-ei ay ant iU utilisces pur different* auteurs, je serais 
reconnaiasant ft ceux d’entre eux qui voudmnt encore me faire l'Eionueur 
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de s'en nervir, d'employor de prfteronce cette terminology et cm 
nutations dans lo sens propose dans la present memo ire. 
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EQUILIBRIUM IX THE FRACTIONAL PRECIPITA¬ 
TION OF SILVER CHLORIDE AND SILVER 

BRQMIDE. 


Kaltkpmar Ktoar, M,Sc, f 

.S'ir Tarak Nath Palit Rtttwrh Scholar t Univmity of Calcutta, 

From a mixture of the solution* of two binary salts, having a com 
■non ion, if the non-common ions are fractionally precipitated by addi¬ 
tion of an insufficient quantity of n third salt, then, the more sparingly 
soluble component of the non-common ions is found to preponderate in 
the mixed precipitate. The relation between the composition of such 
mixed precipitate and that of the residual solution standing in equili¬ 
brium with them, and also, the influence of the degree of insolubility of 
the component in the precipitate upon the state of equilibrium arc the 
subjects of the present investigation. 

From a mixture of KCJ and KBr solution, AgCl and AgBr were 
fractionally precipitated by addition of insufficient quantity of AgNO . 
The composition of the halogens in the precipitate and those remaining 
in the solutions were first studied with a view to find out a definite 
relation between them. 

A series of preliminary experiments were performed to find out 
whether freshly precipitated AgCl could be completely converted 
into AgBr by moans of KBr solution, just sufficient for the transforma¬ 
tion. 

To about 0*7 gm, of freshly precipitated AgCl, in an amber colour¬ 
ed bottle 50 c,c. of decinormal solution of KBr was added and the 
mixture was vigorously shaken in a shaking machine for definite periods 
of time which were noted The mixed precipitate was transferred to a 
tlooch crucible, dried and weighed In the Table 1 the figures of the 
column V give the ratio of AgCl to the mixed halogen precipitate by 
weight, the ratio of complete transformation being F31QI. 
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Thna, it is evident from the figures of the table that complete 
transformation of AgCl to AgRr does not take place, even in presence 
of sufficient KRr, But it appears that the system attains a state of 
equilibrium which b identical when AgRr is similarly treated with NaOl 
solution [of exp. VII, Table TJ. 

The work done by Kuster* toward? the elucidation of such equili¬ 
brium in Silver Halogen precipitate is important* Ifo conducted a 
series of experiments, which are recorded in the Table 11, by fractionally 
precipitating a mixture of i^CL and KRr solution with an insufficient 
amount of AgNO* solution. The total concentration of Halogens in 
the solution was always the same in different experiments and after 
treatment with AgKQ the residual solution was nearly Normal with 
regard to the former The volume of the solution was always 1000 e.o. 
The temperature of the experiment was lD e + l fl C*, the time of shaking 
the mixture was 2 to 12 hours. 

Some of his experiments were repeated with a slight modification 
Owing to slight solubility of AgCi in strong KG solution, the amount of 
silver precipitated was always less than the amount added to the solu¬ 
tion ; to avoid this diserepancy + In the repetition of KiMcr*a experi 
ment^ the solution previous to the addition of AgNO wan core fully 
treated with dilute AgNO solution till a slight opalescence persisted 
These 1 "treated M solution* were found to precipitate AgN0 4 almost 
completely The experiments were conducted at 1*0 and the 

time of ^halting the mixture was ever 21 hours. The concentration 


* Z*it m awry. C7krn r 23, 
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uf different sail solutions was slightly different from those of Kijstet, 
hence instead of volume their actual concentrations in term* of milt- 
mols. are given in the following table. The volume of the solution was 
reduced from 1000 c.o to 25U c,c, In, other respects the experiment* 
were identical with those of K lister. 

The ntalte of the experiments are recorded in the following table, 
in which, E,, R g , H', indicate respectively the ratios AgBr : AgCl r KBr : 
Nad and Br' ion : Cl' ion; and, it, *, x A are respectively the ratios 
K : R,, R : R , and K, K (nf Ktistens experiment, of. Table II). 


Tnbtr III. 

Temperature 25 ±2 5 C. 

Concent ration are expressed in mili-mols. 
Total volume of the mixture^ 250 c.e. 
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Thu results of the present experiments are different from those 
“f first author as will he evident from a glance at the numerical 
values of x and ' This difference is appreciably largo in experiments 
V io X (Table Jfl) and is probably duo to insufficient time for equi 
librium and also to the fact that the quantity of AgCl dissolved in 
i he chloride solution decreases with the rise of Br' ion concentration 
in the solution, as shown in the last column of the Table T IT, fn Ras¬ 
ter's experiments, however, the total quantity of silver in the precipi¬ 
tate seem* t« take a mean value, vix. 0 004 mili-mol which doea not al 
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ter regularly with Br ion concentration, as expected from the above 
experimental result-’ and the following consideration— 

The change in the solubility of AgCl in \ T »CI solution which mojn- 
Inins a nearly uniform concentration in different experiment* is mainly 
duo to the change of Br' ion concentration (cf r Table VA ). If the' 
solubility hi> due to the formation of a complex salt of the type 


lx being an unknown integral number) which * tariff ft in equilibrium 
with Ag' ion and Cl" ion, according to the following equation ;— 


Ag ■ (CIT 

AgCJ^ 1 1 


= Fount ant-. 


Then evidently the concentration nf the dimple* srilt wit] be pro 
portions! to the product of Vg X (CT?% The concentration of Cl r is al¬ 
most constant in out* e x peri men K f while the concentration of Ag ion 
falls with the increase of Br ion. concentration in " lie- solution. So the 
product of Ag'x (€!')■* will fall and along with it the solubility of AgCl 
in the solution. I n vn Analogous wav Uodlandur and Fitt ig [Zeit . Ph tjs 
Uhems. 3b, fflOS) determined the solubility-product i>F AgBr in aqueous 
solution by observing the solubility of AgBr in ammonium hydroxide. 

I t nmy be observed in Table LI that though K, and K vary with 
in wide limits* in different experiments, their ratio, viz w is almost 
constant, 

Kiister assume* that in the case of AgCl and AgBr when freshly 
precipitated * each mixture works ns a single pha^e towards the? liquid 
phase staying wdth them in equilibrium i.e, forms an isomerphous 
m&tiirc. rV He however mentions a different eomduniim arrived at by 
Spectator, namdy, that an Isomurphrism mixture of AgCl and AgBr is 
either not. formed at all or is formed only tn a small extent, 

Theil (Zeti, aimrp, Cktm , u Jt [ 1901 tjJ determined the concen¬ 
tration of Ag ion in the solution of Klister's experiments, bv the 
mcasu rein cuts, E.M F. of eonoentration cells, He concludes, ^gener¬ 
ally, the solubility-product of each salt is constant, so long as the ac¬ 
tive maas h constant and pure* but with the formation of iaomorpbous 
mixture, its active mass alters, consequently the solubility and the 
solubility-product, from what it is in pure condition, iT 

Thus supporting K listers conclusion of formation of isoinorphous 
mixture he further points out that * 4 AgCl and AgBr arc completely 



400 


3JLVBH CML0BT1)K AND HILVKH BROMIDE* 

miscible with each other and the concentration of Ag' ion in the solo- 
lion will depend upon the composition of the mixed precipitate. u 

The tort column of the Table IT thorns that tlm ratio of AgBr tn 
Agd ia fairly constant front experiments ITT to IX to which Raster 
ascribes the following reason : 

11 The concentration ratio of 01 ami Br* iona is always that of 
ionised AgCl md AgBr, thus : 

Unditoocfate d AgBr _ Total KBr 
UndusochLed AgCl ~ Total Kf'l 1 

On diwc ialod AgBr Uudifisncmted (AgCl and AgBr) 

" Total KBr ” TotalTOSriiid"KOI 

The right band side of the equation is constant when the precipi¬ 
tate contains almost wholly AgCl p lienee the left hand side also. 
That is, the partition ratio of AgBr between precipitate and solution in 
nearly constant (cL exp. [1! to IX, Table II). 

As a matter of fact, the AgBr ip assumed to be completely disso- 
qiated to Ag' and Rr ions (its solubility being extremely small]* Hence 
I he concentration of u undisecciated rE AgBr is quite an indefinite 
quantity and inadequately chosen to explain tho phenomenon. Again, 
from this explanation it is natural to expect, an identical relation 
existing in the case of AgCl in experiments containing mixed precipitate 
poor in AgCl From the results of the experiments this is however 
not possible to show. 

On the other hand, if such complete miscibility be possible in the 
mixed precipitate the abnormal values of * in experiments I to VITT 
(Table II) stand unexplained. 

He nee the existence of isomorphous mixture of AgCl and AgBr is 
quite doubtful, ns pointed out by Speckator. 

Let uh suppose that in Klister's experiments, AgCl is first precipi¬ 
tated, and in the solution the product: 

Ag’ k Cl = Constant. 

which is equal to solubility-product {SP) of AgCl In the presence of 
Rr r Ion) however, the concentration of Ag ion is too high since the SP 
of AgBr is abo.it I 300 of the SP of AgCl The concentrations of Ag' h 
i\ and Br Ions therefore road just themselves in a definite way, since 
the same ultimate condition is possible if AgBr is first precipitated 
(Gf, Expt, VI and Vlf. Table I). 
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Thun it will be interesting to study the equilibrium of fmetinnal 
precipitation, from the stand point of variation of Agrinn with the 
change of concentration of Sr' and CL and also the change of the ratio 
\eCI to AgBr in the precipitate. 

The concentration of Ag' ion in different experiments (alter HNO, 
was carefully neutralised with N^CO.) were determined from K M F of 
the respective concent ration colls. 

In the following tabic the concentrations are given in grain-mol®, 
|M?r litre nnrl the symbol P represents the product of concentration of 
the three ions vi*. Ag' X Cl' x ftr'. 

Table l Va. 


Contentmliom are given in gram-mat#, per litre. 
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The magnitude of P, compared with the change of the ratio of 
the halogens, in solution, is nearly constant from experiments V to IX, 
hence in the presence of both Cl' and Hr' ions the cone of Ag' ion is al¬ 
ways definite in these experiments This is only possible when the 
magnitude of EV, lies within certain limiting values the minimum of which 
is probably 0‘004 {c*. Expt, Vt, Table lVa) and the maximum is near¬ 
ly unity. When lt r is beyond those limits, the cone, of Ag' ion varies 
with one of tho halogens in the -sense of the solubility-product of the 
respective salt. The distribution of halogens in the precipitate and 
in the solution under such conditions is indefinite, hence the abnormal 
magnitude of - in experiments with low cone, of Br' ion (cp. Table II)- 
When ft', is however within these limits, and the precipitate con¬ 
tains both AgCl and AuBr, both exerting their respective solution pres¬ 
sures, with a rise in the cone, of one of the halogen inns, say, Br' ion the 
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reaction will proem) in suoli a way that more of the CJ J ion will strive 
to pass out from the precipitate to the solution. But AgBr in the 
precipitate will also exert its own solubility pressure and try to alter 
the cones, of Ag' and Hr' ions according to its solubility product. 

The two forces tend to counteract each Other, an in the final equi¬ 
librium, the cones, of the three ions readjust themselves in such a wav 
that the diminution of Br' ion is compensated by a rise of Ag' and C’ll 
ion*. In the experiments we are Considering, the amount of total 
halogens in the precipitate is always about 1/100 that of the total 
halogens in the solution. Therefore, the transfer mat ion of one halogen 
jialt. tn the precipitate to another wilJ proceed in a definite way in the 
s y*t«iu, and the final composition of the mixed precipitate will depend 
upon the ratio of the halogens in the solution. That is. the ratio of 
R : R will hi*constant. 

Finally, the influence of solubility of the two sparingly soluble salts 
ou the equilibrium will ha considered 

We have seen that in any experiment- 


AgBr Hr' 

a*.i = tr * 


which is nearly constant, i.c. 

Ilr AgCI 

raking the cone? of Ag' ion ;oorrcsponding tn any experiment) 
both in numerator and denominator, we get: 

AgBr Ag’ xCf ~ 

a^tsf * ~ Agci ' ConsUnt - 


t * kz . _ Ag* k Mr 1 

U,S '- .VI AgBr ■ 


We Imve already seen that in K lister's experiments (III to i X1 the 

ratio 

AgBr : KBr. i e„ AgBr : Br’ is equal to a constant quantity. 

Thi? however doe* not hold good in experiments with higher con¬ 
centration* of Br’ ion, Thus, it will bn of interest to note, it has n 
similar ratio, via. 


in different experiments, 


Ag' - Hr' 
AgBr 
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Again, since, 

st * B^Cbnatnnt, 

if one of the factor* in the left In ml tide be instant the other will 
also he constant. In the following table these qtiontitioa are recorded :- 
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Tt- will be noticed that both ^ ami S are nearly instant in the last six 
experiments. 

Where we have only pure AgCl or AgRr, the expression* 3 L ami 
S t are of no significance. But in the experiments, we are considering 
there actually exists a rather remarkable relation between components 
in the solid phase and those fn the liquid phase ; himoo, the following 
discussion seems to be permissible. 

The ratios of the absolute value of S. and S to the solubility* 
products of AgO and AgRr are represented in the table by A and B. 
It will be noticed that both A and B arc nearly constant anti also that 
Urn ratio A t B may roughly lie assumed to bfc equal to unity. Though 
the absolute magnitudes of the former are of no importance, they 
however point out the following remarkable relation : 

* B S M SF of Ag Cl 
T “ A *S, “ BP of AgBr 

As a matter of fact, the ratio of the two solubility-products are * 

I Ox lb 1 * 

-* T 


fl-5* 10 15 


mi 
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It will bo seen in Table III,, that the mean nine of ■% vi&. 204 agree* 
remarkably with the above on* in which the solubilities of AgCI and 
AgRr are taken from Theil. 1 

The magnitudes of the solubilities of the sparingly soluble salts, 
evidently, exert a significant influence upon the equilibrium which we 
ure considering 

Conclusion#- 

I To explain the eq nil i brio in in the fractional precipitation of 
\gr| and AgBr fc it M not necessary to assume the existence of an ho- 
morphOiis mixture of the two suits. It can be treated as a general 

case. 

II fn fractional precipitation of two sparingly auln bio salts, the 
more insoluble one exerts a greater influence, in the readjustment of 

hn components in the solution and in the precipitate. 

HI In Kustcr'a experiment® (X to XVI table TI) the doncentra- 
don of the halogens in the solution and the small quantity of AgXG* 
used are quite suitable for the more sparingly soluble component viz, 
Itr ion to manifest its influence in a definite and tegular manner 
Hencn the ratio of Bromine to Chlorine in the precipitate alters in a 
definite way with regard to halogens in the solution. 


i fi+ii m ciniTp, Chttn , (IWOC). 


SOME METALLIC ARSENATES AND PHOSPHATES. 


Ln.AKATfDA Gun A, M.Sc. T 
Sir Razhbchari Ghosh Reswrch Scholar 

The Him of this paper is a comparative study of some of the 
metallic arsenates and phosphates. The comparison between these 
rests mainly on their mode nf formation and composition. An attempt 
has also been made to examine closely one of their interesting physical 
properties, that is the molecular volumes of some of the arsenates and 
their water of crystallisation and a striking result has been obtained in 
this connection. 

An regards tile arsenate- 1 , salts of eighteen different metals < Vi, Ni. 
Mn, Zn, Hg, Mg, On, Pb, Bi, Sn, Ag, Gl, Fe, Cr, U, Th, Ce and V have 
bieu studied. The arsenates are produced by two distinct methods. 
Firstly, by a double decomposition of a salt solution of one of the metals 
with a solution of a sodium arsenate N r 4 HAaG, ,#H,0, and second 
ly, of a salt solution with the powdered insoluble calcium arsenate 
CaHAsO t ..rH O, in suspension in water. The former Lakes place in the 
cold and the latter in thp boiling state, the salt whose arsenate is to be 
formed being kept in great excess in both cases. The chief point to 
note is that by these two simple read ions instead of obtaining one 
and the same arsniiatei, products of different composition are often 
formed. 

As regards the phosphates, a similar investigation was made. 
Phosphates of only sis metals were studied, viz. Co, Ni, Mil, U, Th and 
Ce. They were produced by the action of different metallic salts 
with sodium phosphate Na^H P< >, *H .0 and calcium phosphate 
Ca 4 (PO,For the first two metals, the phosphates obtained by 
both the methods have been described, whereas for the lust four, only 
the second method has been tried. Nickel and cobalt gave by both the 
methods nne and the same suit, viz. Ni (PO 4 } r ?H,0 and Co ( (PO + } t .?'H t O 
respectively. Mn, U, Th and Co gave on the other hand, Mn, (P0 4 ),. 
5H*0, UfIP0 4 . afl.n, ThP,0,.6H i 0 . andCVPO t . t’H .0, respectively It 
is to be noted here that the last three salts are exactly analogous to 
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tlw corresponding wwnfttw EIHAs0 4 .5H,0 t Th AiV> T ftW t Q and t >A«O t - 
-H^O, obt^iiifd in n similar manner. 

Thf h litorsiture nf nisenat-frs and plio^pbaf^ is a. vast one umi ivell- 
known authors like Beiielim, Row, Graham, Cotoriano, Mitscherlie, 
Wittstein, Salkow.ski, Lefevera, etc., have worked in the field for man 
than jt century. References to tin* known compounds are given in the 
practical portion of this paper along with the new ones described there¬ 
in, to sum up, the following arsenates and phosphates have been 
mentioned: C« (AsOj,.eH ACojAsOj,. and Co (t>0,) r SH.0 . 
N'UA«U t } v .8H f 0 and N'i J (P0 4 > t 7H t 0 : ZryAsOjand ZnHAsO*. 
iH *° : Cn (Aa0 t ) : .hH J 0 ; Mg rAsOj, sH ; 0 ; Cd (AsOj,.H/> and 
CtfHA«>,; CeAsO. JH f O, CeAsO.BH/), and Ccl»0,.2H O: Sn . XsOJ,. 
8H ,°: l 1 V I (Ai?0 4 ) r a'H l 0 J and IkVO ItA^Q^oiH.O ; Ag, AsO,) 
Bi(AHl).), and Bi 4 (As ( 0 ; },; BfcfA'OJ, and Hg (AsO ),; 5 MnQ SA^O 
5H A MiillAsO,.:U FI.O and ,Mn (PQ t ) 1 .aH 0; O ( (Ast>J,.10H,O and 
3Cr, 0t .2Aa,0 lJ 2SH J 0 ; •HJJO.Aj 4,0,.«H,0 and 4G10.A*.0,.7H 1 0i »VA- 
AuA.iH O and 3 V 0 I .A> < 0 I .10H I 0; PHHAflO* and 3Pb0.2Aa 4 0 M 
UHArtt) 4 .«H.0, (U0 f )HA*0 4 .l|.Hj0 and UHP0 4 .5H l O ; ThAs0 ; .«JH 6 
and ThP^O-JiH.O 

Having obtained normal arsenates of some of the me tals with differ¬ 
ent amounts of water of crystallisation, e.g, Co,(AsO^.tiHj) and 
COjtAsO^.SHA and remembering that molecular volume of water of 
crystallisation of arsenates of heavy metals have not been studied, it 
occurred to tno that there might be some interesting relation existing 
in the different molecular volume* nf the water of crystallisation of these 
arsenates. With this view in mind the specific gravities of such 
arsenates both in the hydrated and the dehydrated states were deter¬ 
mined, whence the molecular volumes of each molecule of water of 
crystallisation in them were calculated ns will be noticed Inter on 


ExPSftJ MENTAL. 

The Artenote*. 

Co^AsO^.SH.O. 

About 1J gms, of cobalt chloride in 200 e.o, of water wore treated 
with .1 gms of calcium arsenate CaHAs0 4 in suspension in 00 o.o. of 
uater in the boiling state with constant stirring, A rapid reaction 
ensued and a very fine pink precipitate was formed. The whole mix 
fore was kept boiling for half an hour and set aside overnight. It was 
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washed next day several times by decantation with hot water and 
finally washed on the pump free of chloride, etc., and dried on a porous 
plate at the room temperature Of 28 -30° for a day. Thu salt js in¬ 
soluble in water hut dissolves in dilute acid?. 

1. fl'2072 gave 0-0726 Co and 01262 Af^A^O.: 000=44-5:1, 

As.Oj—45-111, 

The arsenate obtained above was boiled once more in u concentrat¬ 
ed solution of colmlt chloride for another ten minutes and washed 
and dried as before. The second crop on analysis proved to lx* of the 
same composition. 

II* 0 3071 gave (I 10f>4 Cn, and 0 1837 Mg,As 4 0- and 0-4941 gave 
0 0669 H,Q: CoO—43-50, As, 0>= 44-28, H,Q= 11*46, Co^AsOj.Sff.O 
requires CaO^H M, As I D l ™45 1 18 H,<)= 1002, 

CbdAsOJ.jtH.O. 

To tibntit 15 gins, of cobalt chloride in 250 c.c, of water in the cold 
were added in ft thin stream 10 gnw. of Na H A*Q 4 in 50 c.e. of water 
The precipitate obtained was washed with cold water, and dried on a 
porous plate at the Temperature of 3(t°c. for two da vs. 

1. 0-4051 gave 0-1280 Co, and o-22lUi Mg ( As ( {> ;—CoO_4u 17, 

Art t O,.=40-29,. 

II O'3130 gave 0 0974 <’o, and 9*7168 gavoO 1410 H f Q ; -CoO*= 
30TiH t H,0= 111-7 f ! Co,(ArO + ), OR 0 requires CoO—39*9(1, A-i.O = 411 85 
K f O=l9 lit. * 

Ni,,{AsOj ( .si[,o. 

A salt nf the above onmposition was obtained by the methods 
described above By the * L CaFTAhO,’’- aietliod, 0-3706 gave 0-1360 
XiO, and 0-1900 NiO=3&-70, ^0,-38 08. 

By tlie ■* NaHAsO, ’’-method, 0*3226 gave 9 1199 NiO and 01075 
Mfi J As 1 0*.Ki0=3 7" 17, As i 0 4 = - 38 l 43 ; Ni,(A80 4 ),.!<R J 0 requires CoO= 
37*46, AB,O v =3fr45 H,0=2 4* Ut.t 

SMnO^Aa^.fil^O. 

29-25 gma. uf manganese chloride were dissolved in ISO o,e. of water 
to which 5 gnus, of calcium arsenate in J00 o.e. of water were added 
dowly in the boiling state. The subsequent details were as noted in 

* ; XarnH-u (PoQff Ann* ^^£613). 

t Nil (AfO^aHiQ E ( “otoripinfi iButl. &Qt. Ofotn. 45+ 2-| | B 
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the preceding. The salt was dried at 27 l 5 s C. for a day. ft has vary 
faint pink colour and dissolves in dilate adds. The probable reactions 

arc:— 

CnHAsO, +■ \InCI,=MnHAsC^+CoCI,, 5MuHA60,+- flH,G=BHaO 
2A*,O s . 5H t 0 + H ,AsO, +- H,0. 

I. gave 0*3219 M^F/), and 0 2767 As^O,; —MnO—40- 2fi 

A*,0,= b *'25. 

IT. 0-2337 gave 0*1920 Mn 4 P,O t and 0*1375 As f S ; —MnO=40*65 
49-51. 

A second crop was produced by boiling the first with a conccntrat 
«d solution of manganese chloride. The composition remained cons¬ 
tant as was the «ise with Co (AsO^.SHjO, 

0-3486gave 0*2758 MnP,O t and 0*2324 A6,8, MnO— 3987; As,0 
= 10-82, 8&ln0.2A* s 0,. 8^0 requires MnO=39 22 ; As,O v =30-82. 

Coloriann obtained the above salt by the action of NtijIlAsO, on a 
manganese salt in solution and by boiling the salt formed in water. 

MnHAsG*.34H,0. 

This arsenate was produced by the interaction of a solution of 
Na^HAsG, and SlnCl, (7: 2i) in the cold. 

f. 0 4215 gave 0-2470 Mu PL), and 0*2446 As ; S t ;-M n =22-67 ; 
AsO t =5l OH. 

! L 0-5101 gave 0-3078 Mn.PO. and 0 3351 A»,S,Mn«=2l.67; 
AsO,=53 02. Calculated for MnHAaO,.3JH f O ■ Mn=21*31 > AsO- 
33*8. " * 

7a\ (AsO^.LiH.O. 

About 24 gms. of ?.inc chloride were dissolved in 150 c,c, of water 
just acidified with hydrochloric add. To this solution were added 
gin:s. of cilcium mwnMi? iu the usual manner. 

I. 0 3856 gave 0*301ii Zn(\'JIjl > O t and 02025 A*.S, ZnO= 
4«-29, Ap 1 O j ,=42-2I. 

If. 0 2813 gave 0-2880 Zn(XH,! PO, and 0* 1 620 Aa,% m,d 0 3201 
gave 0 0336 H/l ; —ZuO«=4Gfl5; As^O,== 42*64; H/>= in-au.Zn.lAsOJ,, 
3H.0 require re ZnO=40*21; As,0 =43*56; 11,0=10*23. 

Zn HA ft 0,-311,0, 

A salt of the above composition wag produced by bringing together 

a solution of sodium hydrogen arsenate and iino chloride (8:20J in 
the cold. 
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L 0-2131 gave 0 1 1470 Zn(NH 4 )PO, and 0'12S3Afl&Zn—26’26; 

AsO t =63’ 9. 

II. 0*2883 gave O-20Q3 Zn(NH ( )FG, and 0-1734 A@,S* Zn= 
26-4-1; AsO*“63 36 anHAsO^l^O requires Zn=26l9; AflO*= 
53-6611,0—81-24* 

4F« i 0 l .3A^0 l .3lB 1 0. 

This arsenate was produced by the action of calcium arsenate on 
a solution of ferric chloride, the proportions being 1:0. The other 
details were exactly as described before. It was tried on a porous plate 
at 23°-26 q C, for four days. 

I. 9-2230 gave 0 0816 Fc,0 a " d 0 1210 AajS, i—F« t O,—36-41; 
As f O B ^ 40 06. 

II. 0-3699 gave IH 34 K Fc^ Fo,O,==30 44. 4Fe,0, SAs^O* 

2113.0 requires F<S,0,,=37'S2 ; As ( O,=40 39; H.O— M*09. 

Fe t {A«0 < ) r *M 1 0. 

A solution of ferric chloride containing 24 gins, of the salt in 15 
c.c, of water was treated in the cold with a solution of 10 gras, of sodium 
hydrogen arsenate in 100 c.c, of water. A gelatinous creamy white 
mass was obtained which dissolved in excess of ferric chloride solution. 
By adding the whole of the arsenate solution to the ferrio salt a product 
was loudly produced. It was set aside overnight, after which it waa 
washed and dried for five days nt 24°—25 3 C. 

Under ordinary atmospheric conditions it was found to be ex¬ 
tremely efflorescent. A sail of constant weight was however obtained 
by keeping the same over concentrated sulphuric acid in a dedicator 
for a long time. 

0-4283 gave 0 1772 Fe.O, and 9-3363 AsJS, Fe i 0^4l-38; A3,0 
^68*70. !->,(AsOj, requires Fr t 0 ,=41 03; A»X>. =68117. f 

3Cr I O,J2Afl i 0 t .28H l O. 

This was produced by the action of calcium arsenate nn a solution 
of chromic chloride, in the usual manner. 

* An ftwcLufe ZttjJ 311 r O id dvNrlibed by KoHtg (J. Prttki. Ch#m. 48, 182) 

Dohray ctlifei mentions of ^nHA^> 4 H.O {Buif Soe m Chrm* 14) 

t An ft fill Ah’fi-nata JiH obtained ami whitn pwipiUto by arising 

N*I|HA$0 4 to a ^million f>r feme chluriida i* ibttfinltd by Row* {Ttwali*m of Ghmuiry 
I0IJ| Vol 11, IS4&.) 
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The unit has a fine deep green colour and dissolves in moderately 
strong hydrochloric acid. 

i. O-i« 0 » gave n-083iCr ( n and 0 If*! Aa^. ;-Cr,0 =31 06 ; 

As.O,=;tM)li 

II 0-250S gave <Hi«32 CriO and 0‘1154 A« ( 8 t ;—Ct 4 0 1 =32*08- 
As f 0^321>S. 

20,0 . 2As,0 t ,2«H,0 requires Cr ( 0 =32*34; Aa.0, = 32-88; H,O t 
= 3508. 

Cr ( {AsO t | t . lOH^O. 

This arsenate was obtained by bringing together a concentrated 
solution of chrome chloride with a solution of sodium hydrogen 
nrscuatv. 

i 0*3828 gave n*Sl 17 As,*, ; and ir 1043 Cr t (> :_As,O t =40-98 ; 
Cf,0 J =27-24. 

Jl 1 * 29*7 gave IM 5 I 12 Ah. 8 . and *l-<i 77 o Cr/lAs,<^= 41 » 3 « : 

Cr, 0 ^ 28*85. 

Cr f (AaO # ) t . 10 H t O requires As, 0 »— 4 ft-R 2 ; Cr/i — 27 04; H Q=_ 
3204. 

During the estimation of water of hydration of the H idt R was 
noticed that the substance began to give off water from H) 5 ° C. the 
dehydration was perform*! at IToC add it was found that at this tem¬ 
perature the salt lost only 8 out of tO mol, of water nf crystallisation 
(. 0*3250 gave OGBGfl H.OH, 0 = 24-43. 

11. 0*3061 gave 00800 H,Q H ( 0—£ 4 - 31 .. 

(>jAs0j f .8H,O requires H .0=24*61. * 

iBeO.A^O^.OH.O. 

About 4 gm* of Beryllium oxide were just, dissolved in dilute 
hydrochloric add and the hardy acid notion m[ ,a e up to i 50 Cp 
'I’his was treated in the boiling stale with about 3 gnu. ol CuHAhO in 

the usual manner. A fine White precipitate was obtained, which wan 
washed and drii?d 

1. 0*3231 gave 0*06*9 ReO and 0 *008 AlA ;~BeO= 20 OB • 

As,o,^4n m> ' 


. ‘ w TiwjTTu n W *».<***«>** -HiO » Ke.^. -„ u , wmwita* 

(ihoaptiata r 4 (POjJ,. 1-11,0 hwciTf m ttirnljaneij bv Kiunnuhlvrf ,M_ t 
:H0>: Btimt [r. ff„ 9 f p mi}. (Pw*. Ann. £$, 
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11. (.1-531 sgave 0 If>52 GIO and 0 3338 As.S,BeO= 10 7ft; A^O, 
=413-80. 

lBeO-A»fO t .9H s 0 moires BeO=2tl'32; As i O,™=40 74. 
4Be0.As i 0 i .7H I 0. 

This Kilt wns obtained by treating 3 gms, of Beryllium oxide in 
hydrochloric acid solution and 3 sms. of NR,HAsO t solution in the Gold. 
0*2801 gave 0 0590 BeO .md 0 IW7 At^S,BeQ=*20*93 ; A9 f O t — 

51 * 71 . 

4B»0,i requires BeO=21-92 ; As^,—60*43. 
Cu„(A*OJ 1 .SH f O. 

28 grms, of cupric chloride in Him c.e. of water was treated in the 
boiling state with 5 gins, of CaH AsO t . The product wits dried for two 
days at 22 3 -23° 0. Tim sail is blue. 

0 4202 gave 0 2272 MgAs.O and 01704 Cu,S ;—AnyO s =39*47; 
CoO—41*7. 

Cu,(AhOJ t .OttgO requires Aa f O,=3ll'03;—CuQ=41'31 . H ( G= 

18*70, 

The salt gave up water from 105 C. onwards. When the drying 
was performed nt 180° C, it gave up water corresponding to :Ul .O ami 
not to fJH.O. When submitted to a higher temperature of 21 <> C. no 
further setting free of water of hydration was noticed. 

0-3117 gave 0 <*49 H/> H/)— 1011U 

Cu,(AsO t ) f .3H ,0 requires H_0=&-38, 

By treating a solution of cupric chloride with iVadf \sO t solution 
an arsenate of the same composition was obtained. This also 
gave up only 3H,U out of it 6H S Q, 

0-3600 gave 0-1922 Mg..As t O T and 0*1478 C’u^S and 0 4307 gave 
O'0483 H.0at 180 1 C As,0,=39*62; CuU=41*04 * H/J= 1 0 98,* 

A&t&aO,). 

Silver arsenate of the above composition was produced hy both 
the fcS raHAaQ*" and the n Na A HA b 0 4 f# *meLhod, It iiaa a chocolate 
colour, f 

■ Ctabriftan tJUHuimis of thn nrwnalo Cuj^( A*Q 4 ) £| 4HiO (O fl., WB. 273}. 
f J &\y [V.H r, tt}l m 1073} obtained (Jus ajubh niEi by the addition ol nr buck* acid or nn 
Jkikftli nrut,-ruiL l> tu 4 i tilvAJ* njtrain solution, 

C 27 



412 


K0J1E METALLIC ARSKNATXS >N L> t’JloHt’HATBS. 


Hg,(Afi0 4 ) t . 

About 20 gnw. of me rear fo nitrate were just dissolved in nitric acid 
end the solution made up to 20<l c.e. This w;is made to react with 5 
gins, of OaHAsO, in the boiling 4nte, A heavy pair yellow pri’cipitntt* 
was formed which wns washed and dried as usual. 

I. 0 3I51S gave 0 2S69 HgSHg=Gfi 37. 

II. 0-438fi gave (1-34611 FTgS;- Hg^fltKlI. 

Hp.fAaOj, requires Hg=6J4‘37. * 

HgfAaQ,,),. 

Ihia was produced by bringing together a solution of 2<* gtua. of 
HgNO in nitric acid with a solution of Na,HA«0 t in the cold. The 
heavy yellowish white precipitate was kept aside for five hours, and 
finally washed und dried as u-cm I 

The salt contained no water of crystallisation and proved to be 
stable even at 1 SO" C. 

Simo-n [Potytj, Aim., 41, 424) prepared the corresponding nier- 
ourouii salt Hg,(AaO )„ in the following manner. II© first obtained the 
salt Hg,HAsG 4 by the interaction of an excess of arsenic acid and mer¬ 
curous nitrate. By adding an excess of If AsO t to the salt Hg t H(A*0 l t 

and on evaporating the mixture Hg^AoOj, was produced ns a whin- 
powder. 

The formation the t ean ho explained thue—- 

2HgN0, -I- H ,AsO t — !fg,HAsO t + 2HXO 

Hg 1 HA«0 1 +H AsO.^Hp, (AsO,),-i-2H.O.i 

A similar explanation might be offered for the formation of 
JIg(AsO,l t . 

llg X0J,+ Na.HAsO,^HgHAs0 4 +2NAX0*. 

HgH As 0 4 + Xa,] I A*0 4 + 211 NO - Hgf .150,),+2X*NO + 21+0. 

3Ph0.2As 4 0 4 . 

This was obtained by Hie arliun of CaHAaO t on a just acid solu¬ 
tion of lead nitrate [4 : 10), 

I. 0‘4»6G gave 0-4011 PbSO,;—PbO=69-6f>. 

n. 0"3SlO gave 0-3061 PbS0 4 PbO—SB-12. 

3PbO-2A» i O, requires PbO=5G - 25. 

* Thft mercurou* mlt «ri«n Coldrknu [<? H.. HU. J73; The corre*- 

po nil inn plitwplinU' Hjurl'O.jj s- Mill ro be flitn iiu-d l.y aJiiliut Na,UPO ( to it nUgllllr 
■‘■id imliitwin of Hfr.;XO.a llliui.t, ‘ WOcIn CtnlratbUtiM, 7SH [IH-jljJJ. 
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PhHAsO*. 

this arid arsenate was the result of the interaction Ns,HAiO, 
with a barely acid solution of lead nitrate ( S: 13). 

0*3270 gave 0-2R74 PbSO,, and 0 )4 74 As « r , ;— PhQ—04-09; 
ArO s =33'47. 

PbHAsO, requires Pb0^ti4 r 29; A(*,O t = 3,*H3, 

BiAsO t . 

The above bismuth salt was obtained bv bringing together a just 
neid solution of bismuth nitrate and CaH \sO t in the nsunl manner. 

I. 0*6001 gave O Jftoll Ri.S ;—Bi=6O-02. 

II, 0-3616 gave 0-2600 B i, 8 ;—Bi = 604(1. 

BiAsO* requires Bi=59 0G. 

Soheider [J. prttkt. Chtm, &). 41S] and Salkowsky [Iliifl. ttt-t, 
1 —0| obtained BiAaO a .|!l O by the interaction of arsenic add on an 
acid solution of bismuth nitrate. 

Compound- - Bi t ( As t O,),. 

This win produced by treating a solution of bismuth nitrate and 
Na 4 HAsO t in presence of nitric acid (6: 7). 

]. 0-2863 gave 0-1660 Bl.S ;~Bi=56 S4. 

II. 0-326# gave 0-2201 Bi/s, ;-Bi—5#'80. 

Ri + (Aa/),) requires JJi~=55-0U. 

Cd.( AsOJj.HjO, 

This arsenate was the result of tho interaction CaflAaO* with 
cadmium chloride t5:2i>) in the usual way. 

05196 gave 0-3163 CdO. and 0 2027 AsA : -CdO^UO‘87 ; As O, = 
36*44, 

104SO gave 0 0246 H ( 0 at 190 s C;—H i O=2'46, Cd^AsO^ . H.O 
requires Cdt)=60-75; As.O, ^=36’30 4,0—2‘&6. 

CdHAsO*. 

Tho above sntt was obtained by treating a solution of cadiiim 
chloride with Nn. HAsO t 

0-665* gave d 3060 CdO, and 0-2031 Od—44*06; AsO, - 

55 58, 

CdH Ajj 0 4 requires Cd= 44-62 ; AsO t =55-3S. 
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Snlkowaski obtained the Halt 0d t (As0 4 J,. 3H,Q by the interaction 
of N^FIAsO, on CdCl t solution anrl !iot the salt CdHAsO.. It is prnb- 
able that the reactions proceed: thus Nn t H As 0 t +CdCI,— Cd H AsO. -f 
SNaCI.SCdHAsO^ —s- Cd ( Aa0j t +3K AsO t . 

Mg (AsO*) |t 8H t O. 

This was obtained by the interaction Na.HAbO* with magnesium 
chloride, the proportions being I) : JO. 

0 3082 gave 0*2601 Mg,P,0- and 0 24 07 

0-7081 gave 0*2032 H ; 0 at 102T,Mg0=24*47; A?,0.—4«'4ft; 
T^O—28 60. 

Mg ( AsO,) t . HH.O requires MgO= 24*44; As ; 0 % =46 4fi; H,O=20, 
Sii^AsO^.SFljO. 

The above stannic arsenate was obtained by bringing together a 
solution of stannous chloride containing 15 gms. ol the salt and 5 gras, 
of CafTA»Q, in the boiling state. 

I. 0 3388 gave 0*1046 SnO t ; and 0 150ft A»,S,SnO t -=57*44; 
A^O, *32-08. 

II- 0*318 g*vo 0*1824 SnO, and 0 1408 As.S,. 

0.603.1 gave O OB74 H t O at 180° C. ;—SuO,=57-33; As 0 .= 
32*70; 11,0=072, 

Sfi^AsOJj.SH^O requires SnO,=r>7 28; As.0^32 53H/)= 1 O* Ifi. Cf. 
Sn^AaO^.eHjO; Williams [Proc. Qhetn. Soc, t Mane! iester, 16 , «7|. 

ThAs t 0 r 8H 1 0. 

S gm*. of thorium nitrate were dissolved in 1511 c.c. of water. To 
this were added 3 gms. CaHAaOj in the usual way. 

The formation of the salt can be represented thus :_ 

Th(KO, + Call AsO t =Th, H 2U(XO J r 

Th( HAeOj,-—>ThAs p O t +H t O. 

I o 2542 gave n 1105 ThO, and 0 1306 M^Ab.O. ThQ s =43 37 , 
As t O l = 38*03, 

II- 0 3350 gave 0*1450 ThO, and 0*1720 Ab^S, ; ThO--=43*20* 
As.0^—38*05, 

ThAs O.. 6H t Q requires ThO t — 43*86; As t 0^3s 25, 

No pyroaraenate ot thorium seems to exist- Cl eve mention* of the 
corresponding phosphate ThP 4 0 r 2H 4 0. 
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UHAe(V5H a 0. 

This salt was produced by treating a solution of uranium acetate 
with calcium hydrogen arsenate in the boiling state (6; 3), 

t. O' 4004 gave 0*1308 As,S, and 0*2385 0.0.;—AsO =2i> 85; U*= 
50' 53. 

IL 0-8850 gave fHSfiB A^S, and 0 2301 0,O E ;—As0 t =2iMfi ; 
0 - 50 - 09 , 

0HAsO 4 .5H B O requires As0 4 — 29'72; 0—5n-ft5, 
tDO }HAs0 4 Amp, 

The above salt was obtained by adding a solution of Ma^HAsO^ to 
a solution of uranium acetate. It is alighity soluble in water. 

f. li’2741 gave IH875 UO and 0 1011 UO,—; 

AsO t ^3304. 

11. 0-2118 gave 6*1283 UQ,;- UO =«V0 43. 

(D0|)HA®0 1+ l|H,Q reqiurea 0O 3 =8O*58; Afl0 4 =33’42. 

Ehelmen describes (UO*)HAflQ 4 .4H t O [Ann* efttm. Phya. t (3), d, 22u|L 

nVA A%0 I+ 4 H y O t 

A solution uf vaimdiiuik ehlordc containing 0 gm&. of the salt m 
ITjOc.o. of water was treated with 3 gms. of OaHAs0 # in the boiling 
state. A rapid reaction took place and a pale violet flocculeht predpi- 
kite was at first obtained which on prolonged boiling assumed a fine 
granular structure The final product dried on a porous plate was 
of green colour. This was mice more treated with a boiling solution 
of Fairly concentrated vanadium chloride solution arid washed and dried 
as usual 

I. 0 3031 gave tv oft20 As 8 and 12 4 c,c, X ft KMnQ + were used 
up in the titration of the vanadium;—As/) fc =1830; V 0-,=74O3. 

IL 0*1770 gave iro32fi As^S and 28-82 c.c. N/^KMnO + were used 
up in titrating: the vanadium ; — As^O — tfi’ 32- V t 0 .= 75*02* SV^O, * 
A^O^SHP require* A* O =1*97; V.O, -75 is8; If 3 0=5 95, 

gVO..A^0 6 .UiH t O. 

This compound was obtained by the interaction of vanadium ebb- 
ride with sodium arsenate in the cohi 

The final product wan green and was found to be very slightly 
soluble in w ater. 
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I 0-2024 gave 0 0*29 As.S and 2UB2 v.e, N/*, KMnO, were used 
tip in the titraiion of the vanadiumA^0,=29-03; V,0,=4713. 

If. 0 4712 wave 0 H58 As S and 48-8 e.e, of KMnO* were 
ri¥od up in the titration of the vanadium ;—As O k =2S*8fl; V r». = 47'2l. 
-V.O..A^O, 10H*0 requires As,tl =29 71 ; VjO,—47-02; H*0=23 29. 

The compound A^O V'_(),, 1 • > 11 0 also called arcenovanadic acid 
i» said to be obtained when V O is heated with arsenic acid. It forms 
yellow crystals. 

It therefore appears that the above two compounds are quite 
different products. 

CeAs<) t .2H.O, 

This salt was produced by treating 5 gtp*. of wriiini nitrate- with 
2 gnifl. of CrHAsO + in the usual manner. 

I, 0-3san gave fHftUg GeO* and 0-1*25 MgAsqO. Oft— 43 98; 
Ah0 4 =*43‘91, 

il. 0-2*52gave 9*14:15 CeOj and 0-1304 A**?, Ce= 44-04 ; AeO* 
= 44*03. 

GsAsO*.2fJ a O requires Ce=14-30; AsU t =4»-»9 ; 11*0=11-71. 

CeAsO.,fiH t Q. 

This arsenate wa* obtained by adding a solution of Na ( HA»0 4 t.» 
curium nitrate In ih** cold (5s b), 

1, 0-2981 gave 01375 G&O, and 01355 Mg f As t 0 7 Cc=37 5S ; 

As0 4 =37'*7- 

It. <1 3854 gave <>' 1792 OO, and u-1025 As« t S*Ce=3?-84 ; MO 
= 37-07. 

OoAsO + .fiH.O requirei Ce=37 1*4 ; AaO *=36**6; II 0=34*40. 

Recent literature points tn corip salts Oo{H AstM* -iH.M, 
tV(HAsO*|jOHO, Barbieri and Calwdari (Her., 191 u, 13, 2214), The 
corresponding phosphate CoPO*2H O is however mentioned by Jo Jin 
and Harley \T.C.S., H*2, 33, 4L2u|. 

EXPERIMENTAL. 

The Phosphates • — 

Co, t ro*) ( . 8HA 

The above normal cobalt phosphate was ohtaim.il by treating a 
■elution of cobalt chloride containing HI gnu, of the salt in 250 e.c. of 
water with 5 gim. of calcium phosphate in the bailing state. 
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tv 423 gave 0-1 023 C«; and 0-191? Mg P,0»CoO=45‘50: P 4 0 t = 
28-98* 

Co (PO.^SH O require* CoO=45*63; [>,0*—SfrlO; H,0=25-57. 

A fait of the same composition was also produced by tin? interae* 
tion of Nu ( HPO t with cobalt chloride solution, 

0*4580 gave 04084 Ct>; 0 2038 Mg^'A ;—000=45-50i P.O = 
48*66, 

When this salt was dehydrated at 180 J C. it gave up finutof its 
k molecules of water, 

0-4703 gave 0 0043 H,t) 19-8. 

That the Halt was dehydrated so far was further verilied by 
analysis. 

0-3681 gave IM822 CeO and 0-2071 Mg*P.O,CoO=5tt <>3; 
P t 0^35-84, 

Cr» 4 (P0 4 ) f . 4H O requires CoO= 35-83 ; P,0.,=<15 25 ; UjO-^S'fi- * 


An arsenate of the above I’nmpuiilion VU obtained by both i lie 
methods described in this pnpur.f 

iIn.(PO,) r 5a 0. 

This salt was produced by bringing together a solution of manga 
neie chloride ami calcium phosphate (12: 8). 

I. 0-3391 gave 0 1680 Mg,P,Q T and 0 3220 JIuP.O, 1 \Ol-■ 
31*61 ; MnO-47*5!>. 

II. 0-3801 gnve IM698 SfoP^G,;— P 4 0 t ^31-85. 

Mu.(P0 4 h.f»IL0 require* MuO—47-67; L\0. 3191; H ,0= 20 22. 

Normal orthophosphates of the type Mu, (PO^.arH.O at® said to 
exist with 1 4 a rt and 3 molecules of water of crystallHaf um.J 

UHPO ll 0H ( O. 

This was obtained in n manner similar to the preparation of the 
salt UHAd\ 511,0 

Co*(P0di< Sfl O. Efegnoi* ft'. R . ';■!. 7t*5J; tVbmy [4** r*«™. > l 3 ) fJ * d- 

t EamnuJfbaff. iP&u- --fnn * h ‘ **■!)- 
I Frifftd, twrrQQTiif Chtmutry^ Vtll 
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0'51(»3 gave 0 3368 0,0, and 01315 Mg t P ; 0, U—9ff-f7; P0,= 
21 99, 

l-HPOj.BHjO requires U=- 66*23; F0 4 = 22-35; H ,0=21-42. 

Of.’OffrOj.H.O Riimmdsberp [ Fogg. Aim.. ®, 1), 

ThP,0 r 6H i 0. 

This pyrophosphate was formed exactly like ThA» f O ; .6H d O. 

0 4SS8 gave 0*2600 ThQ, and '> 2091 Mg PO : 1’hO,—5136 : 
P.On—27 63; TJiP 0..6H,0 requires TbO^O) 30; P.0,=27'03, 

H,0=21'01, 

C«PO t .2H.O. 

The mode of formation was like that oi the arsenate CoAsO 
2H,0. 

0 4489 gave 0-2837 CeO, and 0-1 >07 Mg.P.O. ; -Ce=fi P45; PO,-= 
3f.-30; CeP0 4 2H0 requires Ce=5T66; PO + = 35 06; }J ,0—13*2* 
Hartley {T.V.S. — It, 202, ! 8821 is said to have obtain ed the same salt 
hy double decoinposiLiun between a eiTtuifl sail and un alkali phosphate 
Or phosphoric add. 

Molecular Volumes of Arsenates and (heir water of VrtfstaltimUon. 

Determination of densities, Tlie DeD)llic$ of the nrseniites with 
respect to water have been determined at tin* Inlxirstory temperatures 
in toluene with n specific gravity bottle. The air in the interstices of 
the salts was removed by placing the sp. gravity bottle together with 
the salt and toluene in tv vacuum, In the following table the densities 
and molecular volumes of the hydrated salts are given ■_ 

Salts. 

1, Co/AsOj^H^O 

3. Co,(As0 ( ) J .6H^0 

3. Ni^AsOjj.SH^O 

4 . Zn.fAsO, >,.314,0 

fi. Cr t (A B O 4 ),J0H J O 

«. Cu.fAsOj. CH,0 

7. Cd.fAsOj,. H,() 

8. M&{AsO t ) t .8H f O 

ft Sn 1 (A»0 4 | 4 .RU ; 0 


Table L 

Density. 

4 2M 
3110 

2- 87fl 

5 260 

3- 294 
3-861 

4 909 
I 711 

3-442 


Mol V«k-“°!i Wt - 
Density, 

11ft-40 

180 68 

214 07 

100 1!) 

170-60 

J 46-82 

154 42 

289 3ft 

307 08 
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The above salt* were dehydrated and thf* dentition determined 
similarly, whence their molecular volumes wen? ascertained^ It is 
however to be pointed out tlmt temperature conditions of thft experi¬ 
ments permitted only the removal of eight and three molecules of 
water from Cr, (AfiO^.IdH^D and Cu, fAflOj 4 ;6HjO respectively 


Table II. 



Salts 

Density. 

Mol. Volumes 

1. 

&ilAsO,| s 

4 OS e; 

D1 26 

55. 

Co.tAsOj, 

4-844 

mm 

X 

NMAbOJ, 

S<!«7 

79'83 

i. 

Zit^AaOj, 

$-683 

70 80 

5. 

CrjAHt) 4 ;..2H O 

0'770 

30 41 

«. 

Cu,(Ae0 4 ),.3H,0 

3'tlli} 

uasn 

7. 

Cd (A«0,) t . 

t 237 

ttS-14 

8. 

Mg^AaD*), 

2'235 

ir,7-3 2 

0. 

Sn (AsOj,. 

4413 

200’88 


Sub* iacting the molecular volume of the dehydrated salt from the 
corresponding hydrated salt and dividing the result by the number of 
water molecules in the same the molecular volume of one molecule of 
water of crystallisation of the salt is obtained * The following table is 
given For illustration 

Table III B 



Suits 

M V of 
hydrated salts. 

M.V. of 
do (ml rated 
salts. 

M.V. of water 
of eryr-fcftlliba¬ 
tion. 

1. 

co(Aho 4 )3Ho 

110411 

81-25 

038 

>» 

*** 

Ci>,( AkOj, uHO 

180'08 

03 03 

14-46 

3 a 

NifAfiOj, f<H,0 

214 011 

78 S3 

16-85 

4. 

Zi),(AsOj„ :JU O 

100'19 

70 SO 

0-79 

5, 

Cr^AsO;), 8K,0 

170'«0 

5W‘ 41 

14-27 

G. 

Cu t ( AsO, ).,3H jO 

116-82 

1 1050 

D’10 

7. 

Cd.(AsO t !, H O 

151-42 

14514 

028 

8, 

Mg (AsOj.-sll.O 

2*030 

167-32 

16-40 

0. 

»Sn,(AaOJ*‘8H O 

307-08 

>0088 

12-52 



Remark*. 




The above table exhibits many points of interest* It isrcmakable 
that the molecular volume of Uie water of crystallisation of the salts 
CoJAbOJ^H.Q, CrtAsO^ lH.n, Xi # tAa0j].*H,O and M^AbO^. 
ftH t O are almost Hie same and vary within two units. The stannic 
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ware are.TAi.LK- aksknatks ano thosphatis. 


atsenate Sn,(A£0,h.$fl.0 however lias for the molecular volume of the 
water of hydration the value 12 b 2, and thus does not agree with the 
foregoing. On the contrary, it is striking indeed that the suits Co. 
(AhCMj. 3H 0, Zn .(AsO,} ,3IJ l) and Cti (AfO,), 3H t O — all possessing 
three molt rules of water should have for their nuilrriilur volume of 
the water of hydration the values 9*3ft, JKft, and 9 1 n respectively— 
differing from ana another within a few tenths of a unit. One should 
not overlook the difference between the molecular volume of the water 
of hydrations nf the salts Co AsO^.itH t> and Oo.(AsG + v3H f O. It 
has been said that the property of molecular volume of the water of 
crystallisation is additive, Although 14 4S and 9‘3fl are not as 2 ; 1. 
It is to be noted that molecular volume of the water of crystallisa¬ 
tion of the salt Cd (AaQj^HjO is 9 2s 

fn this connection the work of Kopp un the molecular volumes 
should hr mentioned. He mikes the general conch won that in the 
substances containing only a small number of water molecules fl — 3) 
the molecular volume of the water of crystallization is J2 4 ; in others 
containing a larger number (2-7) it ie 13 I, whereas a third class con¬ 
taining the largest number its mean value is [.V3. 

If Kopp’s generalisation is accepted we can account for the equal 
molecular volume of water of crystallisation of (Vl.fAsOj H.O; Co, 
(A^k.SHjO, Zn (AhO^ 3H .0 and Cu AsOj, 3H O— the first of 
these is monohvdrated whereas the rest are tri hydro led. Also wo 
hovu the general value for the molecular volume of the water of 
hydration for the arsenates ilescribed nlmvc a mean value nf ft and a 
mean value of Ifi-fi for those roninining (tJ-*) molecules of water of 
hydration 

Attention uniat also be drawn to the work of Thorpe* on certain 
sulphates According to him the difference between the molecular 
volumes of the monohydmto salt and the dihydrate salt h 13 3, 
between the di hydrate ami the trihydrate I fa. between the trihy- 
drato ai il the teirnhydrate i "> 4 and between the hexalivdrate and 
the heptahydrate 10 2 The first molecule of water which lie calls the 
constitutional water occupies n volume equal to 1(1-7 Three olserva- 
twns of Tliorpe are in complete harmony with those recorded bv 
Kopp. On the contrary the values for the molecular volumes of the 


* T., 1RS0, Jt, II)?. 
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water oi crystallisation if nitrates nitrites and hysonitritos of the 
alkali and alkaline earth met ei!* by Ilay aud Do* do not agree with the 
results obtained by Thorpe and Kopp Tin is they obtain for the 
hypnnit rites of Co, Sr and Ra, the molecular volume of the water 
of eryetaliiaatiOD respectively a-* 13 M] I0 4 5o and H*K 

The results of Thorpe gn to show that the molecular volunnt 
changes from hydrate to hydrate and that it is more or l«s additive 
property, f 

Subsequent researches have indicated that Kopp's conchi^lomt re¬ 
garding the molecular volumes mmt bn slightly modified. Thus Sehiff 
many years ago showed that the members of certain hydrated salts 
have practically the same molecular volume He has also shown that 
nil the alum* have a molecular volume of about 211 1 double sulphate* 
of the form M,M' ($OJj.«H 4 0 have a common molecular volume of 
2o7 and all the vitriols, i.e salt* of the form 711*0 whether 

isnmorplious or not, have the molecular volume l ift, 

Prom all that bus been Piaid above it is very difficult to draw a 
hard and fast rule regarding the molecular volume of the water of 
crystallisation of salts Taking into consideration all the works carried 
mi in thi* branch of investigation one can say this much that a distinct 
general rule holds when the molecular volumes of the water of crystalli¬ 
sation of the same clan* of Halts i& taken into consideration. Fhu* ji 
particular regularity i* noticeable in the molecular volumes of the 
water of hydration in the sulphates, nitrates, double sulphates, car¬ 
bonate*, etc In wlmt little ha* been said about the molecular 
volumes of the water of oiys tall nation the arsenates i similar 
generalination is maintained. 

The study of molecular volumes of salt* in Inorganic Chemistry 
has been up to date very scanty. A wider ksioivlcdgo is called for to 
clear up various anomalies and to establish a more thorough generali¬ 
sation, The little that ha* been achieved with regard to the molecular 
volume# of the arsenates in this paper speaks in favour of the result* 
of the previous workers. Future investigation might throw more Sight, 
In conclusion 1 beg to acknowledge my beat thanks to Sir P. C. Kay* 
Dr. P i\ Milter, and Rev. Father J. von Neste, for occasional help and 
encouragement during the course of this Work, 

* T * vm + &J, OUT, im 03 + 60 : mud 1010* lOg„ 
t t. . $?+ iik p tm 






ON THE MOBTUS SURFACE AND CONE OF THE 
FOURTH DEGREE, 


M ASM ATT! A Sat k Rat, M.A., B.L., 

Fttmchand Eotjehand Stvdint, 

l 

Thu Mob iua Surface aind Cone of thfl fourth degree are the Him pl¬ 
eat [pitch ~ = I] of one of the two types of Mubins Surfaces rind 
Cones* At the suggestion of my Professor* Dr. C. E. Collia, who has 
invest] gated the pro per ties of the Surface and Co ne of the third 
degree^ the simplest of the other type, I have attempted to investigate 
the properties of the Surface and Cone of the fourth degree, 

h MfiBIUW StmFACE OF THE FotfBTH DCG&EE. 

It ie the sltaw surface pr scroll generated by straight lines whose 
equations in term ft of a parametric angle H are 

r- iico&0 y - daiiW _ t 

mtft* ~ sin0eo££? ” ainS 

It is the surface of type m g?«n, whose pitch ^*=1 [m~2 > «=!]> the 
general Mobius Surface having for ita generators 

x - aeanS _ y—flsiu fl _ _=_ 

cos* ironed 1 ainfl cos^ & sin^ & 

2 ft --fl 

By eliminating 0. we get for the Carted a. n equation of the surface of 
the fourth degree 

j* (y 1 — i 1 J + y 4 —taxyz—rt y* = l> 

We aha] I call this equation, 9 f*. j/* £, o) -0 

The surface may be generated by a straight line which intersects the 
circle 2 = 0 , r iand moves so that the angle made by its projec- 
lion on the plane o! the circle with the initial radius ia equal to the 

* Dr, L\ E P C-uIJii, ■* On the Erjtintkm* fit thu Hubitu .Surf*e* of *U pitcba*.” 
Bulletin a/ lAc Calcutta Mathematical .SVHly, Vol. I, pp r 143-IS4, 2lf>-2^4 

t Dr, C. E, Cull in, " On a iNjrtiiin Cubic Surfaro c*lEfnl tha MBbircs StarfAtt," 1 ffuife 
tin 0 / th* Calcutta Mathematical Society t Vob I, pp. £>-30, SS-JH, 
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angle which it makes with the snrao projection (Fig. IJ. IP is a 
generator, Jn vectors, the equation of the General Mobi us Surface i* 


P = {.i cos t + ji wn t),(a +■ u) + y,« tmi —-1 

I'm 

where /h y an* rectangulai unit vectors; t. u are scalar parameters ; 

A. " are constants 
2n 


For the aiirfaoe of the fourth degree, - 1 


zii 


Singularities. Doubi.i- Ltn bs on the Surface. 

The double points are given bv jj"=0,|^=0, ^ = 0 which give res¬ 


pectively 


Thee-- are satisfied by 


’V 

It (,v* — s’) — 2 ayi — 1 > 

2jt*V * 4 ( y* - 2«jr: - 2ab/- 0 
-2.r ‘: - 2fui/ = o 


(0 y=0,1^0 

!'0 r^0,y=|i 

80 that both thr. x-oxjj ami tf i( : art double tinr*, /fie former only 

being a generator L 


3. Sections of the Mobic<$ Surface i > (j-. v, jty 

flanes r vHALi.Ei. to the cg-ohdivate planes. 

Section by x=fc, 

ff* + 0* (i 1 -a 1 )- 2nkyz - jy s (j. 

The origin is a node, the tangents at which are 
If* ft*-a') - 2aL-gt -fcV=Q 


he. - = t— and - --L 
S k — 11 ^4 j) 


The curve meets the Jf-axta, ie. t =0 where j^Ooi = the latter 

gives real values of y when k<n. 


The origin is a point of inflexion. ^ which in terms of y is equal to 

-F«f2i,‘y W’) 

^ Whe " 


The origin is thus n bifleennde. a node at which hnth the tangents 
are stationary tangents The two asymptotes meeting the curve at 
three points at infinity are y= ± ex 
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The forms of the section when k<a , Jfc—a, fc>« are shown In 
Figs. TI f 111 and IV respectively. 

Section h\j y=k. 

j*z* + (Utofcex - jfrV) +■ u 1 ! 1 - k* = ii 

The curve doe* not meet 3^=0 at any finite distance ; it meetsz=-* 
at the origin when i«a and at two real points + \ a* k £ when k<n 
The asymptotes meeting the unrve at three points at infinity nrc u f 

There is no finite double point, the node being at infinity. 

When k=a , the equation of the motion fo x fx3 1 +« l (iff-x)J=w i 
and the origin is a point of inflexion. 

The forma of the section when k<a. k —a are shown in Figs. V 
and Vt respectively. 

Section by z—k, 

tf*[X* * ;/*} — (Jtr + ray) ^ -I \ 

The curve meet# jf“ 0 at the origin, and a^=Q at ;y=l> or y= ±a. 

The origin is a double point, a tut node, the tangent at which h 
Jb.+ay-O, and meets the section in four points. The asymptotes 
meeting the curve at threw? points at infinity are y= ±k. 

The form of the section is shown in Fig, V(L 

4 t Tacnodal Line and BifIicxodae Line. 

It follows from the foregoing considerations tlmt the surface cuts 
itself along a straight Jinc, vise, the z-axi^, the points on which form u 
series of biflecnodes; while two portions of the mrface touch along 
another straight line f viz. the z axis, points on which are a series of 
taenndes, 

These properties enable us to give distinct name* to the two 
double lines : the s-axis may he tailed the la&noiat tint and the x axis 
may he called the biflecnodal line 

5. Section of tiik Manure Surface ${x t y T £, «)=0 

BY ANy PLANE. 

We shall investigate expressions for the co-ordinates of points on 
a section made by any plane 

Le t the plane he tx±my+ ns - p^O. Let us transform our 
co-ordinate axes, and let u* take for our new origin the foot of the per 
pendicukr drawn to the plane from the centre of the gaidins circle. 
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and for onr new 3-axii*. the normal to the plains. The other two 
ases may be conveniently rlioseu by taking for our new .e-u.xin the ]j nf , 
on the plane perpendicular to the tac line. 

Then iff,, pi lr n, and f, m ( , «_ are the direction cosines of the new 
i-flxie and the new y-axia respectively referred to the old axes, wo have 

0. * U. fflj + 1. n, = U 

llj f mrn, + ntt ( = U 

tj t + + a^ = 0 

tf t + jnm l + 


These give 


when 


the transformation scheme is 


j nt i 

lA, = H ■= II 
V U 1 

; ^ “rtf _ mil 

*» —> m i - ——, *1=1', 

l '“ y'h + ra*= 



r' 

tf 

t’*p 


m 

Vt 


X 

■“ — 


t 


V 

V 

# 


t 

- mn 


V 

e 

p 

nt 

z 

0 

v 

n 


new axes is 


the equation of any generator when relerred to tho 

m t nl „ j 

-«* »>-«■■» ;*-■ - =?V *m |V* p, -..fa e 


cos' a - - 

sin tt cos 0 

_ Pfr ' + n (;’ 4 p; 

sin o '* 

Thi. IDHU = -0 in points dotorroinod (on .UnpUaotfioo, by 

t 1 Pin d-m cos lil in. sin s » p OM w 
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fl. Plane sections ok the Surface ${x, y, z, «)=(>, 

The piano sections of the surf am will have the same properties 
and the same din rad oris tic*! os the corresponding flections of the simpler 
surface, the Mobius Cone of the Fourth Degree, the equation for which 
is obtained by putting a— 0 in <?(j, y, s, «}=0. In classifying the 
sections, we shall work with the simpler surf are. 

Mobius Cone of the Fourth Degree is the surface generated by 


straight lines 

* _ y 


^T sin frees * = *h wh ™ 3 h " 8 ftlJ ^lucsfrom0° to 300* Its 
Cartesian Equation is r’ \i/ J - s’J + y^O. We shall call this equation 




7, Cl A ss t pi cat f o n of plane sections of the 
MObitts Cone it(x, y, ?)=(). 

Tho plants sections of the Mobius Cone arts most conveniently 
classified according to the nature of their asymptotes, 

Kow, the generators lying in any plane central section of the 
Mobtus Cotie are parallel to the asymptotes of its parallel plane section*, 
Oar classification will therefore depend upon the nature of generators 
which lie on plane central .section's. 

n. Generators lying on any central section of the Conk 

V, *)*=«• 

Let lx-\-mtf+nz=K) be any plane through the centre. 

Let the generator fr lie on it, then l co$ a fr-|-i« stn#cos9-t-n smfr=(i, 
& 

Let bin - } = t T 

eS 

t hen we get f f 1 — <*}* + 2mt ( I — If) + 2«f (1 + I*J = 0. 

i.e, »U*--2lt + 2(>m + ki}< + I = 0. (I) 

This biquadmtfo gives the direct inns of the generators lying on 
auy plane. 

Since the expression on the right hand side becomes 4 tj when 
f=*l and - 4n when t= - l, the equation gives one, and therefore two, 
real roots. Therefore we shall always have two real generators lying 
on any plane central section, If f (1 1,, t,J t are Urn roots of (l), they arc 
connected by some pretty relations: —- 
C 2S 
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, - w} 

ll+f(+ ( J+ , (= __ 


M« +• t t f + t I, + ( t (, f t ifj + ^.b,— — - 
Jlfl 

MM=l- 


M|(,' + VA *■ + V *= — - 


(Irtl 


Wc may simplify our discussion of tlie bi<[UOflretic, hy splitting it 
up into two convenient factors with the aid of some of these relations. 

Since we havt* always at least two real generators on any central 
plane section, we may always choose two real quantities a and fi, such 
that ( l - /3(+a is one of tin* factors of the biquadratic. ft* being < 

Then q = M, * - h + U- 


With the aid of some of the relations 1 lot. wb have, by putting 
<A=T- h + 

fiZ f i. + y + 2 —U. 

ffl.y = 1, 

or. P-i + j + (« + 2) = 0. 

*#? 1=0, 

(I +«1* 


from which wc get 


ft — ■ 


1 

r-~: 


>c that the other factor of the biquadratic is 

,i fl+«l t , 1 

( + - t + 

‘I P B 

Therefore, for alt central sections, the biquadratic reduces to 


where and ft are functions of the directions of two real generaton-a 
of tho cone lying on tlie plane, 0—f,+l| 


9. Equation of tjik plank in terms of * and and behuo 

HON OF A FORM OF GENERAL EQUATION FOR THE PLANE, 

Before we proceed to discus- the biquadratic, let ua put the equa¬ 
tion of any plane in terms of q and ft 9 « and ft having the meaning# 
unsigned above. 

The direction eo&ines of a plane containing two generators of the 
cone l/j are deter mined by 
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t + (!+<,*)=« 

/ (l-t, 1 ) + 2nt ( <l -1,') + 11 * (,*) =0 

These give, when we put 

l __ «t_ __ a _ 

Aa/J (af— 1) (i + I j +fi* (= - I) (a+lj s — ft (it + 1) 

Therefore the equation of a central plane in terms of a and ft (functions 
of the directions of two real genomtors lying on it) is 

i + [(**-!) {« + 1) *■& («-t)Jy + f(n 1 1)*-* (■> + L)Ji = tL 

The generators lying on this plane are given, by (2) 

Now as two real generator* (determined by f,l =■> f, + r. =/i) he on 
any central plane, we can a lieatm choose two real quantities n and ft 
(ft* 4 4 1 ) so that, 

/ m _ _ ri ___ 

” f.*-l}<«+l)t># l {ii-|)*{« + (« + 1 1* 

for all value* of t, in and it. 

Therefore the equation of every central plane can be put into the 
form, 

4*#r + [(<d - !)(« + 1) + ^ y + f(-‘ + l“ + 1)1 * = 0. 

■ and ft being real quantities, /■?'- 4n. 

It follows that the ycneraf equation of a plan* 1 may be put into the 
form, 

4*0 j:+f( u - l)(a *■ 1) +/?■ (u-l)J y + U* *■ (a + l)J * +r =0. (3) 

where <■, ft and c may receive all real vatues, provided ft 1 +4*. 

We may nair regard our biquadratic (2) 0* giving direction* of 
generators lying on the general plane (3) when e— 0. 

10, Classification of hoots of the Biquadratic (2j, 

The first quadratic gives f = | [$±V'Tf 4 — 4uj 

The second gives /= - ( 1 + <*} l d: 2 ^ ^ - £ a j J. 

With regard to the latter, we shall have to deal separately with 
the cases when *i is +ve and when <■ is - ve. 

We have seen that there arc always two real generators lying on 
any central plane ; we may therefore proceed on the supposition that 
jU*-4«4 0. 
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Now we may have the following — 

(a), Four roots real and distinct. 

and when a m + ve. ^ 


or when n is — ve p 


4a 

(Jj^r 

4w 




T 1)6*0 give (if when a Sh •> ve. -i-—4 q , 

4a 

(fi) when a is - ve, fjf J •? both ^ * — And 4 i 

4a 

(p). Two root* tqunl, the other fim real mitl distinct. 
We have the following oases;— 

(] +")* 


I* f?T 4“, 


*<• 


= ?, 


11. ^=4(1 when a fo +ve, T 

4a 

Ilf. IV =4,1, when a is - ve, ^ 

4>« 


(This ifl evidently rin impossible cant*. since = - VG does not satisfy 
the 6r«t equation here.) 

These give (j) o=-l or 40 f - 1 * “* yin, ff= <J 


tii) when a is + vn, 


■irr 


r ■ 4a, jtf J =4^, 


(c) + Ttvo pairs of equal roots , 

These give, when 4 is + ve r ^ 4 ^ = 4a== /F 

4m 

(d) . FAr l(ro yucirfrrifiCA tffi* fA« mms, in other tvords, give the 

same roots , TAe« also give two pairs of equal roots. 

2 (I + f*) 4 


Fron] 12) Art. S 


c “-i 


n afS 


-0 


<1 * -)* 
™^ ■ 
U 


The real roots are a = — l, ft = Q. 

{«]. Three roofs equal. 

(f) Suppose fi* — iu = 0, 
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Then we must have one of the following two relations true {either 
with the positive sign or hVitli the negative sign) :■ - 

a -ii±^ / M + «)* 4 
*£ *v „*£• * 

Simplifying and putting 0 , =4'», we see that the relation with the 
positive sign will ho satisfied. 

Thus we get _ 

lti : + (1 -t It)* =? 4 v'fl + u)* — Ifi u 1 ,. 

This is satisfied if u=nO and therefore 0=0 also 


(if) Suppose .'f 


0 _W* 


■l.i 


Proceeding as in the other case, we see that the following relation 
(with the negative sign) will bo satisfied — 


—4=—^{ I 4 »)'- IW. 

Dividing out by ** wb get 


i 1 \* 4 /. 1V 10 

~( 1 + «) -( “/ ■* 

Tbk k satisfied if *=« and therefore /J 


tf) Turn roots real and distinct t th*' athvr two imaginary. 
□r p when a is +■ voj 


4u 


and when a is - \u t 




4* 


Thk evidently k an impossible ease sinco — ve does not satisfy 


4«j 


y 


Thejie Lherefore give, a f ve, ^ T both -—-—— iimd4«. 

■id- 


(p) T Ttfo rotate equal, thr other two imaginary. 

4^=0, 

t. . (t + a ) 4 m 

or t when a n + ve p —-— , 

4u 

and when ■* k — ve, ^ ^ T/P 

4n 

This is evidently an impossible case sinte a=-vo does not s&tfrfy /£* — 4u, 
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These therefore give. u + vc. -- 1 * **■ ^4*i 

4o 

N.B. We cannot hnvc four roots equal, as the real roots of id) do 
not -atifify (r). 


Before we proceed to simplify (hew- results, and to see wfiich are 
possible cases and which riot, we may draw a graph of the function 

^ - 4*. which is of frequent recurrence in the aforesaid results. 


The form of the graph is shown in Pig. VI fI. 
We may consider the properties of the gTPiph, 


(*) 


I1 + Bf* 
4 -i 


- 4 hi= 0 , 


when (1-of |l + tfe. + a»3=0, 


or when «= l or 


- 0+ v / ,tu- 4 


-3±2*/2= 


■172 nr-5-H28 


fii) Potting — ; -4-i^ j, 

4 1 




-jjU beeomes^O when fk+ + Hu’- l(i« J - f-y 


i tni’ of the roots of this biquadratic is n=l and taking uut -* I as 
a factor, the resulting cubic is 3n*+ ]!(*’ + « 4- ]=o, the real roots of 
which, if any. must dearly he negative. 

Let 3«*+n*H*+ !=/(*). 

Kturin’s remainders for this function art* 


+ 22n + 11, 

/,{*>= I ala -S, 
/e(«)= — ve. 

So that there is only one negative real root, 
(mi When a =0, _i = a 


Wh«i.= - 1, 

4 * 

When a — ‘I, i = ^}T^‘4= + vc 

'4 


24 


We may now, with the help of (he graph, resume out consider*- 
tion at the roots of the biquadratic. 

We find that ig) is an impossible case, for it is clear from the 
graph, that for positive values of a, - 4, can never be negative. 
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We also get the real mot* of fcj by a reference to the graph. As 
solutions of 11 ' j 1 =»4 u, the graph gives □=! or-17- or * 5'828. 
Therefore the roots of ihe equation, so that <■ is +ve, arc n—+1, 

11. Special cases in wit ion Generators foe different 
VALUES OF / (or (Jj COINCIDE. 

Before we hnnlly classify all the possible cases, we shall also con¬ 
sider the special cases in which the generators for two different non* 
consecutive values of t (or tf) coincide. These clearly occur in the 
cases of (f) planes through the jr-axis; (n) planes through the 3 -axis; 
and {iff) the y-plane which pasnes through both the axis of a? and r. 

{*) For planes through the -r-axi*, 
f-U hut i» must no 1=0. 
he. 4u/J = 0, (« + l) 1 -# 1 (<i + 1)^0, 
i.c. a=0, ± 1 

ur /isd n^-l 

Our biquadratic may be put thus ; — 

if* - fit *•«) {..#< + fT7 i i * £)=<*. 

When «s0. lJils become# (/ —fit) (<J. I 1 + t *■ ) — 0, 

t = U, 0. provided ! 

When & = 0, this become* ((* +■ □) pi. I 1 + 1 +«* i +1>) =0. 

1= + V' — —«i 0, « , provided «j£- 1. 

This give# rise to two case* according as * is vt* or -|-ve. 

We may compare rase (e) ii), considered before, with this 


ii’») For plane* through the r-axis, 
n — 0 but 

i.c. («♦!)* ~fi l (a + lj=0, .,^U. 
i.e. «= - 1. 

or fi= £(» + I), <*^0, l&ti. 

When a = - l. the biquadratic bi-omes (t -£t- U i> : - t) = 0 
i,e. 1= ± I - - jj - 

When ti= ±(« 4 1) the biquadratic become* ft ^ 1) (/ + l) (#- ■<} («( + h = U, 
i.e. 1= *1, u,-- provided a^f), 

Ct 




434 


THE wObIUS SURFACE AMD CONE* 

(rii} For tho j^plaoe* 
t-ti, » = 0 but toij£U\ 

he. U0 = tl. („+ l) 1 -#* (n + 1}=0. («*-!) (o+ !}+/?• {„ _ J) 5 £ 0 , 

The only admissible value* am «.^o, ^ + 1 , 6 j ftC e /?-(►, «_= . i 
does net satisfy the third equation (of inequality). 

*. the biquadratic for t give* / = 0, » , + i t 
i c. 0-0", or, 180°, 270 s . 

It may be noted that “-= 1, £—0 make not only n=0, /=0 but 

aU ° w=0,and it may be interesting to determine this apparently in- 
determinate form. We may put /i= !+«, „=-i as equivalent to 
q= 1 ’ * =0 ' B >' ^tvtnting Jl~ ] the biquadratic. w0 have 

r - I + a.f * «) f«.| ♦ a,(t + I + a*j + j _ (J 

Tnlkrog nut (1 + a) as common factor. (7* - TT-.t ( a) («|* 4 TT« i \ l)-={J 

Putting a = -1, we K et (7* - 1) {<* _ i) = o. 

This is therefore a singular ease in which all the four root* are 
real, but they all give the same line for the generator. 

It may he noted that this is case (d), and gives the same result as 
ease (e). 

12. Different Classes obtained prom the forkooimo 
CONSIDERATIONS. 

Jfrom the foregoing considerations, we conclude that we may have 
the following classes of plane central sections : — 

Foot generators root and distinct, 

(>) tt + ve.i—— 1-0*7- 4a, 

* 

(ifl « - ve, p? both and 4a 

■let 

Four real generators, of which two are consecutive and coin. 

(ff) « + VC. fl* = 4<i. 

4 a H 

3 - Two P uips of roal consecutive coincident generators It so 
happens, as wo have already aeon, that the generator for one pair coin¬ 
cides with that for the other. 

»= 1. 0= ±2 which gives the same result at u= _ j , £ =g 


2 . 

eident 
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4. Throe consecutive ooinddeat generator)? coinciding with an¬ 
other, not consecutive. 

(*) *-o, P-o, 

(») *= a ,ft= rt . 

5, Tivo generators real and distinct, the other two imaginary, 

* + vc, £*7 both 4<i and ^ . 

4u 

8. A pair of real non ■con'wcu live coincident generators 0 s , 
o= 180°) , the other two real, 

(0 «=», f}^± i 

( if) ft — It, n — ve hilt ^ — 1 

7. A pair of real non-oonsesutive coincident generators fWu' ( 
fl-lStl 15 ), the other two imaginary, 

£ = O t ii * VO, 

S. A pair of real non -con seoafci vo coincident generators 
fl™270 B ), the other two real, 

(if) 0=± [* + !>, 

‘i. Two pairs of real non-consecutive coincident genera kora, 

d — 0, ft — + I i 

The central sections of the cone having been thus distributed 
into nine! claves according to the character of the generators lying on 
them, all sections of the cone ran be distributed into tn? many classes 
according to the character of their asymptotes. One section of the cone 
for each of these classes has horn drawn, In tracing the sections, use 
has been made of the values of co-ordinates obtained in Art . 5, 

Fig, [X is a section of class i (u = - it, ft- 1). 

Fig, X is a section of class 2 {<i = 4, ft = i). 

Fig. XI in a section of do as 3 (« - - 1, ft = U) j asymptote* : je= ■+ a J. 

Fig, Xli is a section of class 4 (a = cc , ® j- 

Fig. XIII Is a section of class 5 (a = 1, ft = 3), 

F ig. X1V is a sect ion c f clou Cl (a = U , ft = 2 ) 

Fig. XV is a section of class 7 fa=0, ft-9}< 

Fig, XVi in a section of class b (u= — 1, ft — 1). 

Fig. XV) I U a section of class 0 (*=0, ^ = ±1). 



THE M OH I PS SURFACE AND CONK. 


436 


13. Lines of Stktctiok of the Sttrfacr $(z t y, z, «)«=0 

Tht* direction cosines of two consecutive generators » And 0+ds? 
iife cos'# sin# cosfl, shi#. 

anrI «*V + to). sin t& + rffi) cns(S +■ 118), + rf01 


or c«8‘i»-2&iMcos i< M, flinSooad + rftf, *infl+ to**# d‘J 

if *, f , t lie the direction cosines of the common perpendicul.ir tofi 
aini 0 + tl r. 


* + f i idnlwasl t- r iun0=t>. 


A fens 2sin0coii0d0) + ,. (Hinfleos# + cos-0 d&) 

+ «■ (fliii #4 cosfl il#)=Q, 

These give — _— ** _ J ' 

sin^ cos 6>( ons 3 0 - 2) co«*0 

Let p. <i, r Ito direction cosines of the per|jcndiculur to the genera¬ 
tor » and the common perpendicular, i.e. to the plane cantaming the 
generator o and tl,o common perpendicular to it a mi the nest generator 

»+M, 

Tlien f cos*# + q sinfl corf + r aind ^ 0, 

p fitb l 0 + q costf {etis T 0—2) + r ©on* 0 = n 
TJiIh gives _ .Jf* __ r 

Hiir'S— COA-'t} — —£Ob& 

Si tudariy if p\t/ r be the direction cosines of the perpendicular to 
the generator fi+d$ and the common perpendicular, i.e to the plane 
containing the generator a+dn and the common perpendicular to it 
and the generator 0, 

-- j£ _ fl' 

fitfnfcotf + <»«(*# (COS--U 11 .SB «n‘d-ro^ t akiW (t+ , r ^,^ 

____ 

-cos0 Ssin0 (eos'yTIpfy 

lliua the common perpendicular is given ok the intersection of the 
planes, 

(f-a cos0) Ssin&osff * i v -<j «inaf> f»in**-«w*#)- £ oosfl^O. 
and (£-<* ts<»9 + a sim' dO J (2sin0cosif + etwt'0. i f e(M lS ^ 

+ h-<i sittf-u eos0 <I9) frtn f 0 - cosM + e in0 OO5 0. \~T^ t }$) 

*- £ (oes0 - sin 9, Ff cas*0 dt)\ = n. 

the lfnt Qt striction whtoh is fl*e locus of points when the 
common perpendicular meets the generator 0 U given by these 
equations, and 
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£-t* co*0_ ij-a ein& £ 


Ld + {£—ft tfpsdj (cos 4 fi + l ) + 2a 3in*0castf-h(>j — n sin^) dnfoos# (1 + cas l tf) 

— a cob$ (sin 1 # — cos l 0) « {sin# |uoa^ * 1) =0 r 


and 


£—a co*ff _ g - a dnff _ ( 
otiifi( niii0cas*J sinfl 


The^e givt? 


a cojffl 
I+cos ? tf 


a sintf 


From these we get 


C = 


-o sintJcosi* 

1 r 


f 1 

? + ?~ * 


i,c. (f ; 4 *, : J 

Lc, (r + y'l c* = j“Vi a coae of the fourth degree 


Thus the lilies of si notion are the intersections of this cone and 
the surface. This cone has a line symmetrical form, as can be seen by 
considering its phi no sections parallel to the co-ordinate planes. 

Sections by planes parallel to the z=plane (s=£). 


ry - t (,r f ^)=fJ. 


Its asymptotes are r- ±,k, y= ±1‘. 

It Is also clear that ;r and y are interchangeable and that they cannot 
be numerically less than k The origin b a conjugate point, 

The form of the section i» shown in Fig. XVH3. 

Sections by a plane para//*?/ to the x=pianc tjr=t). 

(*» + y‘)z i = * y, or yV + k s \z - f) = 0, 

Origin is n node, the tangents at which are * - ff—t). 

Its asymptotes are z*=±k 

The form of the section is shown in Fig. XIX. 

Sections by planes y^k. 

These nro the same as sections by planes 4 *=ifc. 


14. ENVELOPES OF THE PROJECTIONS ON ANY ['LANE OF THE 
GENERATORS OF THE SURFACE t(jc, y, 2, Oj-=0. 

Let tx+my^nz - p=0 be any plane, and let it be required to find 
the envelope of the projections on it of the gene niton Transforming 
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tha co-ordinate axes as in Art. 5, the new equation of the genaratow & 
becomes 

p) ~« co *° l*' ~ .v'^ K i *)~««n* 


e<>s> ^ sin0 res') 

vy'* * fa'+ p) 

HUltf 

*'• J 1 ** e, l ,,fttio11 of 1110 projection of this generator on the given 
plane (*'=0), obtained by eliminating t‘ and after simplification, is 

X [ » “ n ® COH 9 t* ®0* 0 + w sin (I - »*) 2!!ljrj 
+ * [( 7 +9 ) B ' n 9 - m cos 0} 1 - «= pin' o (t «in t>- », oos Q) = 0. 

If »0 put tan- =/. Ibis becomes, alien expressed in descending powers of /, 

(fax - mffi <* +2( -tfx -mar - h, + awn) ** + 2< - fax + my . 2 ah \(* 

4 2{ — tPx 4 mux i !y-ume) % * (lnx-my) = Q. 

To And the envelope of snob lines, we put (**- my= A, 

2 (- &x - iniJLr- ty * unw) = fl, 

2 (- hi* i my ■ 2 aIn) = C, 

2 (- ip* + wm + hi - rime) = D, 
and eliminate t between the m; nations 

.41* > 5f* + Cl 1 + Dt 4 A = ij 
and 4 Al B i HE? + 2Ct i D-0, 

NoW * adoptin t f ^nelly's form Of Uenoufs method of elimination, we 
get the four equations 

4 Ai** Wi’ h 2Cr+/)-o, 

Iit f 4 20? i 3D; + 4 A = 0. 

2AC :# 1 1 [HAD * 51?) f + (4.4* - 2/f/)> f, 3,15 = 0, 

' ld (25/1 + 4.4"') t* + (47/) - liAlij 1^ 2 AC-(), 

Whence M resultant, we get the determinant 

4.4 35 2C 

* 2C W 

ZAC 3,4/) + 5C 2fiD* 4A ; 

3.4 D litn + tA : CD * 3.4 H 

If this determinant is expressed in descending powers A we get the 
resultant in the form 

238.4* * 128.4* (55-C), «S.4’C7 W‘ - j, .4- (-MBCD-IH&P 
4 275* 4 27/P + IflO 1 ) + j { 6flr/x 5^? t 


D 

4.4 

3.45 

ZAC 1 


=0. 


4 (45/)-(7'j -0. 


5') 
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I<5. KnvHUiPK OF PROJECTION9 ON THE CO-OHDINATE PLANES OF 
TTIK GENERATOR OF TUB SURFACE l(z, y, z, ffl| = 0. 


I, For plane jr=0, 

A = 0, B= — 2(x » //) C = 4tt , D — 2(y - x). 
envelope is l<t (JT — **)* 111) t** — y*J ~ l(io T ] —U, 

i-e, (**— 

II. For piano 

The envelope is the origin, as is also dear, the project ion of 
*-®m s'» if-a ain 0 z 


cos 11 » oiti 9 cos $ sin 6 


on the 5=plane tuing y = r tan t>. 


III. For plane f/«Q, 

.4 = - if, B- - 2{x- «), C = k 2tf. D= - *{x + a) 


envelope is 

250y*4- 128y» [4 (* -- 4y* j - 06' 16y*o* 

+ y 1 t - 84*%* (r* -«*) - 114-10 (r*-a 1 }- * 27 ! ti | {* + a)* 4 (*- a)*! + 10-1By*] 

_i 

-tj [4% (** — - o*—3.ar + a) + 33.1V™! 

+ 10(x 4 -0*}» [ 10(** - o ; ) - At /1 = 0. 

Or, on simplification, in descending powers of y, 

Ifiory* ♦ (5**- 12au*-70a ? x* ■+ vufx a l !<*»)/ - 2f** 

When the origin id transferred to the point (a, 0). the equation becomes 
x* (2.r - ay*) 4 4ar (3x* - 2x f y l 4y*) *- 4*‘ (dr* t lOj^y*—4y*} 

4 1 lis'i (x* + By 1 } 4- Jj4n*j/ : — 0. 

When the origin is transferred to the point [ a, 0), the equation 
become* 

J* (2x* - »/) + Aft* (^ V ~Mf - a* 4 ) J *»* (*-r» + 4y* t-.*Y) 


- Iftfl'x (** + fly 1 ) 4 54 *y — 0 - 

(I) The curve is symmetrical with regard to the x axis. 

(2} It meets the sr-asis at x-— ^u. 

(3j The point (it, 0) is aeuap, the tangent at this point being y=0, 

27 

the character of the curve at this point being x* — uy*. 

S 

(4) The point ( a, ft. is ateo a cusp, the tangent at this point 

27 

being y=0, the character of the curve at this point being ^ at/. 
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(6) The asymptotes are 

*= 0 , 
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ON HARMONICS ASSOCIATED WITH AN ELLTPSOIl),* 


Sudhavwkumah Ba.veiiji, D.Sc,, Sir Rashbehari Qhotih Pmfemor of 
Applied MalhtmaHc*' Uni verbify nf Calcutta . 

Part L Theory.* 

L Introduction. 

1h ft celebrated memoir f published in the year 1335* Lame trans¬ 
formed the equation in the ellipsoidal coordinates (\ t P| re- 

presenting n set of con focal ellipsoidal surfaces, hyperboloids of une 
sheet and hyperboloids of two sheet* respectively and then broke it up 
into three ordinary linear differential equations in (k t j«* *■)* In a subse¬ 
quent paperj the complete solutions of the equations were ^ivcn in 
terms of a class of functions which arc now commonly known ns Lami's 
functions These functions have berm developed in a scries of articles 
by Heine, LiouviHe and a number of other investigators. An elaborate 
theory of ellipsoidal harmonies was subsequently given by Niven in a 
memoir published in the Philosophical Transactions of Royal Society in 
the year IS02, Rut although so much progress ha* made in the solution 
of Laplace's equation t 1 V =■ 0 + the wave equation + F = Q has 
hitherto resisted all our attempts in solving it in the coordinates (\ f t* t i) L 
The wave equation was first transformed by MsthieuJ in these coordi¬ 
nates, but the transformed equation was foucid to be so unmanageable 
that lie had to content himself with approximating to its solution for 
the special ea^e of an ellipsoid of revolution- Subsequent writers in¬ 
cluding FroL Nivenil have simply improved upon this approximation 
of Mftthkni 

In the present paper a class of harmonics which are solutions of 

* Somft preliminary nwultfl on Una nibjoct Jww bwi pabUitod in tho Ihittrfin of 
sh* Calcutta MufhrmOlital .VcKief^ Vo]. X, Xas. 2 ind & 

f Memoir r* dttSavQOl* hranf?*r* + VcL V P AtfchtiLjgh Hu- vuklm.* t- xlrttvil I03S, llji* 
p*ptr (whirl* WfM nprkbd In LimtriU&i Journal,. 1837f mn»t hav* uppnwl at li? 4 M 
ae omrly am I83G. 

t LiouvUim's Journal, iftsa. 

| iie Fhytiqut MaiMmatfqwOi Ch, J X 

tl Phit. Tran*,, Vol. I LXXI {IgM). 


412 ON HARMONICS ASSOCIATED WITH AN ELLIPSOID* 

T/iplflCf' fc s oiiual'uu ^*7 = 0 have been worked out in the ellipsoidal 
coordinate ( t\ $} defined by 


ar = no- sin & co.i |i p 
^ = (m bin 4 bin p k 
z = r^ m 0 „ 


> 

V 

/ 


ll> 


where constant obviously determines it sot simitar und similarly 
situated ellipHoiits. Thh system of coordinates being ftimiogoits to the 
ordinary polar coordinates has got certain a! vantages over th>t system 
(v. », *). but also labour* under certain disadvant iges in tin math as it 
does not fnrin nn orthogonal system, The harmonies in the coordinates 
{V, 0 i J develop 'd in this ;> tper will be found to boar a dose resemblance 
in forms ns wdl as many of th ir principal proper ies to tbo to-serai 
harmonica. Owing to this analogy most of ths? methods which are now 
in common use for the treatment of spherical problems can be easily 
extended to solve similar problems fur an ellipsoidal bound ary, These 
btUTTteniciJ will also be found to be simpler and more convenient for 
application to physical problem* than the Lam^V functions. 

A difficulty is however Cxpuricnteed when an attempt is made to 
construct a act id elementary relation* of the wave equations (c'-t-Jt'j V 
^0 In the coordinates (,- t a. >) , in view of the fact that the transformed 
equation in the coordinates *, f ] U not separable into differential 
equations involving cither ,> only or d and > only. This U what ono 
should expect, fas long ago Weber* remarked that tho elliptic and the 
parabolic substitutions are th ? only transformation* which lead to do- 
mantary solutions of the equation 


&V 0‘1' 
3i' r + Sp‘ 


+ i 1 V=0. 


Thu Wm should obviously bo true 0 r the three dimensional equation 
&V fiip fry 

^ + ,v *d***-* 


namely, tlmt the ellipsoidal (q ,) and the paraboloidal substitutions 
are th? mily transform it ions which should lead to cl turn uUry solutions 
of tiki* nation. 

But a] though it ia not possible to construct a set of rigorous 
clomputniy fthiLjoiia of tho wave eqimtion in the coordinate j r . £ p *j. 


* Malk. Aurj. R -HJ. I. Bw nlm> HikntEMici, Rtduttiton dee Fold%tiafyUichuti$ pu 137 * 
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* 

a class of approximate solutions can be easily obtained. It b thought 
that as we are not yet m possession of any satisfactory solution of this 
equation in the system the approximate solutions here given in 

i he coordinate* (■%#, *) may perhaps be used with ad vantage to elucidate 
of the obscure points in the ellipsoidal problem*. With this 
object in view o few typical applications of these solutions will bo con 
sEdered towards the end of this paper. 


V Tranaftinttatfo}} and solution of the equation v*F = 0 in the coordi¬ 
nates (p, # T t). 

If the equation 

<1* V tVV tVV _ 

Br l + * 5? 

bo transformod in the eoordkmtw { Pp f] by the usual method, we 
obtain 


fFIT . , /eoaN nfn^v co^ibn l B’TT /entf* fitnV\ 

* “) * --J v M“‘ s (~- -TT) > -7-J 

l /*m'p fn^n 2 cl'F r J fl iln ** -Ml 

/SS a?{— f —) + ;«^L ^ ? /J 


ja'F . . ( \ i v 2 

I> dpti$ \ 6* o'/ ft 1 


2 B'V 


jflrr . / 

cos* 0 f 


p ^ L 


/oos’o smV\ frinN* /sin 1 * cfls’n’l 

{—+—) + > *( fr 1 /J 


cot a 


I BV 

¥ ? 


BV r . a Ain 1 * en*V\ . /co*V uln*# 1 \1 

.itL l ~) -S’"' 13 '™' (— *'F“V/J 

2 dK /i i v 

+ 'i a - cosae* 6 cm f sintf ( - ( - p j =0, 


&) 


If it is nsa limed that thin. equation has 'i solution of tho form 

V = **•£/ (3 > 

m f 

n being a positive nr a negative integer and t\ a function of & and p 
only r then U m satisfies the equation 

fl l ET* r /eo&’fc wmH\ stn 1 ^! 1 

sEtt f # f?y> - 

tW m 

— _ .1 * I " I ►> ■ 


fl’CT, r t /can't Mn't\ «n*ri I 3*U/«i.V £"**<> i 

W-J"* (— *—) + — J * S'-5FTS 1 "* —; 

- ^2 n sin # COB 0 + 


, 3*t7. . /1 1 \ 

+ ■2 am f.j, - a , J 


rot * +■ 


C 2& 
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l \ /Sin 1 ^ eoa l £v /oos 1 ^ till 4 # 1 

T~-,-) 8 { — *(-?- ~F c*JJ 

* Tr[ 2,,h> * t - ’) * * * ,i1 ' *«* *( 0 4 - -si)] 

<-') [-»(=? * #) * ?] *.« [«■» (=? * 


b r - 

+■ fl 


si n ■ 


M 


It is not easy to determine the form of the function P m from this 
differential equation. The method described in the next article how¬ 
ever leads to the form of the function without much difficulty . 


<?. htferml harmonics in tkr coordinates #)* 

It is well known that if [r ( « a ) denote the spherical polar co¬ 


ordinates of a point (j:, y p z) t then 


[ft + niJlL . 


tjc cos iii * irj bin n )■ iFitfdw. (5) 


sm 


Obviously by ft general Nation of Uih expression we can define a func¬ 
tion C* (tf, p) by the expression 


**,*-$n«r* 


(eooii4 f m tin Suns ^ ens # + rt sin d nin f fin a}* cos muiin. 

(T) 

With this definition for the function tT (fl # *) t it ja to see that 

p* C, (°» $) ■» ft solution of Laplace's equation in the coordinates (p, &,*) 
defined by £1) 

Similarly wo can define a function^* (fl, by the expression 




: cos $+ia sin Sens £ cos u + ib sin, sin f sin »)’. 

sin mvrtv. (8) 

and i>' £■ (fl. f) is another solution of Laplocra equation in the co* 
ordinates (p, $, 0 ). 

One form of the function U m deli nod in the previous article is 
0“ (fl, £) and another is »S^ (0 f $>), Both these functions therefore 
satisfy the differential equation (4), 
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* 

The function corresponding to the sional Imrmonics can be tleduL’d 
by 

I r # 

C' t (6, l (« cos a +■ ia sin ft cos $ eo* « +■ ib ein ft iin £ sin a)» dtt 



cos ft +■ i (i»* sin* ft cos* ? + 6* sin* 6 sin* *}f oos u]« rfix. 


— w 


m 


When a=b, that is, for an ellipsoid of revolution* the funciion becomes 
independent of p and reduces to 




[fi cob ft + ia Bin & cos til" du. 


flO) 


For convenience we shall usually write C m (0) as C u {$). 

For cluoid&ting some of the properties of these functions, \t will be 
convenient sometimes to denote the functions C* (0, and S* (£ p *) 
defined as above by the simpler notations C* (c cos 0) and 5" (c eoa 0) 
always however remembering that them are functions of both £ and ; 

Since y r can be interchanged in the cyclical order in the 
expression (5) fc ifc is obvinna that the function €T (<9 I ;«) can have the 
two other forms given below*: — 


(f* + m) ? C 
2** I 


fa a in 0 cos y v + fc cob $ cob u + jft ^in 6 'in ft ain u)* cob wim/if, (U) 


(ii + tn j \ r 

fi V "p i (i fi i& ** win * + in sin $ co* * c r>s u + ic cos 0 m)* cos murfaf 12) 


To distinguish these two expression? from (7) we denote them by 
C* [a sin & ooa £) and G~ (A sin sin respectively. 

Similarly the function 5" can have the two following differ¬ 
ent forma:- 


a 4 m)! f 
sn! f"l 

*r 


Ritt & con f + if co^ p cob w + j 6 ain P sin ff >■ sin fntrdtf, 

i—-- - “ - - ( -} 


(13) 

■ 

i ft* 


—*■ 
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J!i=Uf t» .1 

2 ™ I .-J 


sin ii sin ■? * irt sin $ eon f an* u + ic cus 5 sin «)" sin mudu (14) 


These two expressions we shall denote by the notation S s (iisirtfieos 
nnd 5“ (i sin # sin f), respectivety. 

The functions correspond in? to the zonal harmonics. namely, the 
fa notions of the type C’ {0 t p) defined l>y fit) can be similarly denoted 
by C a (c cos < 1 ), £7, (« sin a con S') and (t Bin 0 sin £). The values of 
the functions C" (<?, p) and S" (tf, f) can also be expressed in terms 
of the hypergcometrifl function. Thus we get 

a (n *.m)I It* tan“^ ,,/11 + m + l n + m+ 2 

°> ‘'"crrijT F ( 


*,m+ 1, 


t>», j, (o-t-m) t i‘*It2*+i r** tan"# r ,{ 

Erie cos fll -—- rf 

(U—m) [ 2“fll ! (BCOrt^J'ri \ 


t ' t 
-r* tan* cos (Ifl) 

ii + m + 1 to + t?i + 2 . , t _ 

—-r — 1 - 3 - WJ+1 * 


-f* 


J airs m+ t 


where F is & by porgeei metric function of the four dement* within the 
parenthesis and 

Z? 1 = (a 1 sin* eoa 1 ^ + 6 f sin 1 B sin* f + c 1 con 1 0) f 


r * = (a 1 coft* $ + fc* *tn 4 f)ftP r 
b 

tfth t = ■ Mn p h 

c being assumed to be the greatest axis of the ellipsoid. 


1 


(Hi 


4. External harmonica in thr coordinatea (p, fi, f). 

To obtain the harmonics which vanish at in Unity we d?Rne the 
functions 

(£" (fl,$) =1 - ()" » •" l ) * • ■ 1 w - l» + 1 ] 

2tt 


COS trtlfau 


fc cos + ia sin B «os f con it+ib sin If sin 9 sin, u )" - 1 * 
and S* <*, *> 1 = (- If 


(IS) 
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2* 

l _ _ _ fiin mwlu 

] oos 4 +■ in *in tt cos f c m u b i& *i 


sin 5 ! sin f «in if)'-! 


(IU) 


aud obviously^ f^ p +)/^ +1 itnd S (0. + l ant solutions of La¬ 
place's equation which vnubh at infinity. 

The function c can have also the following two different 
forms :— 


f 


( _ 1)- rt (**- *) • • • !■»-» +1) 
cos mu 4 u 


(a is in c) ccw 9 + jc cos fJ cos « m 4 sin SI sin p silt fr)"* 1 


(2UI 


and 


<2i 


... s f»>- 1) ... t»~ J> » * J) 
1 *' 2* ~ 


CO* Mi till It 


(b sin tr sin p * ia sin v cos p cos u + ir cos S sin n )“ *•’ 


( 21 ) 


and the function S {I,*) tho forms:— 


f-D" 


ri{c- I)... (w-tJt . 1) 

Hr 


-2* 

L sin mtidu 

1 sr sin if cos p t k cos 6 cos u + 


(- I )*' 


16 jfin bain p sin a)"* 1 

n J) . . . (*->« + 1) 

2 - 



sin msrfH __ 

(b sin el siu p + fa sin 1 } cos u . ic cos tf win u i* * 1 


(23) 


As in the caso of the internal harmonies, we denote the three different 
forma of £*( 0 . p) nnd 0 (0, p) by the simpler no tat Sour \I ( eco@ *)* 

(£* (» sin 0 cos p), (X 0 sin 0 sin p) and S (« o>» 0)* S {« sin 0 co * fb 


S' (6 aid & sin p) respectively. 

The functions corresponding to the zonal harmonica, namely, the 
three functions of the type 













1 


HAH3I0VHS AiiSOClATKlJ wmr 3S RLMFSOfD. 

fin 


_Lf _ du 

--J (C COStf-MH dl| ft os V. |j I- it, sin Q gif! ... 


i (8H 


oan bn aimilurk denoted by oor 0 |, C (« *m 9 cob f ) Ar d 

(6 sin 9 sin $) ro.poe lively. 

The factions S m J9. *), (£>,*) and {&t f} wll ioh 

we Jiuve so hr defined represent four different forms of the function 
^ n ftnf ^ ^ lc )' *11 satisfy the differential equation i n, 

It is interoat’Dg to note the following rotations between the func¬ 
tions U “ <0. f). S' {&. y). (j, nnd S~ {0 , ,) 

» -*N ■ t . 

£ I - 1 '«* ain 1 * cgs 1 f 9- h* m% 1 0 win 1 , +■ t 1 cob 1 f ) = p j 

m 5?f »_ 

S u (* P *) = t ** 1 sin 1 fr COH 1 v * & A Tin 1 f* aia 1 p - c J <joa 1 g (#.). j 
p Yhen n = &^e= i I i 

?}- ll iK *1 = P*fctrt 0) cos m f, \ 

\ 

ami S>, f)= & ' (<5, *) = (cos *> ^ 


(261 


5, Functions corresponding to the Laplactans. 

It is well known that 

t\ [mi, * cos v sin a cos r^aki K Mn v sin «' *in v* +■ cos w coe it*} 

.r . (27) 

If we write 

ac= r sin it. cob u. ar’ am u* cos ✓, 

9= r «« ■ Bin *, f=F Bin «' sin v‘\ 

j = r cos w, 2* = r'cos n', 

then the nbnve identity can be written in the form 

i r 

^ l rr ' +W' + -' + • t ^‘-Vr + (ir'-«T +< J y-y.c')*;t cos r»]./w 
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* r* 

- JL^ (z f ix cos t£? 4 silt ic}“ nfir > j (* # 4 ijr co» tr 4 y win li?)^ 

™w 

+ o v <»- w ) ■ ("■*■»<> ■ ^ _ (j- r f j s t ,j ct)fl ic + y j-in ip)» cob 

„_i 4iH(n[r LJ 

* ^ (r' + iV cob w + »y ain «?)* bid mttxhe 

—W 

* 1j (I *• M COB w + iy f-iu M'l' SIM tottodw * ^ (s' + «' ooa ^ +■ itf' fin «f)* sin wwvftt'J 


( 28 ) 


Now if we writo 

x' =a p sin 0 cos ^ 
y =t p sin 0 sin 
2 J = £ p cos 0 P 

wc get 


* =r BID « COB !\ 
i/ — r s in u s i n i\ 

*=f COB « T 


i r 

— I ^ hLo 0 cow £ Bln II COB r + 6 am 0 siu f biu n sin v + c cob 0 cos it 


2* 


+ j 14 b in 0 cos ? COB II-c sin « Bln v cob §) % 4 (<s *mm cob u cos 0~ti rik0coflf 
i u) % + (a ^3n & cos £ sin w (r - b bIii 0 sin £ sin u cob u) 1 J* cob Mf]efw 


CO* i 


^ 5 " 


fOB HI- tfi Bin <' cos p cos IP + ib ■‘in $ Bin p sin ic}* dw 


f 


y I (cos it + i bIii u cm w cob w +■ i Bin ii bId r sin ur}*(iuJ 


(w-mj T (m + jOi . 

.; t — ( y 


fb Hio 0 sin f t-ui wY cob mwdw 

•a-T 

i~* * 

* l (cos li + i Bin u coh r cos ir + 1 hid « am v sin «f)* cos 


* J tl 
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+ 1 j (c t 0 B 0 *■ hi sin ^ eoa 9 cos w +-Bin fl ?in 9 sift w) m sin fnipdiv 

— w 

* j (c.>s li + i sin u L'09 V cos ip + i -in >i sin v flin «■)» am iiuc'fw ]. (2ft) 

—r 

In other words we got in accordance with our previous do tin it ions, 

C‘p (« sin 0 cos f ain « cos r *■ h *in 0 sin ? sin « nin t? + c cos 0 cos «} 

m * 4 _ frt) j r 

= C m (c ecu? 0J P w (coa mi +■ 2 * j ri + m ,. I C* (c cos 0) (cos u) cos mv 

+■ s: (C cos tf) i 1 * (cos u) aifi rnc j. (30) 
By a similar process, it is easy to show that 

(7 P (a sin cos ^ mi u cdh h + b sin ^ sin ^ Mn u mi v + c cos uus kj 


= C H (e eorf u) t\ cos 64 +2 1 - r 

«„ t +*■«)! 


i p ^ (c cos n) F\ (coa &) cos m f 


] 


+ 8 m (c eo.* u) P u (cob 6) sin m f j (31 I 

In a similar way, we obtain 

[a ain 6 cos <1 sin n co^ i? + ft ain $ sin $ r sin n sin e + c cos 0* y cos u) 

■■■ (a —m/jt r p 14 

= (r cos G) (?„ (y cos u)+ 2 1 --tt {*«« 47* fa ct?8 

h^i (tttm)i |_ 

+ S*£gcos 0)5* fa cos V } |- (S^J 

on making the substitutions 

^-«P sin $ coa f, *j = h p sin & sin f p r« cos &, 

p sin w cos u p i/“/J j/ sin u siu *=y p f cos v s 

Those functions correspond to the Laphdana of the nth degree. 

6, Conjugate. Prop rjfcff #afi4/bd 6y We Aarmonica, 

By an application o! Green a theorem we can prove that the fana- 

turns C_ (J, *), S_ («, f}, \T' {d i ^ und 5^ (®, nil autbfy t*er- 

tain conjugate properties. 

The element of volume in the coordinates (p h 0, #) is 

rtfie ;* ajnS (Sgj 
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which can also be written in the form dprfS, where dS is a surface 
element on the ellipsoid and dp nn clement of perpendicular on the 
surface dement. The element of normal to the surface f>~constant, 
defined by 

T 1 w* *' 

b 1+ &* d P ' 


is given by 


= I rfar +■ 

h \ f-x 1 


QJ_ 




a? a^ H 
T " a ' 


VAV 

135) 


where 


t . /rv\‘ /<vv rvy 

‘ = ur) + (%) * (ar) 

. , fsin 1 <1 cos* 4> sin* fl sin* f> cos 1 ff ] 

=4f L—?——-r-J 

-jTL.y). 

where is the length of the perpendicular on the ellipsoidal surface 

f«3 of sorai-ases (a, 6, c). 

Therefore dn—rfp—p„ffy>, and 

AS= d6d*. 

Po 

Mow, by Green's theorem, if * and*' be two functions which satisfy 
Laplace's; equation, we 

<* i* £>.o, 

t c7n 3 m/ 




Hence since — we see al once that the functions (0, P) T 

dn dp 

5* (0. #], <C" (0« *), gj* (0, *) must satisfy the following conjugate 

properties :— 


,i, *■ 


!ojo 


i\ u.* ———-p" 
Pa 


t37) 


and ^ ^ [U.f d6d* ~constiiai=*„ (a^y). [ 38) 

where f! stands for C " ($, f) SZ [&, *1- (?. f) °r 5^ ($. *>■ 
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To obtain the value of the integral [3S) r we write sm a eoa ■>, 

.j=sin it am £=co* 0, then since D n h a homogeneous function of 

1 ' 

degree « m (f,f and —jahomogenrous function of degree 2 in [£, y.i > f 

Pn 

wo can write the integral (3£J in the (o m 




iS'JJ 


where the integration is carried over the surface of a unit sphere- 
The value ot this integral can he expressed in a variety of forms, 
One way* of expressing the value of the integral ie 


/d l &* a* 

(a« + S5‘ + ac*J («i 


where U «,¥.<) = & ( , 

imd q has all the finite number of positive integral values for which 
1 £2 n - q) k integral and not negative 
Wd can thus wri^ 

«3* 


+ [J* ("*U 


I ff*l ' 


jj ,U c: H‘ $?«* 

\o &* (n-7)l 


/d 1 f»i v - v» r ■ 

(fif* [)«♦« 


rt- rr -p- IHin II )* COS r^udu 


] 


f*ij 

Similarly for the functions ff" (*, f) til <0, and S* (0- «. 

Owing to these conjugate properties an arbitrary function of (0 r 
can obviously he expanded in a series of these function*, the eondi- 
tions of expansibility being the sime u-i those which govern a Fuuriei 
expansion or an expansion in a series of tosseral harmonics. 


S« a now» by i*rof, IT, F. Itikn uti n formula con n« ted witli tike theory D * 

■P""™ ™e Lon/i -'turn. Sttfu Vol XV { I9IU) nnd n note bv Df. Dromwhbh 

in t\w *ftirif BMriihef. 
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7. Potential problem# invoking ellipsoidal boundaries, 

A number of interesting potential problem^ can be solved with 
tlie help of the fund Eons whose properties we have studied in the 
preceding article*. 

The fa mi liar method of determining by means of ordinary 
aphurical harmonics the potential of a spherical bowl Of a circular disc 
at any arbitnry point from the known value of the potential on the 
axis becomes at onoc available for solving similar problems for an 
ellipsoidal howl or an elliptic plate. For example* assuming The bowl 
to form part of the ellipsoidal surface p^=l and its axes to coincide 
with the c-axis of the ellipsoid, wo easily obtain the potential of the 
bowl at any point on the axis as a function of i\ say / i* 3 )* ^ hen for 

points for which *. wo expand / (*<) in the form 

/ J' + fl 4 *** + - - ■ » 

and for points lor which p - L ? we expand / (j>) in the form 

/ (p) - ~^ + Jr + . 

Xo\r since the function t\ (fi cna .?) baa the value c' on the axt* 
the potential ol tho bowl at points for which is gKeu by 

F = a,. + ^ V, {c $) + S U. f fi c0i S ) + G * (o cob 6) + . - - ■ 

c c 

and since the function £ (e oon «) has the value L on the axis, the 

* c 

potential at points for which pyl, & given hy 

V - ^ <£, [c COB (j) + ^j- <1, (e cc* ®) + yd. (° coa ¥ ■ • ‘ 

When the surface diftribution on the ellipsoid #»— 1 is given aa n. func¬ 
tion of 1 ( 1 , 1 .). wc expand / (if, f) in a series of the typo when ^_1, 

/(tf,*)- 5 <£(*♦) 


*ml --I 


and the potential it points for which i p „l T is given hi 
F = 2 £ A H m / t 1 h ($> ♦) 

■ Wr* 

E &* Mt) 

m mm m ■= * 

For points for which p? l, wo expand / (if, in a sei ies of r * lt 
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+ *, * A.. 

fl * I m»1 

Mid th&n the potential nt points for which p7 J. ip- given by 

K ~ v. 

+ - ^ A** 5 

**i «-j ■ 


i9. Tice */ im c m io m l Harmon k#. 


To obtain tbe two difncnafcrrift] burmnnicg In the coordinates fp p &j 
defined by x^a p eas 0 ¥ y^h p sin 0, we notice that since (x+iyT is n 
solution of the equation 


a*F 

3x* 



= 0 


that ^ {a co stJ+ih sH&f is a solution of tin* equation. Now putting 
ii cos 6=±U coe tfr p 6 sin 0 = ^ sln^ p 
whore = {a 1 ocs'fl + A 1 sin* 0)* t tun# = t tan & b 

fi 


wo get the two dimensional harmonies in the forms 

p JT oos n +, 

P ft" cos n 

Hence the complete act of two-dimensional harmonics are 

log p R, p P, cos *. p i It 1 coa 2 ^ fi* cor 3 + _ 

p R sin +, jo* fi< sin 2 p* R> sin 3 . , . 


S. The wave equation fa the coordinate 9 (p. 0 , $), 

En this Article we shall give a method of const riveting » set of 
Approximate solutions of tho wave equation 

f+ F = ft, 

in the ellipsoidal coordinates t p ,e, *). Thu possibility of the solution 
being expressed in the form of a product + (fy) C* ( 0 f) f« tacitly 
assumed in the method, It will he noticed. n« we have said before, 
that this assumption is not rigorously justifiable, hut when the assump¬ 
tion has been made, it is possible to obtain an expression for 4^ {kp) 
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which represents the mean value of the function on the ellipsoid t , and 
that with this value for the quantity ♦, (fy) C m (J, <p) very 

nearly approaches a solution. 

If we put z*rtir\ y=by . i=r:', then the wave equation can be 
written in the form 

1 fVP ] fl'V I f YV „„ 

If it is n&tum? I that this equation has a solution of the form 

B. U„ 

where R m is a function of ^ only anil U t is u solution of the equation 


u‘ 

then we obtain 

t d'lR U.) 


l ii'-V. t 1 'VU. 


b* fly " 1 


+ L^l.o 


that K 


i d*(R.Uj ± J Of R.VJ , ut> „ _ rt 

sf^ * 9 w~ * sr~ * 1 *■*'-* 


r i 3’it. . i s*k. . i a*». -[ . n 
1_ o 1 6 1 v ^ a*'* J L °* 


an. tiu,, 


>*■ av Aje' 


tiy % c 5a 5s J 

Sow since fl is n function of p Only, we have 

3J?, _ *SR, BR^f SR. 

~0x' j> ilp 1 ay' /» 'if ’ p dp 

Therefore the above equation becomes 

ri 9 / xfVt , \ 1J_ fy'dR, \ I 4 M rT 

l o* Ox' 0,> j p 'V \ p t, P ) e*SI\ a dp ) J * 

swt^rx'w*. + iC & — + t/„ =n. 

p dp L? Ox' i>< Oy' c ; Ox- J 

This can also be written in the form 

p Bp Op } ** J 

i r., /*' ?£i + 

+ P Bp \_ % l** Ox c Or / 
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It will appear from this equation that it in not possible to separate 
the differential equation for /f„ But it is easy to obtain the differential 
equation satisfied by the mean value of E ti on any ellipsoidal surface. 
If we put U m *=p*G m [9 t p) ¥ this becomes 


whore 

and 


4 ( i«i:) °f, r s , 

a t‘ V*> dp / S>1 p dp |_ 

+ c*)^“ j + ^ ^ #*} =■ 0, 


i 

p* 


*iu* 0 coh.** bid 1 0 skr r cos' f< 
- * + t>* + r* 


% IT 

!)* -f pj =. + % - \ fc oo& +■ ia .sin fr cos £ cos v 

2tr?» I I 1 ' 1 

^ — w 

* ib -sin if sin «j> sill n\*‘* 

i 0 i sin fl cos ^ cos ii i siti i) sin $ si n n 


/COR 0 
\ e " 


rfh 


Multiplying this equation by the conjugate function Cjft H r >) imd iii- 
beg rating we obtain 

r ii , • 2r 

/U*. 


4CSr)J„ i,<***^* 

~ a^ L [ 3, ‘ 1 ^ *>. W, P) Cm (0, f>) sititf 49# 

+ (^. + Ji + J [<?. (S, p)l’«n*40#] 


+ &n 

Jft .'o 

,\ r nw it is easy to see that 


’f f 

Jn . Jrt 


f)] 1 ftinfl rftf#=Q. 


* n *. 

i-Iff 

Hill ^ , 

(2rt + 3) \ \ [CA#,*)? —T Mdf 

* o _ 

p- 

-*■} 

»^o J a 


IK {tf, <p) C*. (9, »in0 tltoif 
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# 2* 

* (i? + h + l *) \ \ [0 * <tf sin * rfW *' 

(tenet* the differential equation for R . reduce* to the form 

1 dR. 


■um^ (it) 

,t yi* 

\ \ l€, (ft 

* n Jli 


.ft)] sin I? rfM? 


\ \ [C, (ft*)]* 


If now wc \prite 


f ( [O, (ft 
■0 ^0 


‘p)f sin # Jfl# 




"0 »'o 




the equation can ho written in the form 


0, 


which hiu* the woll-bnown *o!ntioii 

ft, = M\ + ft‘ft (*». 

where A nod B arc two arbitrary constant* and 



AW 1 _ 

f J % 

The condition, which any two distinct solutions 1 1 t of the wave 
equation, which themselves or their differential coefficients in the 
direction of the normal vanish on the surface of the ellipsoid, must 
satisfy, namely 
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*1 t*> 

t \ I VV'P sin* HfdMt* if, 

Jo Jo Jo 

is also easily seen to he satisfied hy t hese approximate solutions, 


Part It, Applications. 
1 , Potential Problems 


As an example of tho applications of the harmonics whoso proper¬ 
ties we have investigated in Part I we shall here discus* the gravita¬ 
tional potential of a homogeneous semi-ellipsoid. 

It i* well known, that the potential function dm- to a homogeneous 
Hemisphere whose axis is taken as the polar axis is 


Afro s.lO' , , 3,u.:t«< 1, 

air 2 4r* * J 

if r y □, and is 


V 


^ [1 * i ", p * {amr {eo * + 1 ! i p * tCf>fl 


3.L L r* 

IS .4.0 n* 


f\ (co* u) * 



if r jL a and u 7 



The potential of & homogeneous sem Kelli psoid can similarly be 
written in the form 


v - w <“•*>-ns? <<*•*>* ns!? cl 1 *-’’ 

-...]. 

if p 7! r and is 

V = Af H d, + * *4,p0" l (W. v t * -V <?% (S, * Li A iP * C\ {(Ml 

** 

'f P aJ, 0 -,l) ^ C ^ 2*, where .4,, *4,, A u etc., are functions of a, b 

m * 9 


and c t the ^mi-axes of the ellipsoid p= 1 1 such that when o = & = e = 1 , 

/t| ^ j ™ g «■ * ■ 3. * 

Let us next consider the potential of an ellipsoidal conductor at 
any outside point. 
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The potential at any outside point can obviously bo written in the 


form 


1 

V*'i 


V - 


If the potential on the surface of the conductor bo equal to unity, then 

that to to say, the potential at any outside point is given by 

* ■ 

In a similar manner the potential of many other problems invol-* 
ving ellipsoidal boundaries can be investigated 

2 yibmtions of a jait inside n rigid ellipsoidal envelope. 

One of tho most interesting applications of the approximate 
solutions of the wave equation that we have obtained in Part I, is to 
the investigation of the motion of a gas within a rigid ellipsoidal en¬ 
velope* To determine the free periods we have only to suppose that 

vanishes when p— 1. The symmetrical vibrations in which the dis- 
dp 

turbanee in each similar and similarly situated ellipsoidal surfaces ia in 
the same phase will be determined by which satisfies the equa¬ 

tion. 

3 /I flfr.A 3 3+, 3* 1 

i,L.‘ ' 


A* & 


Therefore 


sin 


I 


y/Ak,> 


* fl =- 


K/Oi*?)) 


The free periods are gi ven by 

f t\_ £ l\ 

a»p_ V ‘ «* f J 1 *tL (l 4303 v, 

T = >/% 

\ being the wave length. 

C 30 


2 458fhr, 3*4709*, 4 4774*-, 5'4H|8», 
G" 48441*, etc,), 
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The first finite root corresponds to the ftynmctricftl vibration of 
the lowest pitch, hi the cane of a higher root the vibrations in ques¬ 
tion has ellipsoidal nodes defined by the values of corresponding to the 
inferior roots. It will be noticed t hat the pitch would be lower for the 
ellipsoidal shell than for a corresponding spherical shell obtained by 
patting a—1. The amount by which the pitch is decreased for 
an'ellipsoidal shell of given dimensions can be easily calculated from 
the above formula. 

The ease of n— 1 is perhaps the most interesting. The differential 
equation satisfied by is 


where 


A /UN\\ 

1 5f> \ f, i\„) 


5 a+, 
% % 




V* = 


oi; 


5k 


* . I 1 
« s+ i T + ? 


or 


fit- 


l S 11 l 
a l>- T c» n* 6‘ 


Hence the vibration at any point is given by 


-a r 

1 


fl sin tfp TJ 

~WZ~*T u 

where 17, =fl sin o cos A, 6 sin (» sin s, or c sin <> The air therefore sways 
from side to side in the directions of the three principal a ices. For 
vibrations in the direction of the o-axis, the periods are given by 





U62S7T, 1*8908*, etc,) 


for vibrations in the direction of the ft-uxis by 


2 - 


A 



(■6d2r>r. i-Honsr- tie.) 


and for those in the direction of the c-axis by 
,1 I 3 


2 . 


/ .1 l 3\ 

* Wz*v+z) 

-^ = -—^-—(*6825*, 1 f(>08*, etc.), 

A is before denoting the wave length, 

When » = 2, the differential equation satisfied by + is 

d /l ,1^ 
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where Jb'*= 


Tfr[12g* + 3(fr + r*)-.tfl» (A» + a*) + S4*ei] 


or 


S(ft* 4 r* 4 4 ' b *JJ| 12<I* + £ (6* + - 4u (6* 4 c*) + 26 V J 

7^ [126* + 3 (a* *■ a*) — 46 1 fc* 4 a 1 } + 2r : «'J 
n V 4 o' + ■#) 4 ( ~ + i 4 1 j | 126* 4 3 fr l 4 (i*) - 4b* (^+ 0 ') + 2eV j 

_ Tt* [13c 1 4 3 (tt* *Jt) -4c a (s‘ + Id) t- 2a»6*] _ 

8 (a* 4 Id 4 4e*| 4 ^ 41, + ~ j | I2r* + 3 [a* + 6*) - 4e> (a* 4 fc*) 4 2oV J 

The sphcrtool nodes arc given by 

, ., i'V-SiV 

trtll A 

P 4i'V-U 


of which the first finite solution is jt>=3 :u^, giving ft tone graver 
than nay of the symmetrical group. The following will be seen to be 
nodal surfaces 


2x l — *j l - z* = 0, 2y l — z* — r 1 = II, 2** - % x - y* = 0, 

It will appear from the above results that corresponding to a single 
mode of vibration of the gas inside a spherical shell we get three dis¬ 
tinct mode of vibrations for the ellipsoidal shell. This result is also 
clear from the general ex press ion. The periods of the nth mode are 
determined by k which are the roots of the equation 


I (-{$)*?}* 


where 


k'* = k l . 


r* I'* 1 ' 

| 10; 

►'c ^0 


I 1 *, $)1 - ’ sin 0 d(hi > 


i i [C\ (*, V1]‘ 
Jo 


sin 6 

~ —rdSi!<p 
Pa 


It is diem from the above expression that by an interchange of the 
letters a, 6, c in the expression C" {&. c.). we get three distinct types of 
vibration. 
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if. yojir-itatiomri/ stoic of heat in an ellipsoid. 

If the initial temperature of the ellipsoid 

j „i i 

a* + iF + ? = i ' 

at any point x, y, z he f{x, jr, z\ and its boundary is maintained at tem¬ 
perature zero, then the problem consists in the determination of the 
temperature '(■fas, y, z, t), aucli that 

^ 

(l) —r -r f zr . ft t every point inside the ellipsoid, the 

9( ftr ffy* az* 

diffimvity being assumed to be unity, 

(3) +=0 on the boundary, 

(3) * = / (z, y, 2 ) when f = fh 

A -net of approximate solutions of the equation fl) in the or-ordinates 
{p, f», f) are 

e ~* V «i P ) (7>. *} 

_ A * 

or * V f f]. 

Hence the solution of the problem ia given by 

+(*, y t Z. t) = l A Mi . (M C~ ig, fi 

■,* 

where the parameter A is a root of tho equation 

*. (M=« 

and if f (ar, y, ~)W (f*. 0, fh we have 


A^. m = 


f i l I (?>$.$} 

Jfl Jq 


sin 0 * 

* C — t 4pdftfy 

* Fo 


( (+■ tvjiv<fe i 1 ic m j9,i)y a ^T 
Jrt ^0 


; 0 

When ii; = O p the parameter a ia given hy 


^" p ^ ir {,o* + P + ^ any positive integer. 

if 5 4 =((f=rf (1 - fl 1 ), « denoting the eccentricity of the ellipsoid of 
revolution, we have 

» /■ - 2 v_*_ i r.„.ni 
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’ = *’ r (l+^e 1 ), neglecting the fourth and the higher powers of «*. This 
agree* with the result obtained by N'iveij,* 

ff ** (l - «,*) and {I - e *), so that e, and e, are the eccen¬ 

tricities of the principal diametral plane*, we have 


-Lv(, 


+ 


1 


+ 



neglecting the fourth autl the higher powers of e, and e,. 


4, Scattering of a $rt of plane Uftves by an ellipsoidal obstacle. 

Let na next consider the problem of the scattering of a Bet of 
plane sound waves by an ellipsoidal obstacle. 

The velocity potential of a set of plane waves proceeding in the 
direction (sin « cos v t sin w sin v, Cos w) can be expressed in the form 


Jk{x sin h cos v + y sin u ain i? + s edit u) 

Pit - * 

£ l ^p( a & * n 0 C ® H v* ^ia u ens rf + b sin $ sin £ sin u sin tt 4- c cos b cos u) 

^,i^ 7 Tj“—(^ aP i (?»(&sin fl cos ain r# cow r + ft sin 0 sin >sin»sin v + e cos 5 cos u ) 
ipproximately p where 


11 (<(«. 


£) I' ain $ <IM$ 


t,* = i J 


fP 
*/(> ^0 


(-*. It* 0}j J 

ft* 


The expression for can also be written in the form 




* = - u*o 


(0, P 9 (eoa u| + 2 ^ | C~ (ft. ?) J»“ ( coB M > 


cos in* 


+■ 8~ (0, $)P* (CO* I') sin mu j J. 


* PhU.Tm n*..V«i. 171 il*80J,p. 145. 
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The proof of this expression depends nn the fact that if wo make 
the waves proceed in the direction of the r*a*is+ that is we make u=0, 
we have 

fl — A H 

and this is approximately true for 


f i 

Jo Jo 


— tiii'H = ‘2 [ik t r +. M 

ft * 


approximately. 

Consider now o constituent 


c; «>. *> 


of the incident wave eye tern, and let the corresponding constituent of 
Lhe scattered waves be 


where* 


and as before 


,* ,2* I 

I l r e; (0, t)1 aln ffdftty 
t_j. je ^e L 

" £ 1 >*J 


sm 0 
—s— 

jfti 


fl the ellipsoidal obstacle be fixed, the condition 


— {f , 


to be satisfied for .■* = I t give? 

b: " 


/ t(l'i) + Jt ft (l‘i) 


When the ware length is bree nompored with the dimension* of the 
ellipsoid, we have 
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flC _ w k,2*+ 1 

0" = JITT E 1.3... (2»» — 1)1’. (2n + t) 

approxi mutely, and 



approximately, 

W* have ^*' *■ k m 1, f J „‘{EJQs «) cos mv, 

(n + nt)! i 


Tins rat*' at which onorgy is auattom] can lie easily shown to be 


2*t‘m 

*>+* 


E' 


t 


anrl by oonaidering the terms of the lowest order it can be shown that 
it varies as the fourth power of the wave length. This is true whatever 
be the shape of the body so long as the dimensions of the body are 
small compared to the wave length.* 


Bay bight Scientific Paptr*+ VqI. I, pp. 0I-G&2. 
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T H E vmv ERiS IT Y CO I jLEG E OF .• I EN<' E AND H -S 

ACTIVITIES*. 


Introductory 

The laying of the foundation-stone of Lhc Dalit Lahoratories of the 
University College of Science at Calcutta by Sir Asutosb Mookcrjee <m 
the 27th of March, 1014, may be justly said to mark & new epoch m m 
history of aciontitie education in India. That, event wa* iuad< passive 
by the generosity of two men whose names will pass down to history. 
Sir Tnraknath Palit and Sir Rashbehavi Ghosh, and no less so by the 
energy and enthusiasm of Sir Asutodi Mookerjce himself , manifested in 
n quarter of a century’s devoted efforts in advancing the cause of 
education and preparing the ground for the establishment of an institu¬ 
tion where his aims would Bud their fullest achievement. Indeed it 
would be Strictly accurate to say that it was the character and abilities 
of Sir Asutoah himself, the belief in the sanity and aoundnesH of h» 
Meals, in his untiring energy and administrative capacity and in bis 
extensive academic experience and knowledge, quite a* much as the 
great object of the propped Institution, that evoked the generosity of 
Sir Tarakuntil Palit and Sir Bashbehari Ghosh towards the Calcutta 
University, A perusal of the two trust-deeds in which Sir Taraknath 
Palit made over the whole of Ins property, and of the letters of >u 
Kashbehnri Ghosh offering his gift* for the foundation of the chains in 
Pure and Applied Science and for the maintenance of a department of 
technology will make this entirely clear Our profound thankf dints*, 
to the two great donors whose statues grace the portico of the co ege 
building is enhanced by our appreciation of their discernment, 
has been truly said that the memory of one who gives to learning 
lives oil when kings and emperors have been forgotten. When future 
generations recall the gifts of Sir Toraknath Palit and Sir Lashbtliuri 
Ghosh, they will also recall the name of Sir Asutosb Moukerjee aa 
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the founder of the institution associated with their benefactions and 
am one who devoted his life to the advancement of learning in hie 

country. 

The significance of the foundation of the University College of 
Science at Calcutta lay in the fact that it was here for the first time 
since the establishment of the Indian Universities in the fifties of the 
bvd century that higher scientific teaching in all its branches was 
taken Up by one of them as part of its regular functions, and that the 
advancement of knowledge by scientific research was recognised as one 
nf the chief duties of the teacher The Sir Tnraknath Palit Professor- 
ihip of Chemistry anti Sir Taraknath Palit Professorship of Physics 
were the two first University Chairs in Science to he founded in India. 
One of the conditions imposed by the donors wj ±-* that all Lhe chairs 
founded from their benefactions should he exclusively held by Indians. 
The significance of this will be appreciated from the fact that at the 
time the benefactions were mode, Indians were practically barred from 
entry into the higher educational services under Government* The Uni¬ 
versity College of Science wan in fact founded to offer Indians oppor¬ 
tunities for exercise of initiative and achievement which were denied 
to them elsewhere. Lectureships were established for many different 
branches and sub- department of science, especially those of recent 
development, no attempt* for teaching which bad been previously made 
in the coHegej affiliated to the University, or fur the matter of that 
anywhere else in India, It in very regrettable that these magnificent 
efforts at self'help and progress made by the Calcutta University in 
the matter of scientific teaching and research have hitherto evoked 
absolutely no recognition or assistance from the educational adminis- 
tratara at Simla and Darjeeling. 

The imposing building at @2 # Upper Circular Rnad p Calcutta, of 
which a photograph is hero reproduced, lioness the departments of 
Physics, Chemistry and Applied Mathematics and the attached work¬ 
shops. Some rooms have also been allotted for Experimental Psycho¬ 
logy and Bio-che mis try. The private residence of Sir Tftrakmith Palit 
at Ballyganj, a few miles oil, with the spacious grounds in which it is 
situated, have been converted into botanical and zoological laboratories 
with quarters for the Professors and students. Separate provision ho* 
also been made for teaching in Geology, Anthropology and Physiology, 
The writer doe* not feel competent to give a detailed account of all the 
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RCtivitiea of tile University College of Science since its foundation, 
and even ir he could, would not perhaps he doing full justice to all, 
especially in view of the fact tint some of the departments were only 
started recently under considerate difficulties owing to the conditions 
created hy the war. Ah is evident from a perusal of the reports of the 
Council of Post-Graduate Teaching in Science for the past three years, 
the organization of higher scientific teaching lisa now been developed in 
the Calcutta University to an extent not so far attempted anywhere 
t 4se in India, and the beneficial results are already becoming evident in 

the numerous research papers being contributed by the various mem- 
her* of the University stall and their scholars, 

Tfu Deportmtnt of Pkytiea. 

Though the Sir Taralt iinth Pailt Chair of Physics was offered to 
the writer in ION, Owing to the law suits on the endowment and other 
difficulties, it was possible for him to join it only in duly 1017. Partly 
owing to war condition* and partly owing to the financial difficulties o 
the University, scrim., hindrances were felt in organizing the work of 
the department, especially in obtaining apparatus for teaching and 
research In the newer branches of the subject. Xcverthel^ aouie pro¬ 
gress has been made, and writing now after three years and a half of 
work, it Is permissible to look back and recount the bread aspects of 

the results. 

Perhaps the most encouraging result of all is that the department 
Ims produced a number of men who have succeeded in proving their 
capacity for successful research in Physios with only such training and 
facilities as are available in India. Four members of the staff of the 
Physics department have succeeded in obtaining their Doctorate during 
this period Another obtained the Curzon tteseareh Prize of the Mad rat, 
University and was selected for an important and responsible charge in 
the Indian Meteorological Department. At least a dozen otlu r> ton 
nec'ted to one way or another with the department have published 
research work in various journals during the period under review, an 
some of them arc men of high promise of whom more will la seen . 
beard in the years to come, All this is legitimately a matter for satis¬ 
faction. . , . 

The activities of the department have been many-sided m their 

nature. During the period under review, research work was being 
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carried on practically in all the bronchos of Physics, and papers dealing 
with a very wide rouge of subjects have lieen published. In the deport¬ 
ment of Optics and Spectroscopy no fewer than fifty papers were 
contributed, os also ten papers in General Physics, three in Kent, 
one in Magnetism, and some twenty papers in Acoustics, 1>v the writer 
and those associated with him during the period under review. As 
time goes on and experience is gained, an increasing measure of success 
tuny bo expected, and there is room for hu|jc that at least in some 
branches of Physics, the University College of Science at- Calcutta 
obtain a leading position in the scientific world as a centre of 
research. 


The DejKtrimrnt of Applied MathematUx. 

The principal features of the activities that have marked the 
few years the department has been in existence ns on integral part 
of the University College of Science may here be sot forth in brief. 
The department is composed of the Sir Rashbehart Ghosc Professor 
of Applied Mathematics, three University Lecturers, two Sir Rash- 
hcdiiiri Chose Research Scholars and Several students who are either 
preparing fnr the Muster of Arts or Science degree of the University nr 
after having taken those degrees are engaged in post-graduate research. 
Contributions have been made by the members of the stuff and the 
research students on various bronchos of applied mat ho mu tics, namely, 
theory of attraction and potential, theory nf vibrations, harmonics 
[including Bessel and Mathieu functions), motion of solids through 
liquids, electrical, optical, acoustical, tidal and earthquake wave 
motion and astrophysics. Pome o[ the researches were undertaken 
by their author* with a view either to explain or elucidate Home new 
physical phenomena actually observed in the course of experimental 
work in the Physical Laboratory. In Lhis way the Departments of 
Physics and Applied Mathematics have been closely co-operating with 
each other. Some of the researches in applied mathematics have boon 
published in foreign journals hut they have been mainly published in 
the Bulletin of the Galcuita MathemtUiail Society which is the quarterl v 
organ of the Suciety, at present running through the twelfth volume. 
The Sir Rnshhehari Chose Professor of Applied Mathematics who is the 
Secretary of the Society and the Editor of the journal is at present 
aiming at its further development and improvement and it is hoped 
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that ere long it will be recognised ns one of the lending mathematical 
journals of the world and will do way with the reproach that has 
been rightly or wrongly levelled by some oF its critics against the 
scientific workers of the University that tMr court i but ion a published 
in foreign journals benefit the foreigners more than their own 
country men. 

The Department of Cktmialnj. 

The Department of Chemistry was the first to be inaugurated in 
1915, with flir P* C + Ray and Dr. P, C. Mitter as the first professors* 
A number of junior workers joined, who have since distinguished them- 
solves by their discoveries In the domain of pure chemistry. The 
article* in this volume, by the various workers of tins department, 
are ample proof of the excellent work being carried on her*. The 
facilities afforded to the students are of the highest order. Post¬ 
graduate teaching is the only form of teaching which the Institution 
undertakes. The Professors and University Lecturers take direct ami 
personal interest in ihe work of the students. 

Every professor is provided with two research scholars, their 
“(Upends heinu met from the endowment* of the late Sir Tarak Nath 
Pal it and the late Si t Hash heh ari (those. 

In UJ2Q, the Department of Applied Chemistry was added through 
a second munificence of the late Sir Rashbefiftri Ohose. Ur T H. K. Sen, 
after ft pending aix year* in industrial work outside, has returned to 
t iileutta to fill the first din ir of A pplied Chemistry. Twenty-six students 
have been admitted to thin department* Student* aw* taken in batches 
to visit factories, where teachers are present to explain the detail* of 
working. The instruction in this department will be substantially 
improved when the workshop, the construction of which was under¬ 
taken a fe w months ago f is completed. I his will include machines 
and otluw a ores.Tories that arc in use in factories. There a scheme 
for installing model working units of the more important industries 
that are vital to the country. This department has in addition a 
lecturer on mechanical drawing. 

The Department i/ Experimental Psychology, 

The terra 1 science' is associated in the popular mind, with 
matter Ifc is concerned with changes in the physical world and it 
puts man in a position to shape and control the realm of matter in 
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the fashion that his internets dictate. It is but to he expected then 
that fnr most people it would seem to be an anomaly to see the 
Department of Experimental Psychology located in the College of 
Seif 1 nee. 

But the realm of mind too x is amenable to laws, tho psychic 
events also are capable of prediction and control, as arc the events of 
realm of matter and of the physical world. Psychology ha* thus a 
very good claim to a place in the congress of sciences. And the 
authorities of the Calcutta University are to be congratulated upon 
their taking this broad view of science* 

Many, however, will hesitate to assent. Is nnt the spirit free 
from all determinations and is not its law the law of spontaneity f 
Thus will the eternal Meta physic enter its t -hallenge and protect. 
But Psychology is nut concerned with the ultimate nature of the 
spiritual reality. We know that we frequently 4 explain' mir fellow- 
men's behaviour; and no explanation is possible unless there are 
generally valid laws. We are Fiblc to predict our neighbour's 
conduct; nr else, all social intercourse would be at cm end. We 
believe that we cun control human mind. What cSsc art? the processes 
of education and training but an many ways of * controlling' the 
mind ? Why else does the business man advertise his wares if nol 
for 'controlling' the public mind in hi* own favour I Mental events 
I hen can be 1 explained \ 1 predicted* and controlled 1 as much as 
physical events. And the 'Science of Mind 1 has iU own place in 
the scheme of natural sciences. We might even my that Psychology u 
the latest *tep forward by the Spirit of Science, ft views mind in the 
same manner wz the physical sciences view the physical world, Tho 
same attitude of determinism is the ruling attitude everywhere. 

Ah a science Psychology i* but in its youth, if not in its infancy. 
Yet it promises a precocious future. Already there are signs of its 
far-reaching influence, potential if not actual, in many domains of 
human enterprise, ffe should be Failing in our cultural steal if we do 
not welcome this new agency of progress. 

What has this science acheived in the arena of practical life! 
Its achievement, it b true, cannot be pointed out to be stared at 
by the bystander. But to the thinking mind it is not obscure. It* 
influence upon education is not far to seek. The great educationists 
frotu Bousaeau onwards have sought a solid psychological foun datum 
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for this greatest of human problems, that of Education. Their 
j it tempts have met with varied sucres because the science of mind 
in those days was yet to he born. All educational movements uf 
to day feel their strength to lie exactly upon this basis—an aecurak' 
knowledge of the growing mind. 

But recent years have shown many other Hues of operation. 
The upheaval of the last wat forced all the progressive nations to 
marshall their best human material for the multiform national need* 
and activities. It involved choice and rejection, allocation of each 
unit to its proper place. And psychology came forward to help; 
for selection of man is nothing but selection of hi* mind,—testing minds 
to dfseovei ivhnt they are be*t fitted for. But nowhere ha* the 
harvest been so rich as in the studies of mental diseases, Methods 
of diagnosis and treatment have reached n degree of elaboration 
hitherto unknown The numerous studios that are coining to light 
unerringly point to a great future. This is as wo* to be expected; 
for, the practical application docs not far linger behind the discovery 
nf the taw, 

The Laboratory at the College of Science h devoted In this new 
■-eienee in Sts many-sided development. It fs as yet mainly a teaching 
laboratory: for a *oi«mce in order to flourish and progress most have 
i 1 s ow t\ h u m a n at in n s phere , A nd this 11 L mos p h ere I s ns to 1 >e c mat ed, 
We arc making a persistent effort to foster intercut in almost all thf- 
special lines into which Psychology has branched off. Wc are trying to 
help in the forward march of the science po far ns circumstances permit. 

The Laboratory is about four years ofd; it has yet to take to 
soil. But we have already a hand of workers who, though they can¬ 
not claim remarkable achievements, can claim earnestness of purpose 
and determination to work. Studies arc in progress fn Severn I direc¬ 
tions. One of the teachers has been working with success in the 
field of Abnormal Psychology and ha* reported some of his results 
which have been adjudged to be of value. Two others are engaged 
in the interesting problem of studying certain psycho physical capa¬ 
cities of our college student*; and a report of a portion of this 
appear* in this volume. Another member of the staff has interested 
himself in certain problems of General Psychology and has given 
out a portion of his work* Besides these, researches are in progress 
in several important subjects and will nee bght before long. 
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There are many fields of work open to u§» Education, as the 
problem of abiding interest t will largely ohim our attention. Every 
rare must discover and understand its own mind and must shape 
its own plan of training It is through an elaborate survey of the differ¬ 
ent mental capacities—of fatigue* of reaction, of attention, of memory* 
etc r —of the adult and of the growing mind that we can make our 
educational system fruitful and sound. The problems of backwardness 
and of r mental deficiency p in their various orders will have to be worked 
out and will lead m to the study of individual tmd class differences. 
Much can be expected from a psychological survey, at least of the 
school going population* There are other Lopica equally promising. 
A study of the criminal types p more particularly* a psychological 
examination of Juvenile offenders^ would yield results valuable alike 
for sociological and for educational purposes. Abnormal Psychology 
is a subject by itself and offers a rich field for those who propose to 
study the many form* of aberrations that are to be found in every 
so. Sal order. We have, then* before us the task of formulating psycho¬ 
logical tc^ta for different purposes, vocational and educational 
Besides these, the problem* of General Psychology that can be fruit - 
fi lly investigated are too various to enumerate, We have, thus, a 
hopeful programme before u*, We have not done much; we link 
forward tn the future—-not a very distant, one. 

The progress of a science often depends upon the public interest 
that it can command, which auain largely follows the utilitarian 
possibilities. We are convinced that we can make our science useful 
to the community; and wo want the community to take Interest in it. 

Tik Department* of Ihology. 

The residence of the late Sir Tnruloftth Pafifc has been fitted up 
to house the Bui an Seal and Zoological Departments. The work of 
reconstruction ivas commenced in 1016 and the Botanical Department 
was opened in October 1UI& Mr fi, Bal, M So M of the Michigan 
University, has been working up the my colug [cal branch and has 
published eleven paper* in the Science Journal of the University - 
a paper on a species of parasitic algae appears in this volume. Several 
new species of fungi are about to 3io published under the joint author- 
ship of Dr. H. Sydow of the Berlin University and Professor Bal. A 
plot of land if? being devoted to the cultivation of Indian medicinal 
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plants under l’njf. Bill's direction. An immense amount of w*ork 1ms 
been dom- on medicinal plants in recent years both in Europe and 
America, and considering that about seventy per cent of the medicinal 
plants recognised by the British Fhn T ’iuaeopceH ate found in India, it is 
high time that work of that kind be seriously taken in hand in till* 
O onntry, and it. is to be hoped that funds for this class id research will 
be forthcoming. 

Dr. Sv P. Aghnrkar, the Rwkbehari 0bosh Professor of Botany, 
returned from Europe in July 1020, after completing his studio* at 
the U Rivers it v of Berlin and a botanical tour through Southern 
France and Spain. He had the good fortune to be presented with 
live hundred named specimens by the authorities of the Berlin 
Botanical Museum, and further with a valuable set of Oharaetot, a gift by 
Mr. Groves, and has been promised a collection of Norwegian plants by 
Prof, Willc of Christiania. The moat important addition in the 
herbarium of the University College of Science is a collect inn of about 
five hundred sputa men* of plants from the interior of Nepal made 
during a journey undertaken by Dr, Aghnrkar during the months of 
June and July of last year. This collection ft of great interest 
as it was made within a zone of from 4,000 to I 1,an0 feet visited by 
Dr, Wallich’s collectors many years ago. Although the department 
presided over by Dr. Aghnrkar is principally intended to serve the 
purposes of Applied Botany, the absence of a farm and the want of 
funds are proving great obstacles, the aims of I>r, Aghnrkar being 
to study the relationship of plants of importance in agriculture, to 
investigate tin* diseases of economically important plants, their causes 
and prevention, to discover by experiment and selection new race* 
and to carry out experiments, in co-operation with the Bengal Agricul¬ 
tural Department, experiments on plant-breeding. Dr. Briihl is work, 
ing out tin materials for local floras of Bengal and Sikkim, is conduct¬ 
ing, in colabomthiii with one of the Post-graduate students and w iLh the 
assistance of members of the Sanitary and the Fisheries Departments, a- 
detailed examination of the Algae Flora of Bengal with special refer¬ 
ence to the algae found in tiller beds and those of great importance 
in pisciouUure, and, in colabaration with a member of the si a IT of the 
department of zoology, is engaged in researches on plant galls. The 
instrumental equipment for botanical research of the highest order is 
available, the scheme for a systematic botanic garden ha.-i been 
C 31 
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wnrkeci out and ita speedy realisation is only a matter of the neotss- . 
wiry funds doing forthcoming. 

The Zoological Department wa* opened in 1910, with a library of 
about 80i» volumes and a laboratory which has gradually developed. 

The museum in still in it* infancy: Mr. Srinivasa Bao, now lecturer 
on zoology, has made a collection of local insects, whilst other 
material lion been kindly lent by the authorities nf the zoological 
department of the Indian Museum, Professor Milter has published 
a treatise in Bengali. HOT (d/oner fiilarlan), and is preparing 

another Bengali treatise on the theory of evolution and evidences in its 
support; he is abo engaged in a research into the part played by 
olfactory sensation of ants aiding in the selection of food, Professor 
Mauiik, whilst in London ami before joining lib appointment or I'niver- 
sitv Profgusof of Zoology, worked out the subfamilies Hi spin ac and 
Cassidinae, members of the Order of Colooptera. for the Fauna of 
British India. He has left again fur England, 

Original research in the zoology department is greatly hindered 
by the necessity of opening classes for bt.Se. students who wish to 
specialize later on in zoology. 
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